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Abstract
In this dissertation, we are concerned with a nonlinear Timoshenko system modeling

clamped thin elastic beams with time delay and a memory-type Timoshenko system

with Dirichlet boundary conditions and a very general class of relaxation functions.

For the nonlinear Timoshenko system with delay, under suitable assumptions on the

data, we establish the well-posedness of the problem with respect to weak solutions

and establish the exponential stability of the system under the usual equal wave speeds

assumption, and we state the well-posedness of the system and establish its general

stability considering the case of equal-speeds and the case of non-equal-speeds of prop-

agation for the memory-type Timoshenko system.

Keywords: Timoshenko system, time delay, exponential stability, general decay, equal

and non-equal speeds of the wave propagation.
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Introduction

The Timoshenko system is a mathematical model that describes shear deformation and

rotational bending effects on the beam.

The Timoshenko beam model was first derived in [22] to describe the dynamics of a

thick beam and it consists of a system of two coupled hyperbolic equations of the form:
ρ1ϕtt − K (ϕx + ψ)x = 0 in (0, L)× (0,+∞) ,

ρ2ψtt − bψxx + K (ϕx + ψ) = 0 in (0, L)× (0,+∞) ,
(0.1)

where ϕ is the transverse displacement, ψ is the rotational angle of the filament of the

beam and ρ1, ρ2, b and K are fixed positive physical constants. Many results dealing

with global existence and stability of the system have been proved. In order to study

the large-time (asymptotic) behaviour of system (0.1), various types of dissipation, such

as boundary and/or internal feedback, heat or thermoelasticity, infinite memory, and

Kelvin-Voigt damping, have been utilized. In this regard, see for example [2, 5, 10, 13, 15].

The system above is exponentially stable due to some damping terms on both equations

of (0.1) without imposing any condition on the speeds of wave propagation. But if the

damping effect is acting, the system is exponentially stable if and only if it has equal

speeds of wave propagation, that is,

K
ρ1

=
b
ρ2

.

First, concentrating on the stabilisation of a nonlinear Timoshenko system with de-

lay, the insert of delay terms in the feedback of these systems adds an extra layer of

complexity to the analysis of their stability properties. Delay terms can arise natu-

rally in applications where there is a time lag between the measurement of the system

state and the application of the control force. Several authors have studied the stabi-

lization of Timoshenko systems with delay terms, like Nicaise and Pignotti [18, 19],

Said-Houari and Laskri [21], Datko et al [8]. Munoz Rivera and Racke [3] treated a
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nonlinear Timoshenko-type system of the form ρ1ϕtt + σ1 (ϕx, ψ)x = 0,

ρ2ψtt − χ (ψx)x + σ2 (ϕx, ψ) + dψt = 0,
(0.2)

in a bounded interval. The dissipation is produced here through a frictional damping

which is only present in the equation for the rotation angle. The authors gave an alterna-

tive proof for a necessary and sufficient condition for exponential stability in the linear

case and then proved a polynomial stability in general.

On the other side, the stabilisation of a viscoelastic-type Timoshenko system had re-

ceived a considerable attention since the work of Ammar-Khodja et al. [4], in which the

authors studied the following problem
ρ1ϕtt − K (ϕx + ψ)x = 0,

ρ2ψtt − bψxx + K (ϕx + ψ) +
∫ t

0
g (t− s)ψxx (s) ds = 0,

ϕ (0, t) = ϕ (L, t) = ψ (0, t) = ψ (L, t) = 0, f or t ≥ 0,

(0.3)

in (0, L)× (0,+∞), where g is a positive non-increasing differentiable L1-function de-

fined on [0,+∞) . They showed that the system is stable if and only if
K
ρ1

=
b
ρ2

. Guesmia

and Messaoudi [11] established the same decay result of [4] by weakening some of the

assumptions on g .

This dissertation consists of three chapters, the first one contains some preliminary

concepts about Sobolev space, some inequalities, operator basics and Hille-Yoshida

Theorem.

The second chapter contains some preliminaries, poof of well-posedness and exponen-

tial stability for a nonlinear Timoshenko system with delay in case of equal speeds.

In the third chapter, we present also some preliminaries, well-posedness theorem and

establishing the general stability of a viscoelastic Timoshenko system for both equal

and non-equal speeds cases.
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Preliminary and basic concepts

1.1 Definitions and preliminary notions

1.1.1 Lebesgue and Sobolev space

Definition 1.1. [1] For 1 ≤ p < +∞, Lp(Ω) is the space of measurable fonctions whose

p-th powers are integrable over Ω. Equipped with the norm:

‖ f ‖Lp(Ω) =

(∫
Ω
| f (x)|p dx

)1/p
.

Lp(Ω) is a Banach space.

For p = +∞, L∞(Ω) is the space of measurable functions f which are essentially

bounded over Ω, that is, there exists a constant C > 0 such that | f (x)| ≤ C almost

everywhere in Ω. Equipped with the norm:

‖ f ‖L∞(Ω) = in f
{

C ∈ R+ such that | f (x)| ≤ C a.e in Ω
}

.

L∞(Ω) is a Banach space. Recall that, if Ω is a bounded open set, then Lp(Ω) ⊂ Lq(Ω)

for 1 ≤ q ≤ p ≤ ∞.

Definition 1.2. [1] Let Ω be an open set of Rn equipped with the Lebesgue measure.

We define by L2(Ω) the space of measurable functions which are of square integrable in

Ω. Under the scalar product:

〈 f , g〉 =
∫

Ω
f (x)g(x)dx.
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L2(Ω) is a Hilbert space. We denote the corresponding norm by

‖ f ‖L2(Ω) =

(∫
Ω
| f (x)|2 dx

)1/2

.

Notation: [1] Let α = (αk)
n
i=1 ∈ Nn be a multi-index, that is, a vector of n compo-

nents which are non-negative integres αi ≥ 0. We denote by |α| = ∑n
i=1 αi and, for a

function v,

Dαv (x) =
∂|α|v

∂xα1
1 ...∂xαn

n
(x) .

Definition 1.3. [1] For every enteger m ≥ 0, the Sobolev space Wm,p(Ω) is defined by

Wm,p(Ω) = {v ∈ Lp(Ω) such that , ∀α with |α| ≤ m, ∂αv ∈ Lp(Ω)} ,

where the partial derivative ∂αv is taken in the weak sense. Equipped with the norm:

‖u‖Wm,p(Ω) =

 ∑
|α|≤m

‖∂αu‖p

1/p

.

The space Wm,p(Ω) is a Banach space.

Definition 1.4. [1] For an enteger m ≥ 0, the Sobolev space Hm(Ω) is defined by:

Hm(Ω) =
{

v ∈ L2(Ω) such that, ∀α with |α| ≤ m, ∂αv ∈ L2(Ω)
}

,

where the partial derivative ∂αv is to be taken in the weak sens, Equipped with the

scalar product:

〈u, v〉 =
∫

Ω
∑
|α|≤m

∂αu(x)∂αv(x)dx

and the norm ‖u‖Hm(Ω) =
√
〈u, u〉. Hm(Ω) is a Hilbert space.

Definition 1.5. [1] Let Ω be an open set of Rn. The Sobolev space H1(Ω) is defined by

H1(Ω) =

{
v ∈ L2(Ω) such that, ∀i ∈ {1, ..., n}, ∂v

∂xi
∈ L2(Ω)

}
,

where
∂v
∂xi

is the weak partial derivative of v. Equipped with the scalar product:

〈u, v〉 =
∫

Ω
(u(x)v(x) +∇u(x).∇v(x)) dx

and with the norm:

‖u‖H1(Ω) =

(∫
Ω

(
|u(x)|2 + |∇u(x)|2

)
dx
)1/2

.

The Sobolev space H1(Ω) is a Hilbert space.
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Let us now define another Sobolev space which is a subspace of H1(Ω) and which

will be very useful for problems with Dirichlet boundary conditions.

Definition 1.6. [1] Let C∞
c (Ω) be the space of functions of class C∞ with compact

support in Ω. The Sobolev spase H1
0(Ω) is defined as the closure of C∞

c (Ω) in H1(Ω).

Equipped with the scalar product of H1(Ω). The Sobolev space H1
0 (Ω) is a Hilbert

space.

Corollary 1.1. [1] Let Ω be an open bounded regular set of class C1. The space H1
0(Ω) coincides

with the subspace of H1(Ω) composed of functions which are zero on the boundary ∂Ω.

1.1.2 Some important inequalities

Theorem 1.1. (Young’s inequality) Let a, b ≥ 0. For any ε > 0 we have

ab ≤ a2

4ε
+ εb2.

Theorem 1.2. [7](Holder’s inequality) Assume that f ∈ Lp(Ω) and g ∈ Lq(Ω) with

1 ≤ p, q ≤ +∞, such that
1
p
+

1
q
= 1, then

f , g ∈ L1(Ω) and
∫

Ω
| f g| dx ≤ ‖ f ‖Lp(Ω) ‖g‖Lq(Ω) .

Theorem 1.3. [7](Cauchy-Schwarz’s inequality) We put p = q = 2 in Holder’s inequality, we

obtain the Cauchy-Schwarz inequality:

∫
Ω
|uv| dx ≤ ‖u‖L2(Ω) ‖v‖L2(Ω) .

Proposition 1.1. [7](Poincaré’s inequality) Suppose that 1 ≤ p < +∞ and Ω is a bounded

open set. Then there exists a constant C such that

‖u‖L2(Ω) ≤ C ‖∇u‖L2(Ω) , ∀u ∈ H1
0 .

Corollary 1.2. [1] Let Ω be an open set of Rn bounded in at least one space direction. Then the

seminorm

|v|H1
0(Ω) =

(∫
Ω
|∇v(x)|2 dx

)1/2

is a norm over H1
0(Ω) which is equivalent to the usal norm induced by that of H1(Ω).
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Theorem 1.4. (Jensen’s inequality) Let G : [a, b]→ R be a convex function. Assume that the

fuctions f : Ω→ [a, b] and h : Ω→ R are integrable such that h (x) ≥ 0, for any x ∈ Ω and∫
Ω

h (x) dx = k > 0. Then,

G
(

1
k

∫
Ω

f (x)h(x)dx
)
≤ 1

k

∫
Ω

G ( f (x)) h(x)dx.

1.1.3 Green’s Formula

Theorem 1.5. [1] (Green’s formula) Let Ω be an open bounded regular set of class C1. If u and

v are functions of H1(Ω), they satisfy

∫
Ω

u(x)
∂v
∂xi

(x)dx = −
∫

Ω
v(x)

∂u
∂xi

(x)dx +
∫

∂Ω
u(x)v(x)ηi(x)ds,

where η = (ηi)1≤i≤n is the outward unit normal to ∂Ω.

Theorem 1.6. [1](Green’s formula) Let Ω be an open bounded regular set of class C2. If

u ∈ H2 (Ω) and v ∈ H1 (Ω), we have

∫
Ω

∆u (x) v (x) dx = −
∫

Ω
∇u (x) .∇v (x) dx +

∫
∂Ω

∂u
∂η

v (x) ds.

1.1.4 Lax-Milgram Theorem

Definition 1.7. [7] A bilinear form a : H × H → R is said to be:

1 Continuous if there is a constant C such that:

|a(u, v)| ≤ C ‖u‖H ‖v‖H , ∀u, v ∈ H.

2 Coercive if there is a constant α > 0 such that:

a(v, v) ≥ α ‖v‖2
H , ∀v ∈ H.

Theorem 1.7. [7] (Lax-Milgram) Assume that a(u, v) is a continuous coercive bilinear form on

H. Then, given any φ ∈ H∗ ( H∗ is the topological duality of H), there exists a unique element

u ∈ H such that

a(u, v) = 〈φ, v〉 .
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1.1.5 Operator basics

Definition 1.8. [9] A linear operator A with domain D (A) in a Banach space X, i.e.,

A : D (A) ⊂ X → X , is closed if the graph G (A) = {(x, Ax) : x ∈ D (A)} is closed in

X× X.

Lemma 1.1. [9] A linear operator A with domain D (A) in a Banach space X,

i.e., A : D (A) ⊂ X → X , is closed if for the sequence (xn)n∈N ⊂ D(A) the limits

xn → x ∈ X and Axn → y ∈ X exist, then x ∈ D(A) and Ax = y.

1.1.6 M-dissipative operator

Definition 1.9. [9] A linear operator (A, D(A)) on a Banach space X is called dissipative

if ∀λ > 0, ∀x ∈ D (A) :

‖(λI − A) x‖ ≥ λ ‖x‖ .

Proposition 1.2. [9] For a dissipative operator (A, D(A)) the following property holds:

λI − A is injective, ∀λ > 0.

Definition 1.10. [7] A unbounded linear operator A : D (A) ⊂ H → H is called

m-dissipative if:

1 A is dissipative,

2 R (λI − A) = H for all λ > 0. i.e.,

∀λ > 0, ∀ f ∈ H, ∃u ∈ D(A), such that λu− Au = f .

Proposition 1.3. [7] Let A : D (A) ⊂ H → H (H denotes a Hilbert space) be a m-dissipative

operator, then

1 D(A) is dense in H,

2 A is a closed operator.
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1.1.7 Spectrum of operator

Definition 1.11. [9] Let A : D (A) ⊂ X → X be a closed linear operator on a Banach

space X. We call

ρ(A) =
{

λ ∈ C : (λI − A) : D(A)→ X is bijective
}

the resolvent set and its complement σ(A) = C/ρ(A) the spectrum of A. For λ ∈ ρ(A),

the inverse

R(λ, A) = (λI − A)−1

is, by the closed graph theorem, a bounded operator on X and is called the resolvent of

A at the point λ.

Definition 1.12. [20, 23] Let A be a linear operator from a Banach space X into X. Let λ

be a complex number. The spectrum of A consists of three mutually exclusive parts:

1 The point spectrum σp (A) defined as: λ ∈ σp (A) if (λI − A) does not admit of

an inverse,

2 The residual spectrum σr (A) defined as: λ ∈ σr (A) if D
(
(λI − A)−1

)
is not

dense in X,

3 The continuous spectrum σc (A) defined as: λ ∈ σc (A) if D
(
(λI − A)−1

)
is

dense in X but (λI − A)−1 is not continuous.

1.2 Semigroups of bounded linear operators

Definition 1.13. [20] Let X be a Banach space. A one parameter family {T(t)}t≥0, of

bounded linear operators from X into X is a semigroup of bounded linear operators on

X if:
T(0) = I,

T(t + s) = T(t)T(s), ∀t, s ≥ 0.

Remark 1.1. When the second property is true for all t, s ∈ R, then we say that {T(t)}t∈R

is a group.
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1.2.1 Uniformly continuous semigroups

Definition 1.14. [20] A semigroup of bounded linear operators {T(t)}t≥0 is uniformly

continuous if:

lim
t→0
‖T(t)− I‖ = 0.

1.2.2 Strongly continuous semigroups

Definition 1.15. [20] A semigroup {T(t)}t≥0 of bounded linear operators on X is a

strongly continuous semigroup of bounded linear operators if

lim
t→0

T (t) x = x, ∀x ∈ X.

A strongly continuous semigroup of bounded linear operators on X will be called a

semigroup of class C0 or simply a C0 semigroup.

Definition 1.16. [20] The linear operator A defined by:

D(A) =

{
x ∈ X, lim

t→0

T(t)x− x
t

exists
}

and

Ax = lim
t→0

T (t) x− x
t

, ∀x ∈ D (A)

is the infinitesimal generator of the semigroup {T(t)}t≥0.

Theorem 1.8. [20] Let {T(t)}t≥0 be a C0 semigroup. There exist constants ω > 0 and M > 1

such that

‖T (t)‖ ≤ Meωt, ∀0 ≤ t < ∞.

Notation: We denote by SG(M, ω) the set of C0 semigroup {T(t)}t≥0 for which

there exists ω > 0 and M > 1 such that

‖T (t)‖ ≤ Meωt, ∀0 ≤ t < ∞.

In this case, we say that {T(t)}t≥0 is an exponentially bounded C0 semigroup.

Definition 1.17. [20] Let {T(t)}t≥0 be a C0 semigroup. From Theorem 1.8 it follows that

there are constants ω ≥ 0 and M ≥ 1 such that ‖T(t)‖ ≤ Meωt for t ≥ 0.

1 If ω = 0, {T(t)}t≥0 is called uniformly bounded.
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2 If ω = 0 and M = 1, {T(t)}t≥0 called a C0 semigroup of contractions.

Theorem 1.9. [20] A linear operator A is the infinitesimal generator of a uniformly continuous

semigroup if and only if A is a bounded operator.

1.3 Hille-Yosida Theorem

Theorem 1.10. [20]( Hille-Yosida) A linear operator A : D (A) ⊂ X → X is the infinitesimal

generator of C0 semigroup {T (t)}t≥0 ∈ SG(M, ω) if and only if:

1 A is closed,

2 D(A) = X,

3 There exists ω ≥ 0 and M ≥ 1 such that Λω ⊂ ρ(A) and for λ ∈ Λω, we have:

∥∥R (λ; A)n∥∥ ≤ M
(Re(λ)−ω)n , ∀n ∈N∗.

Theorem 1.11. [20](Lumer phillips) Let (A, D(A)) be an unbounded linear operator of dense

domain in X:

1 If A is dissipative and there exists a λ0 > 0 such that Im (λ0 I − A) = X then, A is the

infinitesimal generator of a C0 contraction semigroup on X.

2 If A is the generator of a C0 contraction semigroup on X then, A is dissipative and

Im (λI − A) = X for all λ > 0.

Theorem 1.12. [7] Let A be a maximal monotone operator (-A is m-dissipative). Then, given

any u0 ∈ D(A) there exists a unique function

u ∈ C1 ([ 0, +∞) , H) ∩ C ([ 0, +∞) , D(A))

satisfying 
du
dt

+ Au = 0 on [0,+∞ ) ,

u(0) = u0.

Moreover,

|u (t)| ≤ |u0| and
∣∣∣∣du

dt
(t)
∣∣∣∣ = |Au (t)| ≤ |Au0| , ∀t ≥ 0.
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Theorem 1.13. [7] In a Banach space X, let the following problem
du
dt

(t) + Au(t) = f (t) on [0, T] ,

u(0) = u0.

Assume that A is m-accretive (-A is m-dissipative). Then for every u0 ∈ D (A) and every

f ∈ C1 ([0, T] ; X) there exists a unique solution u of the above problem with

u ∈ C1 ([0, T] ; X) ∩ C ([0, T] ; D (A)) .

Moreover, u is given by the formula

u (t) = SA(t)u0 +
∫ t

0
SA (t− s) f (s) ds,

where A is the generator of S(t).
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2
Global existence and exponential stability for

a nonlinear Timoshenko system with delay

2.1 Presentation of the problem

In this chapter, we consider the following nonlinear Timoshenko System with delay:
ρ1ϕtt − K (ϕx + ψ)x = 0,

ρ2ψtt − bψxx + K (ϕx + ψ) + µ1ψt + µ2ψt (x, t− τ) + f (ψ) = 0,
(S)

where (x, t) ∈ (0, 1)×R+. Here ϕ = ϕ (x, t) denotes the transverse diplacement of the

beam, ψ = ψ (x, t) denotes the rotation angle of the beam’s filament and ρ1, ρ2, K, b are

positive constants related to physical properties of the beam.

In this system, µ1ψt represents a frictional damping and f (ψ) is a forcing term. The

time delay is given by µ2ψt (x, t− τ), where µ1, µ2, τ are positive constants.

The system is added by initial conditions
ϕ (x, 0) = ϕ0, ϕt (x, 0) = ϕ1, ψ (x, 0) = ψ0, ψt (x, 0) = ψ1,

ψt (x, t− τ) = f0 (x, t− τ) , t ∈ (0, τ) ,
(2.1)

where f0 is prescribed, and the Dirichlet boundary conditions

ϕ (0, t) = ϕ (1, t) = ψ (0, t) = ψ (1, t) = 0, ∀t ≥ 0. (2.2)

Our objective along this chapter is to extend the results of Said-Houari and Laskri [21]

to a nonlinear framework by adding a force term f (ψ). In this chapter, we present some
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preliminary results, we prove the well-posedness of the system by using semigroup

theorem and some technical lemmas that are necessary to establish the exponential

stability of our system by using energy methods.

2.2 Preliminaries

Hypothese: We assume f : R→ R satisfying

∣∣∣ f (ψ1
)
− f

(
ψ2
)∣∣∣ ≤ K0

(∣∣∣ψ1
∣∣∣θ + ∣∣∣ψ2

∣∣∣θ) ∣∣∣ψ1 − ψ2
∣∣∣ , ∀ψ1, ψ2 ∈ R, (2.3)

where K0, θ > 0 , and we assume for f̂ (z) =
∫ z

0
f (s) ds that

0 ≤ f̂ (ψ) ≤ f (ψ)ψ, ψ ∈ R. (2.4)

In order to deal with the delay feedback term, we define the following new dependent

variable:

z (x, ρ, t) = ψt (x, t− τρ) , x ∈ (0, 1) , ρ ∈ (0, 1) , t > 0. (2.5)

Differentiating z with respect to t and ρ, we get

zt (x, ρ, t) = ψtt (x, t− τρ)

and

zρ (x, ρ, t) = −τψtt (x, t− τρ) .

Implies that

zρ (x, ρ, t) + τzt (x, ρ, t) = 0.

Then, equations of (S) are transformed to

ρ1ϕtt (x, t)− K (ϕx + ψ)x (x, t) = 0,

ρ2ψtt (x, t)− bψxx (x, t) + K (ϕx + ψ) (x, t)

+µ1ψt (x, t) + µ2z (x, 1, t) + f (ψ (x, t)) = 0,

zρ (x, ρ, t) + τzt (x, ρ, t) = 0, x ∈ (0, 1) , ρ ∈ (0, 1) , t > 0,

(2.6)
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with the initial and boundary conditions:

ϕ (x, 0) = ϕ0, ϕt (x, 0) = ϕ1, ψ (x, 0) = ψ0, ψt (x, 0) = ψ1, x ∈ (0, 1)

z (x, ρ, 0) = f0 (x,−τρ) , (x, t) ∈ (0, 1)× (0, τ) ,

ϕ (0, t) = ϕ (1, t) = ψ (0, t) = ψ (1, t) = 0, t ≥ 0,

z (x, 0, t) = ψt (x, t) , x ∈ (0, 1) , t ≥ 0.

(2.7)

We introduce two new dependent variables u = ϕt and v = ψt, then the problem

(2.6)-(2.7) is reduced to the following problem as a first-order evolutionary equation:
dU
dt

(t) = AU + F, t > 0,

U (0) = U0 = (ϕ0, ϕ1, ψ0, ψ1, f0 (.,−τ))T ,
(2.8)

such that U = (ϕ, u, ψ, v, z)T , and

AU =



u
K
ρ1

(ϕxx + ψx)

v
b
ρ2

ψxx −
K
ρ2

(ϕx + ψ)− µ1

ρ2
v− µ2

ρ2
z (., 1)

−1
τ

zρ


, F =



0

0

0

− 1
ρ2

f (ψ)

0


,

with the domain

D(A) =
{
(ϕ, u, ψ, v, z)T ∈ H; v = z (., 0) , in (0, 1)

}
, (2.9)

where

H =
(

H2 (0, 1) ∩ H1
0 (0, 1)

)
× H1

0 (0, 1)×
(

H2 (0, 1) ∩ H1
0 (0, 1)

)
×H1

0 (0, 1)× L2 (0, 1; H1
0 (0, 1)

)
.

We define the energy space H by

H = H1
0 (0, 1)× L2 (0, 1)× H1

0 (0, 1)× L2 (0, 1)× L2 ((0, 1)× (0, 1)) . (2.10)

We equip H with the following scalar product〈
U, U

〉
H =

∫ 1

0

(
ρ1uu + ρ2vv + K (ϕx + ψ)

(
ϕx + ψ

)
+ bψxψx

)
dx

ξ
∫ 1

0

∫ 1

0
z (x, ρ) z (x, ρ) dρdx,

(2.11)
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such that U = (ϕ, u, ψ, v, z)T, U =
(

ϕ, u, ψ, v, z
)T and ξ is a positive constant which

satisfies

τµ2 ≤ ξ ≤ τ (2µ1 − µ2) . (2.12)

Lemma 2.1. Let (ϕ, ϕt, ψ, ψt, z) be the solution of problem (2.6)-(2.7). The energy functional

is defined by

E(t) =
1
2

∫ 1

0

(
ρ1ϕ2

t + ρ2ψ2
t + K (ϕx + ψ)2 + bψ2

x

)
dx

+
ξ

2

∫ 1

0

∫ 1

0
z2 (x, ρ, t) dρdx +

∫ 1

0
f̂ (ψ (t)) dx,

satisfies for a positive constant C and for any t ≥ 0 that

E′(t) ≤ −C
∫ 1

0
ψ2

t (x, t) dx− C
∫ 1

0
z2 (x, 1, t) dx ≤ 0 (2.13)

and there exist two positive constants γ0 and C1, independent of initial data in H , such that for

any t ≥ 0

E(t) ≥ γ0

(∫ 1

0
ϕ2

t dx +
∫ 1

0
ψ2

t dx +
∫ 1

0
(ϕx + ψ)2 dx +

∫ 1

0
ψ2

xdx

+
∫ 1

0

∫ 1

0
z2 (x, ρ) dρdx

)
− C1.

(2.14)

Proof. Multiplying (2.6)1 and (2.6)2 by ϕt and ψt respectively and integrating over (0, 1)

respect to x, and multiplying (2.6)3 by
ξ

τ
z and integrating twice over (0, 1) respect to x

and τ, we get

ρ1

∫ 1

0
ϕtt ϕtdx− K

∫ 1

0
(ϕx + ψ)x ϕtdx = 0,

ρ2

∫ 1

0
ψttψtdx− b

∫ 1

0
ψxxψtdx + K

∫ 1

0
(ϕx + ψ)ψtdx

+µ1

∫ 1

0
ψ2

t dx + µ2

∫ 1

0
z (x, 1, t)ψtdx +

∫ 1

0
ψt f (ψ) dx = 0,

ξ

τ

∫ 1

0

∫ 1

0
zρ (x, ρ, t) zdρdx + ξ

∫ 1

0

∫ 1

0
zt (x, ρ, t) zdρdx = 0.

(2.15)

By summing (2.15)1 and (2.15)2 and using integration by parts and boundary conditions,

we get

ρ2

2
d
dt

∫ 1

0
ψ2

t dx +
b
2

d
dt

∫ 1

0
ψ2

xdx +
K
2

d
dt

∫ 1

0
(ϕx + ψ)2 dx +

ρ1

2
d
dt

∫ 1

0
ϕ2

t dx +
d
dt

f̂ (ψ)

= −µ1

∫ 1

0
ψ2

t dx− µ2

∫ 1

0
z (x, 1, t)ψtdx.

(2.16)
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Using integration by parts and (2.5), we get

ξ
∫ 1

0

∫ 1

0
zt (x, ρ, t) zdρdx =

ξ

2
d
dt

∫ 1

0

∫ 1

0
z2 (x, ρ, t) dρdx

= − ξ

τ

∫ 1

0

∫ 1

0
zρ (x, ρ, t) zdρdx

= − ξ

2τ

∫ 1

0

∫ 1

0

∂

∂ρ
z2 (x, ρ, t) dρdx

= − ξ

2τ

∫ 1

0

(
z2 (x, 1, t)− z2 (x, 0, t)

)
dx

=
ξ

2τ

∫ 1

0

(
z2 (x, 0, t)− z2 (x, 1, t)

)
dx

=
ξ

2τ

∫ 1

0

(
ψ2

t − z2 (x, 1, t)
)

dx.

(2.17)

Summing (2.16) and (2.17), we find

1
2

d
dt

[∫ 1

0

(
ρ1ϕ2

t + ρ2ψ2
t + bψ2

x + K (ϕx + ψ)2 + ξ
∫ 1

0
z2 (x, ρ, t) dρdx

)
+ f̂ (ψ)

]
= −

(
µ1 −

ξ

2τ

) ∫ 1

0
ψ2

t dx− µ2

∫ 1

0
z (x, 1, t)ψtdx− ξ

2τ

∫ 1

0
z2 (x, 1, t) dx.

Then,

E (t) =
1
2

∫ 1

0

(
ρ1ϕ2

t + ρ2ψ2
t + bψ2

x + K (ϕx + ψ)2 + ξ
∫ 1

0
z2 (x, ρ, t) dρdx

)
+ f̂ (ψ) .

Using Young’s inequality, we get

−µ2

∫ 1

0
z (x, 1, t)ψtdx ≤ µ2

2

∫ 1

0
ψ2

t dx +
µ2

2

∫ 1

0
z2 (x, 1, t) dx.

Then,

E′ (t) ≤ −C
∫ 1

0
ψ2

t (x, t) dx− C
∫ 1

0
z2 (x, 1, t) dx ≤ 0.

Choosing γ0 = min
{

ξ

2
,

1
2

}
and using (2.3), we get

E(t) ≥ γ0

(∫ 1

0
ϕ2

t dx +
∫ 1

0
ψ2

t dx +
∫ 1

0
(ϕx + ψ)2 dx +

∫ 1

0
ψ2

xdx

+
∫ 1

0

∫ 1

0
z2 (x, ρ) dρdx

)
− C1.
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2.3 The well-posedness

Lemma 2.2. The operator A defined in (2.8) is the infinitesimal generator of a C0− semigroup

in H .

Proof. Let A and AU be defined previously, according to (2.11) and using integration by

parts, we find that

〈AU, U〉H = K
∫ 1

0
u (ϕxx + ψx) dx + b

∫ 1

0
vψxxdx− K

∫ 1

0
v (ϕx + ψ) dx

−µ1

∫ 1

0
v2dx− µ2

∫ 1

0
z (x, 1) vdx + K

∫ 1

0
(ux + v) (ϕx + ψ) dx

+b
∫ 1

0
vxψxdx− ξ

τ

∫ 1

0

∫ 1

0
zρzdρdx

= −µ1

∫ 1

0
v2dx− µ2

∫ 1

0
z (., 1) vdx− ξ

τ

∫ 1

0

∫ 1

0
zρzdρdx.

We have,∫ 1

0

∫ 1

0
zρzdρdx =

1
2

∫ 1

0

∫ 1

0

∂

∂ρ
z2 (x, ρ) dρdx =

1
2

∫ 1

0

(
z2 (x, 1)− z2 (x, 0)

)
dx.

Then by using (2.5), the fact that v = ψt and Young’s inequality, we obtain

〈AU, U〉H = −µ1

∫ 1

0
v2dx− µ2

∫ 1

0
z (x, 1) vdx− ξ

2τ

∫ 1

0

(
z2 (x, 1)− z2 (x, 0)

)
dx

= −µ1

∫ 1

0
v2dx− µ2

∫ 1

0
z (x, 1) vdx− ξ

2τ

∫ 1

0
z2 (x, 1) dx +

ξ

2τ

∫ 1

0
z2 (x, 0) dx

= −µ1

∫ 1

0
v2dx− µ2

∫ 1

0
z (x, 1) vdx− ξ

2τ

∫ 1

0
z2 (x, 1) dx +

ξ

2τ

∫ 1

0
v2dx

≤ −µ1

∫ 1

0
v2dx +

µ2

2

∫ 1

0
z2 (x, 1) dx +

µ2

2

∫ 1

0
v2dx

− ξ

2τ

∫ 1

0
z2 (x, 1) dx +

ξ

2τ

∫ 1

0
v2dx

≤
(
−µ1 +

µ2

2
+

ξ

2τ

) ∫ 1

0
v2dx +

(
µ2

2
− ξ

2τ

) ∫ 1

0
z2 (x, 1) dx.

It follows from (2.12) that

−µ1 +
µ2

2
+

ξ

2τ
< 0 and

µ2

2
− ξ

2τ
< 0,

which implies that 〈AU, U〉H ≤ 0, then, the operator A is a disspative operator.
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Next, we prove that the operator λI − A is surjective for λ > 0.

Let ( f1, f2, f3, f4, f5)
T ∈ H , we seek U = (ϕ, u, ψ, v, z)T ∈ D (A) solution of the follow-

ing system of equations

λϕ− u = f1,

λu− K
ρ1

(ϕxx + ψx) = f2,

λψ− v = f3,

λv− b
ρ2

ψxx +
K
ρ2

(ϕx + ψ) +
µ1

ρ2
v +

µ2

ρ2
z (., 1) = f4,

λz +
1
τ

zρ = f5.

(2.18)

The solution of the last equation in (2.18) is

z (x, ρ) = v (x) e−λτρ + τe−λτρ
∫ ρ

0
f5 (x, s) e−λτsds. (2.19)

The first and the third equations in (2.18) give u = λϕ− f1,

v = λψ− f3.
(2.20)

Then from (2.20), the solution (2.19) becomes

z (x, ρ) = λψ (x) e−λτρ − f3e−λτρ + τe−λτρ
∫ ρ

0
f5 (x, s) e−λτsds. (2.21)

By using (2.18) and (2.20), the functions ϕ and ψ satisfying the following system
λ2ϕ− K

ρ1
(ϕxx + ψx) = f2 + λ f1,

λ2ψ− b
ρ2

ψxx +
K
ρ2

(ϕx + ψ) +
µ1

ρ2
v +

µ2

ρ2
z (., 1) = f4 + λ f3,

(2.22)

which is equivalent to the following system, by integrating over (0, 1) and using inte-

gration by parts
∫ 1

0

(
ρ1λ2ϕW + K (ϕx + ψ)Wx

)
dx =

∫ 1

0
ρ1 ( f2 + λ f1)Wdx,

∫ 1

0

(
ρ2λ2ψχ + bψxχx + K (ϕx + ψ) χ + µ1vχ + µ2z (., 1) χ

)
dx = ρ2

∫ 1

0
( f4 + λ f3) χdx,

(2.23)

for all (W, χ) ∈ H1
0 (0, 1)× H1

0 (0, 1).

From (2.21), we have

z (x, 1) = λψ (x) e−λτ + z0 (x) ,
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where x ∈ (0, 1) and

z0 (x) = − f3e−λτ + τe−λτ
∫ ρ

0
f5 (x, s) e−λτsds.

Consequently, the problem (2.23) is equivalent to the problem

ξ ((ϕ, ψ) , (W, χ)) = l (W, χ) , (2.24)

where the bilinear form ξ :
(

H1
0 (0, 1)× H1

0 (0, 1)
)2 → R and the linear form

l : H1
0 (0, 1)× H1

0 (0, 1)→ R are defined by

ξ ((ϕ, ψ) , (W, χ)) =
∫ 1

0
ρ1λ2ϕWdx + K

∫ 1

0
(ϕx + ψ) (Wx + χ) dx

+
∫ 1

0

(
ρ2λ2ψχ + bψxχx

)
dx +

∫ 1

0

(
µ1 + µ2e−λτ

)
λψχdx

(2.25)

and

l (W, χ) =
∫ 1

0
(µ1 f3χ− µ2z0 (x) χ) dx +

∫ 1

0
ρ1 ( f2 + λ f1)Wdx + ρ2

∫ 1

0
( f4 + λ f3) χdx.

It is easy to verify that ξ is continuous and coercive, and l is continuous. So applying the

Lax-Milgram Theorem, we deduce that for all (W, χ) ∈ H1
0 (0, 1)× H1

0 (0, 1), problem

(2.24 ) admits a unique solution (ϕ, ψ) ∈ H1
0 (0, 1)× H1

0 (0, 1). Applying the classical

elliptic regularity, it follows from (2.23) that (ϕ, ψ) ∈ H2 (0, 1)× H2 (0, 1).

Therefore, the operator λI − A is surjective for any λ > 0. Then we can infer that the

operator A is m-dissipative in H . Since D (A)is dense in H , thus we can conclude that

the operator A is the infinitesimal generator of a C0 semigroup in H by the Lumer-

Philips theorem.

Lemma 2.3. The operator F defined in (2.8) is locally Lipschitz in H .

Proof. Let U =
(

ϕ1, u1, ψ1, v1, z1) and V =
(

ϕ2, u2, ψ2, v2, z2), then by using (2.3),

Holder’s inequality and the embedding H1 (0, 1) ↪→ L2(θ+1), for a fixed positive con-

stant c0, we obtain

‖F (U)− F (V)‖2
H =

1
ρ2

∫ 1

0

∣∣∣ f (ψ1
)
− f

(
ψ2
)∣∣∣2 dx

≤ 1
ρ2

K2
0

∫ 1

0

(∣∣∣ψ1
∣∣∣θ + ∣∣∣ψ2

∣∣∣θ)2 ∣∣∣ψ1 − ψ2
∣∣∣2 dx
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≤ c0

( ∫ 1

0

(∣∣∣ψ1
∣∣∣θ + ∣∣∣ψ2

∣∣∣θ)
2 (θ + 1)

θ dx

) θ

(θ + 1)
( ∫ 1

0

∣∣∣ψ1 − ψ2
∣∣∣2(θ+1)

dx

) 1
(θ + 1)

≤ c0

∥∥∥∥∣∣∣ψ1
∣∣∣θ + ∣∣∣ψ2

∣∣∣θ∥∥∥∥2

L
2(θ+1)

θ

.
∥∥∥∣∣∣ψ1 − ψ2

∣∣∣∥∥∥2

L2(θ+1)

≤ c0

(∥∥∥ψ1
∥∥∥θ

L
2(θ+1)

θ
+
∥∥∥ψ2

∥∥∥θ

L
2(θ+1)

θ

)2

.
∥∥∥∣∣∣ψ1 − ψ2

∣∣∣∥∥∥2

L2(θ+1)

≤ c0

(∥∥∥ψ1
∥∥∥2θ

L
2(θ+1)

θ
+
∥∥∥ψ2

∥∥∥2θ

L
2(θ+1)

θ

)
.
∥∥∥ψ1 − ψ2

∥∥∥2

L2(θ+1)

≤ c0

(∥∥∥ψ1
∥∥∥2θ

H1
+
∥∥∥ψ2

∥∥∥2θ

H1

)
.
∥∥∥ψ1 − ψ2

∥∥∥2

H1

≤ c0M
∥∥∥ψ1 − ψ2

∥∥∥2

H1

≤ c0M ‖U −V‖2
H .

Theorem 2.1. Assume that (2.3), (2.4) and µ2 ≤ µ1 hold, then we have the following results:

1 If U0 ∈ H , then the problem (2.8) has a unique mild solution U ∈ C ([0, ∞) , H ) with

U(0) = U0.

2 If U1 and U2 are two mild solutions of problem (2.8), then there exists a positive constant

C0 = C (U1 (0) , U2 (0)) such that

‖U1 (t)−U2 (t)‖H ≤ eC0T ‖U1 (0)−U2 (0)‖H 0 ≤ t ≤ T. (2.26)

3 If U0 ∈ D (A), then the above mild solution is a strong solution.

Proof. 1 It follows from lemmas 2.2-2.3 that the cauchy problem has a unique local

mild solution

U (t) = eAtU0 +
∫ t

0
eA(t−s)F (U (s)) ds, (2.27)

defined in a maximal interval (0, tmax). If tmax < ∞, then

lim
t→tmax

‖U (t)‖H = +∞. (2.28)

Let U (t) be a mild solution with U0 (t) ∈ D (A). By using theorem 6.1.5 in

Pazy [20], we conclude that it is a strong solution. It follows from (2.14) that

‖U (t)‖2
H ≤

1
γ0

(E (0) + C1), therefore tmax = ∞. Then the solution is global.
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2 By using (2.27),the local Lipschitz behavior of F and Gronwall’s inequality, we get

(2.26). Then we can obtain the continuous dependence on the initial data for mild

solutions.

3 By using theorem 6.1.5 in Pazy [20], we know that any mild solutions with initial

data in D (A) are strong.

2.4 Exponential stability

Lemma 2.4. Let (ϕ, ϕt, ψ, ψt, z) be the solution of problem (2.6)-(2.7). The functional I1 defined

by

I1 = −
∫ 1

0
(ρ1ϕϕt + ρ2ψψt) dx− µ1

2

∫ 1

0
ψ2dx (2.29)

satisfies for any ε > 0

I′1 (t) ≤ −
∫ 1

0

(
ρ1ϕ2

t + ρ2ψ2
t

)
dx + K

∫ 1

0
(ϕx + ψ)2 dx + (b + c + ε)

∫ 1

0
ψ2

xdx

+
µ2

2
4ε

∫ 1

0
z2 (x, 1, t) dx.

(2.30)

Proof. By taking a derivative of I1 and using equations in (2.6), we get

I′1 (t) = −ρ1

∫ 1

0
ϕtt ϕdx− ρ1

∫ 1

0
ϕ2

t dx− ρ2

∫ 1

0
ψ2

t dx− ρ2

∫ 1

0
ψttψdx− µ1

∫ 1

0
ψtψdx

= −K
∫ 1

0
ϕ (ϕx + ψ)x dx− ρ1

∫ 1

0
ϕ2

t dx− ρ2

∫ 1

0
ψ2

t dx− b
∫ 1

0
ψxxψdx

+K
∫ 1

0
(ϕx + ψ)ψdx + µ2

∫ 1

0
ψz (x, 1, t) dx +

∫ 1

0
ψ f (ψ) dx.

Using integration by parts, boundary conditions, Young’s inequality, (2.3) and Poincaré’s

inequality, for a fixed positive constant C, we obtain

−K
∫ 1

0
ϕ (ϕx + ψ)x dx = K

∫ 1

0
ϕx (ϕx + ψ) dx,

−b
∫ 1

0
ψxxψdx = b

∫ 1

0
ψ2

xdx,

µ2

∫ 1

0
ψz (x, 1, t) dx ≤ ε

∫ 1

0
ψ2

xdx +
µ2

2
4ε

∫ 1

0
z2 (x, 1, t) dx,
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and ∫ 1

0
ψ f (ψ) dx ≤

∫ 1

0
|ψ| |ψ|θ |ψ| dx ≤ ‖ψ‖θ

2(θ+1) ‖ψ‖2(θ+1) ‖ψ‖L2 ≤ C
∫ 1

0
ψ2

xdx.

Then,

I′1 (t) ≤ −
∫ 1

0

(
ρ1ϕ2

t + ρ2ψ2
t

)
dx + K

∫ 1

0
(ϕx + ψ)2 dx + (b + C + ε)

∫ 1

0
ψ2

xdx

+
µ2

2
4ε

∫ 1

0
z2 (x, 1, t) dx.

Lemma 2.5. Let (ϕ, ϕt, ψ, ψt, z) be the solution of problem (2.6)-(2.7). The functional I2 defined

by

I2 =
∫ 1

0
(ρ2ψψt + ρ1ϕtω) dx +

µ1

2

∫ 1

0
ψ2dx, (2.31)

where ω is the solution of

−ωxx = ψx, g |x=0,1= 0. (2.32)

Then I2 satisfies for any λ, λ̃ > 0

I′2 (t) ≤ (µ2λ− b)
∫ 1

0
ψ2

xdx +

(
ρ2 +

ρ1

4λ̃

) ∫ 1

0
ψ2

t dx + ρ1λ̃
∫ 1

0
ϕ2

t dx

+
µ2

2
4λ

∫ 1

0
z2 (x, 1, t) dx−

∫ 1

0
f̂ (ψ) dx.

(2.33)

Proof. By taking a derivative of I2 and using equations in (2.6), we get

I′2 (t) = ρ2

∫ 1

0
ψ2

t dx + ρ2

∫ 1

0
ψttψdx + ρ1

∫ 1

0
ϕttωdx + ρ1

∫ 1

0
ϕtωtdx + µ1

∫ 1

0
ψtψdx

= ρ2

∫ 1

0
ψ2

t dx + b
∫ 1

0
ψxxψdx− K

∫ 1

0
(ϕx + ψ)ψdx− µ2

∫ 1

0
ψz (x, 1, t) dx

−
∫ 1

0
ψ f (ψ) dx + K

∫ 1

0
ω (ϕx + ψ)x dx + ρ1

∫ 1

0
ϕtωtdx.

From (2.32) and Poincaré’s inequality, we get
∫ 1

0
ω2

xdx ≤
∫ 1

0
ψ2dx ≤

∫ 1

0
ψ2

xdx,

∫ 1

0
ω2

t dx ≤
∫ 1

0
ω2

xtdx ≤
∫ 1

0
ψ2

t dx.

(2.34)

By using integration by parts once and twice, boundary conditions and (2.32), we get

b
∫ 1

0
ψxxψdx = −b

∫ 1

0
ψ2

xdx,
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−K
∫ 1

0
(ϕx + ψ)ψdx = K

∫ 1

0
ϕψxdx− K

∫ 1

0
ψ2dx

and

K
∫ 1

0
ω (ϕx + ψ)x dx = K

∫ 1

0
ωϕxxdx + K

∫ 1

0
ωψ2

xdx

= K
∫ 1

0
ωxx ϕdx− K

∫ 1

0
ωωxxdx

= −K
∫ 1

0
ψx ϕdx + K

∫ 1

0
ω2

xdx.

Substituting these results into I′2(t), we find

I′2 (t) = ρ2

∫ 1

0
ψ2

t dx− b
∫ 1

0
ψ2

xdx− K
∫ 1

0
ψ2dx + K

∫ 1

0
ω2

xdx + ρ1

∫ 1

0
ϕtωtdx

−µ2

∫ 1

0
ψz (x, 1, t) dx−

∫ 1

0
ψ f (ψ) dx.

Using Young’s and Poincaré’s inequality, (2.34) and (2.4), for some positive constants

λ, λ̃ > 0, we obtain

−µ2

∫ 1

0
ψz (x, 1, t) dx ≤ µ2λ

∫ 1

0
ψ2dx +

µ2

4λ

∫ 1

0
z2 (x, 1, t) dx

≤ µ2λ
∫ 1

0
ψ2

xdx +
µ2

4λ

∫ 1

0
z2 (x, 1, t) dx

and

ρ1

∫ 1

0
ϕtωtdx ≤ ρ1λ̃

∫ 1

0
ϕ2

t dx +
ρ1

4λ̃

∫ 1

0
ω2

t dx

≤ ρ1λ̃
∫ 1

0
ϕ2

t dx +
ρ1

4λ̃

∫ 1

0
ψ2

t dx.

Then, we arrive at

I′2 (t) ≤ (µ2λ− b)
∫ 1

0
ψ2

xdx +

(
ρ2 +

ρ1

4λ̃

) ∫ 1

0
ψ2

t dx + ρ1λ̃
∫ 1

0
ϕ2

t dx

+
µ2

2
4λ

∫ 1

0
z2 (x, 1, t) dx−

∫ 1

0
f̂ (ψ) dx.

Lemma 2.6. Let (ϕ, ϕt, ψ, ψt, z) be the solution of problem (2.6)-(2.7). The functional J defined

by

J = ρ2

∫ 1

0
ψt (ϕx + ψ) dx + ρ2

∫ 1

0
ψx ϕtdx (2.35)

satisfies

J′ (t) ≤ [bϕxψx]
x=1
x=0 −

K
4

∫ 1

0
(ϕx + ψ)2 dx +

(
ρ2 +

µ2
1

K

) ∫ 1

0
ψ2

t dx

+
µ2

2
K

+
∫ 1

0
z2 (x, 1, t) dx + c

∫ 1

0
ψ2

xdx−
∫ 1

0
f̂ (ψ) dx.

(2.36)
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Proof. By taking a derivative of J and using equations in (2.6), we get

J′ (t) = ρ2

∫ 1

0
ψtt (ϕx + ψ) dx + ρ2

∫ 1

0
ψt (ϕx + ψ)t dx + ρ2

∫ 1

0
ψxt ϕtdx + ρ2

∫ 1

0
ψx ϕttdx

= b
∫ 1

0
ψxx (ϕx + ψ) dx− K

∫ 1

0
(ϕx + ψ)2 dx− µ1

∫ 1

0
ψt (ϕx + ψ) dx

−µ2

∫ 1

0
z (x, 1, t) (ϕx + ψ) dx−

∫ 1

0
(ϕx + ψ) f (ψ) dx + ρ2

∫ 1

0
ψt (ϕx + ψ)t dx

+ρ2

∫ 1

0
ψt (ϕx + ψ)t dx + ρ2

∫ 1

0
ψxt ϕtdx +

ρ2K
ρ1

∫ 1

0
ψx (ϕx + ψ)x dx.

Using integration by parts and boundary conditions, we get

b
∫ 1

0
ψxx (ϕx + ψ) dx = [bψx (ϕx + ψ)]x=1

x=0 − b
∫ 1

0
ψx (ϕx + ψ)x dx

= [bψx ϕx]
x=1
x=0 − b

∫ 1

0
ψx (ϕx + ψ)x dx

and

ρ2

∫ 1

0
ψt (ϕx + ψ)t dx = ρ2

∫ 1

0
ψt ϕxtdx + ρ2

∫ 1

0
ψ2

t dx

= −ρ2

∫ 1

0
ψxt ϕtdx + ρ2

∫ 1

0
ψ2

t dx.

Then, using
ρ1

ρ2
=

K
b

, J′ becomes

J′ (t) = [bψx ϕx]
x=1
x=0 − K

∫ 1

0
(ϕx + ψ)2 dx− µ1

∫ 1

0
ψt (ϕx + ψ) dx

−µ2

∫ 1

0
z (x, 1, t) (ϕx + ψ) dx−

∫ 1

0
ϕx f (ψ) dx−

∫ 1

0
ψ f (ψ) dx

+ρ2

∫ 1

0
ψt (ϕx + ψ)2

t dx.

We have, by using Young’s inequality

−µ1

∫ 1

0
ψt (ϕx + ψ) dx ≤

µ2
1

K

∫ 1

0
ψ2

t dx +
K
4

∫ 1

0
(ϕx + ψ)2 dx

and

−µ2

∫ 1

0
z (x, 1, t) (ϕx + ψ) dx ≤ µ2

2
K

∫ 1

0
z2 (x, 1, t) dx +

K
4

∫ 1

0
(ϕx + ψ)2 dx.

We have also, by using Holder’s, Young’s and Poincaré’s inequalities,(2.3) and the facts
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‖ψ‖L2(θ+1) ≤ c ‖ψ‖L2 and ϕ2
x ≤ 2 (ϕx + ψ)2 + 2ψ2, we get∫ 1

0
|ϕx f (ψ)| dx ≤

∫ 1

0
|ϕx| |ψ| |ψ|θ dx

≤ ‖ψ‖θ
2(θ+1) ‖ψ‖2(θ+1) ‖ϕx‖2

≤ c ‖ϕx‖2 ‖ψ‖2

≤ c ‖ϕx‖2 ‖ψx‖2

≤ K
8

∫ 1

0
ϕ2

xdx +
2c2

K

∫ 1

0
ψ2

xdx

≤ K
4

∫ 1

0
(ϕx + ψ)2 dx +

K
4

∫ 1

0
ψ2

xdx +
2c2

K

∫ 1

0
ψ2

xdx

≤ K
4

∫ 1

0
(ϕx + ψ)2 dx + c

∫ 1

0
ψ2

xdx.

Thus, substituting the above results into J′(t) and using (2.4), we arrive at

J′ (t) ≤ [bϕxψx]
x=1
x=0 −

K
4

∫ 1

0
(ϕx + ψ)2 dx +

(
ρ2 +

µ2
1

K

) ∫ 1

0
ψ2

t dx

+
µ2

2
K

+
∫ 1

0
z2 (x, 1, t) dx + c

∫ 1

0
ψ2

xdx−
∫ 1

0
f̂ (ψ) dx.

Lemma 2.7. Let (ϕ, ϕt, ψ, ψt, z) be the solution of problem (2.6)-(2.7), then the following

estimate holds for any ε > 0

[bϕxψx]
x=1
x=0 ≤ −ερ1

K
d
dt

∫ 1

0
qϕt ϕxdx− ρ2b

4ε

d
dt

∫ 1

0
qψtψxdx + 2

ερ1

K

∫ 1

0
ϕ2

t dx

+

(
6ε +

εK2

4

) ∫ 1

0
(ϕx + ψ)2 dx +

(
7ε +

c
4ε

+
b2

2ε
+

b2

2
+

b2

2ε3

) ∫ 1

0
ψ2

xdx

+

(
bρ2

2ε
+

µ2
1

4ε2

) ∫ 1

0
ψ2

t dx +
µ2

2
4ε2

∫ 1

0
z2 (x, 1, t) dx,

(2.37)

such that the functional q is defined by

q (x) = −4x + 2, x ∈ (0, 1) .

Proof. First, it follows from Young’s inequality, for any ε > 0 that

[bϕxψx]
x=1
x=0 ≤ ε

[
ϕ2

x (1) + ϕ2
x (0)

]
+

b2

4ε

[
ψ2

x (1) + ψ2
x (0)

]
. (2.38)
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We have, by using (2.6)

d
dt

∫ 1

0
bρ2qψtψxdx =

∫ 1

0
bρ2ψttψxdx +

∫ 1

0
bρ2qψtψxtdx

= b2
∫ 1

0
qψxxψxdx− bK

∫ 1

0
q (ϕx + ψ)ψxdx− bµ1

∫ 1

0
qψtψxdx

−bµ2

∫ 1

0
qz (x, 1, t)ψxdx− b

∫ 1

0
qψx f (ψ) dx + b

∫ 1

0
ρ2qψtψxtdx,

by using integration by parts, we get

b2
∫ 1

0
qψxxψxdx = b2

∫ 1

0
q

d
dx

(
ψ2

x
2

)
dx

=
1
2

b2
[
qψ2

x

]x=1

x=0
+ 2b2

∫ 1

0
ψ2

xdx

= −b2
[
ψ2

x (1) + ψ2
x (0)

]
+ 2b2

∫ 1

0
ψ2

xdx,

(2.39)

then,

d
dt

∫ 1

0
bρ2qψtψxdx = −b2

[
ψ2

x (1) + ψ2
x (0)

]
+ 2b2

∫ 1

0
ψ2

xdx + 2bρ2

∫ 1

0
ψ2

t dx

−bK
∫ 1

0
q (ϕx + ψ)ψxdx− bµ1

∫ 1

0
qψtψxdx− bµ2

∫ 1

0
qz (x, 1, t)ψxdx

−b
∫ 1

0
qψx f (ψ) dx,

using Young’s inequality, we obtain

−bK
∫ 1

0
q (ϕx + ψ)ψxdx ≤ ε2K2

∫ 1

0
(ϕx + ψ)2 dx +

b2

ε2

∫ 1

0
ψ2

xdx,

−bµ1

∫ 1

0
qψtψxdx ≤

µ2
1

ε

∫ 1

0
ψ2

t dx + εb2
∫ 1

0
ψ2

xdx,

−bµ2

∫ 1

0
qz (x, 1, t)ψxdx ≤ µ2

2
ε

∫ 1

0
z2 (x, 1, t) dx + εb2

∫ 1

0
ψ2

xdx

and

−b
∫ 1

0
qψx f (ψ) dx ≤ c

∫ 1

0
ψ2

xdx.

Then,

d
dt

∫ 1

0
bρ2qψtψxdx ≤ −b2

[
ψ2

x (1) + ψ2
x (0)

] (
c + 2b2 + 2εb2 +

b2

ε2

) ∫ 1

0
ψ2

xdx

+

(
2bρ2 +

µ2
1

ε

) ∫ 1

0
ψ2

t dx + ε2K2
∫ 1

0
(ϕx + ψ)2 dx

+
µ2

2
ε

∫ 1

0
z2 (x, 1, t) dx.

(2.40)
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In the other side, we have, by using (2.6)

d
dt

∫ 1

0
ρ1qϕt ϕxdx = ρ1

∫ 1

0
qϕtt ϕxdx + ρ1

∫ 1

0
qϕt ϕxtdx

= K
∫ 1

0
q (ϕx + ψ)x ϕxdx + ρ1

∫ 1

0
qϕt ϕxtdx,

we have, by using integration by parts and boundary conditions

ρ1

∫ 1

0
qϕt ϕxtdx = ρ1

∫ 1

0
q

d
dx

(
ϕ2

t
2

)
dx = 2ρ1

∫ 1

0
ϕ2

t dx

and

K
∫ 1

0
q (ϕx + ψ)x ϕxdx = K

∫ 1

0
qϕxx ϕxdx + K

∫ 1

0
qψx ϕxdx

= K
∫ 1

0
q

d
dx

(
ϕ2

x
2

)
dx + K

∫ 1

0
qψx ϕxdx

=
K
2

[
qϕ2

x

]x=1

x=0
+ 2K

∫ 1

0
ϕ2

xdx + K
∫ 1

0
qψx ϕxdx

= −K
[

ϕ2
x (1) + ϕ2

x (0)
]
+ 2K

∫ 1

0
ϕ2

xdx + K
∫ 1

0
qψx ϕxdx,

but, by using Young’s inequality

K
∫ 1

0
qψx ϕxdx ≤ K

∫ 1

0
ψ2

xdx + K
∫ 1

0
ϕ2

xdx.

Then,

d
dt

∫ 1

0
ρ1qϕt ϕxdx ≤ −K

[
ϕ2

x (1) + ϕ2
x (0)

]
+ 3K

∫ 1

0
ϕ2

xdx

+K
∫ 1

0
ψ2

xdx + 2ρ1

∫ 1

0
ϕ2

t dx

≤ −K
[

ϕ2
x (1) + ϕ2

x (0)
]
+ 6K

∫ 1

0
(ϕx + ψ)2 dx

+7K
∫ 1

0
ϕ2

xdx + 2ρ1

∫ 1

0
ϕ2

t dx.

(2.41)

Multiplying (2.40) and (2.41) by
1
4ε

and
ε

K
respectively, we find

bρ2

4ε

d
dt

∫ 1

0
qψtψxdx ≤ − b2

4ε

[
ψ2

x (1) + ψ2
x (0)

] ( c
4ε

+
b2

2ε
+

b2

2
+

b2

4ε3

) ∫ 1

0
ψ2

xdx

+

(
bρ2

2ε
+

µ2
1

4ε2

) ∫ 1

0
ψ2

t dx +
εK2

4

∫ 1

0
(ϕx + ψ)2 dx

+
µ2

2
4ε2

∫ 1

0
z2 (x, 1, t) dx

(2.42)
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and

ερ1

K
d
dt

∫ 1

0
qϕt ϕxdx ≤ −ε

[
ϕ2

x (1) + ϕ2
x (0)

]
+ 6ε

∫ 1

0
(ϕx + ψ)2 dx

+7ε
∫ 1

0
ϕ2

xdx + 2
ρ1ε

K

∫ 1

0
ϕ2

t dx.

(2.43)

Then, collecting (2.38), (2.42) and (2.43), we arrive at

[bϕxψx]
x=1
x=0 ≤ −

ερ1

K
d
dt

∫ 1

0
qϕt ϕxdx− ρ2b

4ε

d
dt

∫ 1

0
qψtψxdx + 2

ερ1

K

∫ 1

0
ϕ2

t dx

+

(
6ε +

εK2

4

) ∫ 1

0
(ϕx + ψ)2 dx +

(
7ε +

c
4ε

+
b2

2ε
+

b2

2
+

b2

2ε3

) ∫ 1

0
ψ2

xdx

+

(
bρ2

2ε
+

µ2
1

4ε2

) ∫ 1

0
ψ2

t dx +
µ2

2
4ε2

∫ 1

0
z2 (x, 1, t) dx,

Lemma 2.8. Let (ϕ, ϕt, ψ, ψt, z) be the solution of problem (2.6)-(2.7). The functional I3 defined

by

I3 =
∫ 1

0

∫ 1

0
e−2τρz2 (x, ρ, t) dρdx (2.44)

satisfies for a positive constant c

I′3 (t) ≤ −
c
τ

∫ 1

0
z2 (x, 1, t) dx +

1
τ

∫ 1

0
ψ2

t dx− 2I3 (t) . (2.45)

Proof. By taking a derivative of I3 and using the facts that zt = −
1
τ

zρ and z (x, 0, t) =

ψt (x, t), we get

I′3 (t) = 2
∫ 1

0

∫ 1

0
e−2τρz (x, ρ, t) zt (x, ρ, t) dρdx

= −2
τ

∫ 1

0

∫ 1

0
e−2τρz (x, ρ, t) zρ (x, ρ, t) dρdx

= −1
τ

∫ 1

0

∫ 1

0
e−2τρ d

dρ

(
z2 (x, ρ, t)

)
dρdx

= −1
τ

∫ 1

0

([
e−2τρz2 (x, ρ, t)

]ρ=1

ρ=0
+ 2τ

∫ 1

0
e−2τρz2 (x, ρ, t) dρ

)
dx

= −1
τ

∫ 1

0

(
e−2τz2 (x, 1, t)− z2 (x, 0, t)

)
dx− 2

∫ 1

0

∫ 1

0
e−2τρz2 (x, ρ, t) dρdx

= − c
τ

∫ 1

0
z2 (x, 1, t) dx +

1
τ

∫ 1

0
ψ2

t dx− 2I3 (t) .
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Lemma 2.9. Let (ϕ, ϕt, ψ, ψt, z) be the solution of problem (2.6)-(2.7). The following Lyapunov

functional L defined by

L (t) = ME (t) +
1
8

I1 (t) + NI2 (t) + J (t) +
ερ1

K

∫ 1

0
qϕt ϕxdx

+
ρ2b
4ε

∫ 1

0
qψtψxdx + I3 (t)

(2.46)

satisfies, for M large enough, that there exist two positive constants γ1 and γ2 depending on M,

N and ε, such that for any t ≥ 0,

γ1E (t) ≤ L (t) ≤ γ2E (t) . (2.47)

Proof. We consider the functional

H (t) = L (t)−ME (t)

=
1
8

I1 (t) + NI2 (t) + J (t) +
ερ1

K

∫ 1

0
qϕt ϕxdx

+
ρ2b
4ε

∫ 1

0
qψtψxdx + I3 (t) .

We have, from (2.29),(2.31), (2.44) and (2.35)

|H (t)| ≤ 1
8

∣∣∣∣− ∫ 1

0
(ρ1ϕϕt + ρ2ψψt) dx− µ1

2

∫ 1

0
ψ2dx

∣∣∣∣
+N2

∣∣∣∣∫ 1

0
(ρ2ψψt + ρ1ϕtω) dx +

µ1

2

∫ 1

0
ψ2dx

∣∣∣∣
+

∣∣∣∣ρ2

∫ 1

0
ψt (ϕx + ψ) dx + ρ2

∫ 1

0
ψx ϕtdx

∣∣∣∣+ ∣∣∣∣ερ1

K

∫ 1

0
qϕt ϕxdx

+
ρ2b
4ε

∫ 1

0
qψtψxdx

∣∣∣∣+ ∣∣∣∣∫ 1

0

∫ 1

0
e−2τρz2 (x, ρ, t) dρdx

∣∣∣∣ .

It follows from Young’s and Poincaré’s inequalities, (2.34) and ϕ2
x ≤ 2 (ϕx + ψ)2 + 2ψ2

that

|H (t)| ≤ α1

∫ 1

0
ϕ2

t dx + α2

∫ 1

0
ψ2

t dx + α3

∫ 1

0
(ϕx + ψ)2 dx + α4

∫ 1

0
ψ2

xdx

+
∫ 1

0

∫ 1

0
z2 (x, ρ, t) dρdx,
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such that αi|i=1,4 are positive constants determined as follows:



α1 =
ρ1

16
+

Nρ1

2
+

ρ2

2
+

ερ1

K
,

α2 =
Nρ2

2
+

ρ2

2
+

ρ2b
4ε

+
ρ2

16
,

α3 =
ρ1

8
+

ρ2

2
+

2ερ1

K
,

α4 =
ρ1

8
+

µ1

16
+

ρ2

2
+

Nρ2

2
+

Nµ1

2
+

Nρ1

2
+

ρ2b
4ε

+
2ερ1

K
+

ρ2

16
.

Then,

|H (t)| ≤ C̃E (t) ,

such that

C̃ =
2max {α1, α2, α3, α4}
min {ρ1, ρ2, b, ξ, K} .

It means that

|L (t)−ME (t)| ≤ C̃E (t) .

choosing M large enough so that γ1 = M− C̃, γ1 = M + C̃ > 0.

Then,

γ1E (t) ≤ L (t) ≤ γ2E (t) .

Theorem 2.2. Assume that (2.3), (2.4) , µ2 < µ1 and
ρ1

ρ2
=

K
b

hold. Then, with respect to mild

solution, there exist C > 0 and η > 0 such that

E (t) ≤ Ce−ηt, t ≥ 0. (2.48)

Proof. By taking a derivative of L and using (2.13), (2.30), (2.33), (2.36), (2.42), (2.43) and

(2.45), we get

L ′ (t) =
1
8

I′1 (t) + NI′2 (t) + J′ (t) +
ερ1

K
d
dt

∫ 1

0
qϕt ϕxdx

+
ρ2b
4ε

d
dt

∫ 1

0
qψtψxdx + I′3 (t)
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≤
(
−MC− ρ2

8
+ ρ2 + N

(
ρ1

4λ̃
+ ρ2

)
+

µ2
1

K
+

bρ2

2ε
+

µ2
1

4ε2 +
1
τ

) ∫ 1

0
ψ2

t

+

(
−MC +

µ2
2

32ε
+

Nµ2

4λ
+

µ2
2

K
+

µ2
2

4ε2 −
c
τ

) ∫ 1

0
z2 (x, 1, t) dx

+
(
−ρ1

8
+ Nρ1λ̃ + 2

ρ1ε

K

) ∫ 1

0
ϕ2

t dx +

(
−K

8
+ 6ε +

εK2

4

) ∫ 1

0
(ϕx + ψ)2 dx

+

(
b + ε

8
+ c− N (b− µ2λ) + 7ε +

c
4ε

+
b2

2ε
+

b2

2
+

b2

4ε3

) ∫ 1

0
ψ2

xdx

+ (−N − 1)
∫ 1

0
f̂ (ψ) dx.

At this point we have to choose our constants carefully.

First, choosing λ small enough such that

λ <
b

2µ2
.

Then, selecting N large enough so that

Nb
4
≥ b + ε

8
+ c + 7ε +

c
4ε

+
b2

2ε
+

b2

2
+

b2

4ε3 .

Then,

ε ≤ min

{
K
16

6 + K2

4

,
K
32

}
.

Also,

λ̃ <
1

32N
.

Finally, choosing M large enough. So that, there exists a positive constant η, such that

L ′ ≤ −ηE(t),

which yields with (2.47)

L ′ ≤ − η

γ2
L(t),

an integration over (0, t), we get

L(t) ≤ L(0)e−
η

γ2
t,

implies that

E(t) ≤ γ2

γ1
E(0)e−

η
γ2

t, ∀t ≥ 0.
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3
Existence and new general decay results for a

viscoelastic Timoshenko system

3.1 Presentation of the problem

In this work, we consider the following viscoelastic-type Timoshenko system:



ρ1ϕtt − K (ϕx + ψ)x = 0,

ρ2ψtt − bψxx + K (ϕx + ψ) +
∫ t

0
g (t− s)ψxx (s) ds = 0,

ϕ (0, t) = ϕ (L, t) = ψ (0, t) = ψ (L, t) = 0,

ϕ (x, 0) = ϕ0 (x) , ϕt (x, 0) = ϕ1 (x) ,

ψ (x, 0) = ψ0 (x) , ψt (x, 0) = ψ1 (x) ,

(P)

where ϕ is the transverse displacement, ψ is the rotational angle of the Timoshenko beam

(x, t) ∈ (0, L)× (0, ∞), b, K, ρ1, ρ2 are positive physical constants, ϕ0, ϕ1, ψ0, ψ1 are given

data and g is a relaxation function sutisfying some conditions to be specified later on. In

this chapter, we state some preliminary results, the existence and uniqueness theorem

of the solution and we state and prove some technical lemmas that are necessary to

establish the general stability of our problem.
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3.2 Preliminaries

Assumptions

(A.1) We assume that the relaxation function g satisfies the following:

g : [0,+∞)→ (0,+∞) is a non-increasing differentiable function such that

b−
∫ +∞

0
g(s)ds = l > 0.

(A.2) There exists a non-increasing differentiable function ξ : [0, ∞) → (0,+∞) and

a C1-function H : [0,+∞) → [0,+∞) which is either linear or strictly increasing and

strictly convex C2-function on (0, r] , r < g(0) , with H(0) = H′(0) = 0 such that

g′(t) ≤ −ξ(t)H(g(t)), ∀t ≥ 0. (3.1)

Remark 3.1. [14]

1 From Assumption (A.1), we can show that

lim
t→+∞

g(t) = 0 and g(t) ≤ b− l
t

, ∀t > 0.

Also, Assumption (A.2) entails that, that exists t0 > 0 such that

g(t0) = r and g(t) ≤ r, ∀t ≥ t0.

The non-increasing property of g gives

0 < g(t0) ≤ g(t) ≤ g(0), ∀t ∈ [0, t0] .

The continuity of H yields, for two positive constants a and b,

a ≤ H(g(t)) ≤ b, ∀t ∈ [0, t0] .

Consequently, for any t ∈ [0, t0], we have

g′(t) ≤ −ξ(t)H(g(t))

≤ −aξ(t)

= − a
g(0)

ξ(t)g(0)

≤ −aξ(t)

= − a
g(0)

ξ(t)g(t),
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then,

ξ(t)g(t) ≤ −g(0)
a

g′(t), ∀t ∈ [0, t0] . (3.2)

2 Any strictly increasing and strictly convex C2-function H defined on (0, r], with

H (0) = H′ (0) = 0, has an extention H which is a strictly increasing and strictly

convex C2-function on (0,+∞) . For example, we can define H, for any t > r, by

H (t) =
H′′ (r)

2
t2 +

(
H′ (r)− H′′ (r) r

)
t +
(

H (r) +
H′′ (r)

2
r2 − H′ (r) r

)
.

Lemma 3.1. [16] For g, w ∈ C1(R+; R), we have

2
∫ L

0
wt

∫ t

0
g(t− s)w(s)ds =

d
dt

[∫ L

0

(∫ t

0
g(s)ds

)
|w(t)|2 dx− (g ◦ w)(t)

]
−g(t)

∫ L

0
|w(t)|2 dx + (g′ ◦ w)(t).

(3.3)

Theorem 3.1. [14] Let (ϕ0, ϕ1) , (ψ0, ψ1) ∈ H1
0 (0, L)× L2 (0, L) be given. Assume that g

satisfies hypothesis (A.1). Then, problem (P) has a unique global (weak) solution

ϕ, ψ ∈ C
(

R+; H1
0 (0, L)

)
∩ C1

(
R+; L2 (0, L)

)
.

Moreover, if (ϕ0, ϕ1) , (ψ0, ψ1) ∈ H2 (0, L) ∩ H1
0 (0, L)× H1

0 (0, L), then the problem has a

unique strong solution

ϕ, ψ ∈ C
(

R+; H2 (0, L) ∩ H1
0 (0, L)

)
∩ C1

(
R+; H1

0 (0, L)
)
∩ C2

(
R+; H2 (0, L)

)
.

Lemma 3.2. [4] Let (ϕ, ψ) be the solution of (P). Then, we introduce the energy functional

E(t) =
1
2

∫ L

0

(
ρ1ϕ2

t + ρ2ψ2
t +

(
b−

∫ t

0
g(s)ds

)
ψ2

x + K (ϕx + ψ)2
)

dx +
1
2
(g ◦ ψx) (t)

(3.4)

and

E′(t) = −1
2

g(t)
∫ L

0
ψ2

xdx +
1
2
(

g′ ◦ ψx
)
(t) ≤ 1

2
(

g′ ◦ ψx
)
(t) ≤ 0, ∀t ≥ 0, (3.5)

where for any v ∈ L2
loc
(
R+; L2 (0, L)

)
,

(g ◦ v) (t) =
∫ L

0

∫ t

0
g (t− s) (v (t)− v (s))2 dsdx.

Proof. By multiplying equations in (P) by ϕt and ψt respectively and integrating over

(0, L)
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

ρ1

∫ L

0
ϕtt ϕtdx− K

∫ L

0
(ϕx + ψ)x ϕtdx = 0,

ρ2

∫ L

0
ψttψtdx− b

∫ L

0
ψxxψtdx + K

∫ L

0
(ϕx + ψ)ψtdx

+
∫ L

0
ψt

∫ t

0
g (t− s)ψxx (s) dsdx = 0.

By using integration by parts and boundary conditions, we obtain



ρ1

2
d
dt

∫ L

0
ϕ2

t dx + K
∫ L

0
(ϕx + ψ) ϕxtdx = 0,

ρ2

2
d
dt

∫ L

0
ψ2

t dx +
b
2

d
dt

∫ L

0
ψ2

xdx + K
∫ L

0
(ϕx + ψ)ψtdx

−
∫ L

0
ψxt

∫ t

0
g (t− s)ψx (s) dsdx = 0.

(3.6)

By summing (3.6)1 and (3.6)2 and using (3.3) we obtain

ρ1

2
d
dt

∫ L

0
ϕ2

t dx +
ρ2

2
d
dt

∫ L

0
ψ2

t dx +
k
2

d
dt

∫ L

0
(ϕx + ψ)2 dx +

b
2

d
dt

∫ L

0
ψ2

xdx

−1
2

d
dt

∫ t

0
g (s) ds

∫ L

0
ψ2

xdx +
1
2

d
dt

(g ◦ ψx) (t) +
1
2

g (t)
∫ L

0
ψ2

xdx− 1
2
(

g′ ◦ ψx
)
(t) = 0,

implies

d
dt

[
ρ1

2

∫ L

0
ϕ2

t dx +
ρ2

2

∫ L

0
ψ2

t dx +
k
2

∫ L

0
(ϕx + ψ)2 dx +

(
b
2
− 1

2

∫ t

0
g (s) ds

) ∫ L

0
ψ2

xdx

+
1
2
(g ◦ ψx)

]
= −1

2
g (t)

∫ L

0
ψ2

xdx +
1
2
(

g′ ◦ ψx
)
(t) .

Then,

E (t) =
ρ1

2

∫ L

0
ϕ2

t dx +
ρ2

2

∫ L

0
ψ2

t dx +
k
2

∫ L

0
(ϕx + ψ)2 dx

+

(
b
2
− 1

2

∫ t

0
g (s) ds

) ∫ L

0
ψ2

xdx +
1
2
(g ◦ ψx)

and

E′ (t) = −1
2

g (t)
∫ L

0
ψ2

xdx +
1
2
(

g′ ◦ ψx
)
(t) ≤ 0. (3.7)

Lemma 3.3. [17] Assume that condition (A.1) holds. Then for any v ∈ L2
loc
(
R+; L2 (0, L)

)
,

we have ∫ L

0

(∫ t

0
g(t− s)(v(t)− v(s))ds

)2

dx ≤ Cα(h ◦ v)(t), ∀t ≥ 0, (3.8)
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such that for any 0 < α < 1,

Cα =
∫ ∞

0

g2(s)
αg(s)− g′(s)

ds and h(t) = αg(t)− g′(t).

3.3 Some important lemmas

Lemma 3.4. Assume that (A.1) and (A.2) hold. Then, the functional F is given by

F (t) = −ρ2

∫ L

0
ψt

∫ t

0
g (t− s) (ψ (t)− ψ (s)) dsdx

satisfies, along the solution of (P) and for any 0 < δ < 1, the estimate

F′ (t) ≤ −ρ2

(∫ t

0
g (s) ds− δ

) ∫ L

0
ψ2

t dx + δK
∫ L

0
(ϕx + ψ)2 dx

+δ
∫ L

0
ψ2

xdx +
c
δ
(Cα + 1) (h ◦ ψx) (t) .

(3.9)

Proof. By differentiating F we obtain

F′ (t) = −ρ2

∫ L

0
ψtt

∫ t

0
g (t− s) (ψ (t)− ψ (s)) dsdx

−ρ2

∫ L

0
ψt

∫ t

0
g′ (t− s) (ψ (t)− ψ (s)) dsdx− ρ2

∫ t

0
ψ2

t

∫ t

0
g (t− s) dsdx.

By using equation (P)2, we get

F′ (t) =
∫ L

0

(
−bψxx + K (ϕx + ψ) +

∫ t

0
g (t− s)ψxx (s) ds

) ∫ t

0
g (t− s) (ψ (t)− ψ (s)) dsdx

−ρ2

∫ L

0
ψt

∫ t

0
g′ (t− s) (ψ (t)− ψ (s)) dsdx− ρ2

∫ L

0
ψ2

t

∫ t

0
g (t− s) dsdx.

= −
∫ L

0
bψxx

∫ t

0
g (t− s) (ψ (t)− ψ (s)) dsdx

+K
∫ L

0
(ϕx + ψ)

∫ t

0
g (t− s) (ψ (t)− ψ (s)) dsdx

+
∫ L

0

(∫ t

0
g (t− s)ψxx (s) ds

) ∫ t

0
g (t− s) (ψ (t)− ψ (s)) dsdx

−ρ2

∫ L

0
ψt

∫ t

0
g′ (t− s) (ψ (t)− ψ (s)) dsdx− ρ2

∫ L

0
ψ2

t

∫ t

0
g (t− s) dsdx.

By using integration by parts and boundary conditions and adding and subtracting the
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term ψxx (t), we get

F′ (t) = b
∫ L

0
ψx

∫ t

0
g (t− s) (ψx (t)− ψx (s)) dsdx

−
∫ L

0

∫ t

0
g (t− s) (ψxx (t)− ψxx (s)) ds

∫ t

0
g (t− s) (ψ (t)− ψ (s)) dsdx

+
∫ L

0

∫ t

0
g (t− s)ψxx (t) ds

∫ t

0
g (t− s) (ψ (t)− ψ (s)) dsdx

+K
∫ L

0
(ϕx + ψ)

∫ t

0
g (t− s) (ψ (t)− ψ (s)) dsdx

−ρ2

∫ L

0
ψt

∫ t

0
g′ (t− s) (ψ (t)− ψ (s)) dsdx− ρ2

∫ L

0
ψ2

t

∫ t

0
g (t− s) dsdx.

By using integration by parts and boundary conditions, we get

F′ (t) = b
∫ L

0
ψx

∫ t

0
g (t− s) (ψx (t)− ψx (s)) dsdx

+
∫ L

0

(∫ t

0
g (t− s) (ψx (t)− ψx (s)) ds

)2

dx

−
∫ t

0
g (s) ds

∫ L

0
ψx

∫ t

0
g (t− s) (ψx (t)− ψx (s)) dsdx

+K
∫ L

0
(ϕx + ψ)

∫ t

0
g (t− s) (ψ (t)− ψ (s)) dsdx

−ρ2

∫ L

0
ψt

∫ t

0
g′ (t− s) (ψ (t)− ψ (s)) dsdx− ρ2

∫ L

0
ψ2

t

∫ t

0
g (t− s) dsdx.

Then

F′ (t) =
(

b−
∫ t

0
g (s) ds

) ∫ L

0
ψx

∫ t

0
g (t− s) (ψx (t)− ψx (s)) dsdx

+K
∫ L

0
(ϕx + ψ)

∫ t

0
g (t− s) (ψ (t)− ψ (s)) dsdx

+
∫ L

0

(∫ t

0
g (t− s) (ψx (t)− ψx (s)) ds

)2

dx− ρ2

(∫ t

0
g (t− s) ds

) ∫ L

0
ψ2

t dx

−ρ2

∫ L

0
ψt

∫ t

0
g′ (t− s) (ψ (t)− ψ (s)) dsdx.

Now, we estimate the terms in the right side of the above equation.

First, using Young’s inequality and (3.8), for any 0 < δ < 1 ,(
b−

∫ t

0
g (s) ds

) ∫ L

0
ψx

∫ t

0
g (t− s) (ψx (t)− ψx (s)) dsdx

≤ δ
∫ L

0
ψ2

x +
1
4δ

(
b−

∫ t

0
g (s) ds

)2 ∫ L

0

(∫ t

0
g (t− s) (ψx (t)− ψx (s)) ds

)2

dx

≤ δ
∫ L

0
ψ2

x +
c
δ

Cα (h ◦ ψx) (t) .
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Second, we have for any δ > 0,

K
∫ L

0
(ϕx + ψ)

∫ t

0
g (t− s) (ψ (t)− ψ (s)) dsdx

≤ δK
∫ L

0
(ϕx + ψ)2 dx +

K
4δ

∫ L

0

(∫ t

0
g (t− s) (ψ (t)− ψ (s)) ds

)2

dx

≤ δK
∫ L

0
(ϕx + ψ)2 dx +

c
δ

Cα (h ◦ ψ) (t)

≤ δK
∫ L

0
(ϕx + ψ)2 dx +

c
δ

Cα (h ◦ ψx) (t) .

Third, for 0 < δ < 1∫ L

0

(∫ t

0
g (t− s) (ψx (t)− ψx (s)) ds

)2

dx ≤ Cα (h ◦ ψx) (t) ≤
c
δ

Cα (h ◦ ψx) (t) .

Fourth, exploiting Young’s inequality and (3.8),we get, for any 0 < δ < 1 ,

−ρ2

∫ L

0
ψt

∫ t

0
g′ (t− s) (ψ (t)− ψ (s)) dsdx

= ρ2

∫ L

0
ψt

∫ t

0
h (t− s) (ψ (t)− ψ (s)) dsdx− ρ2

∫ L

0
ψt

∫ t

0
αg (t− s) (ψ (t)− ψ (s)) dsdx

≤ δ

2
ρ2

∫ L

0
ψ2

t dx +
ρ2

2δ

∫ L

0

(∫ t

0

√
h (t− s)

√
h (t− s) (ψ (t)− ψ (s)) ds

)2

dx

+
δ

2
ρ2

∫ L

0
ψ2

t dx +
ρ2

2δ
α2
∫ L

0

(∫ t

0
g (t− s) (ψ (t)− ψ (s)) ds

)2

dx

≤ δρ2

∫ L

0
ψ2

t dx +
ρ2

2δ

(∫ t

0
h (s) ds

)
(h ◦ ψ) (t) +

c
δ

Cα (h ◦ ψ) (t)

≤ δρ2

∫ L

0
ψ2

t dx +
c
δ
(Cα + 1) (h ◦ ψ) (t) .

Collecting all the above estimates, we obtain,

F′ (t) ≤ −ρ2

(∫ t

0
g (s) ds− δ

) ∫ L

0
ψ2

t dx + δK
∫ L

0
(ϕx + ψ)2 dx

+δ
∫ L

0
ψ2

xdx +
c
δ
(Cα + 1) (h ◦ ψx) (t) .

Lemma 3.5. Assume that (A.1) and (A.2) hold. Then, the functional I1 is given by

I1 (t) = −
∫ L

0
(ρ1ϕϕt + ρ2ψψt) dx

satisfies, along the solution of (P), the estimate

I′1 (t) ≤ −
∫ L

0

(
ρ1ϕ2

t + ρ2ψ2
t

)
dx + K

∫ L

0
(ϕx + ψ)2 dx + c

∫ L

0
ψ2

xdx + cCα (h ◦ ψx) (t) .

(3.10)
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Proof. Differentiating I1 we obtain

I′1 (t) = −
∫ L

0

(
ρ1ϕ2

t + ρ2ψ2
t

)
dx−

∫ L

0
ρ1ϕϕttdx−

∫ L

0
ρ2ψψttdx.

Using equations in (P)

I′1 (t) = −
∫ L

0

(
ρ1ϕ2

t + ρ2ψ2
t

)
dx− K

∫ L

0
ϕ (ϕx + ψ)x dx− b

∫ L

0
ψxxdx

+K
∫ L

0
ψ (ϕx + ψ) dx +

∫ L

0
ψ
∫ t

0
g (t− s)ψxx (s) dsdx.

Using integration by parts and boundary conditions and adding and subtracting the

term ψxx (t) , we get

I′1 (t) = −
∫ L

0

(
ρ1ϕ2

t + ρ2ψ2
t

)
dx + K

∫ L

0
ϕx (ϕx + ψ) dx + b

∫ L

0
ψ2

xdx

+K
∫ L

0
ψ (ϕx + ψ) dx +

∫ L

0
ψx

∫ t

0
g (t− s)ψx (s) dsdx

= −
∫ L

0

(
ρ1ϕ2

t + ρ2ψ2
t

)
dx + K

∫ L

0
(ϕx + ψ)2 dx + b

∫ L

0
ψ2

xdx

+
∫ L

0
ψx

∫ t

0
g (t− s) (ψx (t)− ψx (s)) dsdx +

∫ L

0
ψx

∫ t

0
g (t− s)ψx (t) dsdx

= −
∫ L

0

(
ρ1ϕ2

t + ρ2ψ2
t

)
dx + K

∫ L

0
(ϕx + ψ)2 dx + b

∫ L

0
ψ2

xdx

−
∫ L

0
ψ2

x

∫ t

0
g (t− s) dsdx +

∫ L

0
ψx

∫ t

0
g (t− s) (ψx (t)− ψx (s)) dsdx

= −
∫ L

0

(
ρ1ϕ2

t + ρ2ψ2
t

)
dx + K

∫ L

0
(ϕx + ψ)2 dx +

(
b−

∫ t

0
g (s) ds

) ∫ L

0
ψ2

xdx

+
∫ L

0
ψx

∫ t

0
g (t− s) (ψx (t)− ψx (s)) dsdx.

Using Young’s inequality

I′1 (t) ≤ −
∫ L

0

(
ρ1ϕ2

t + ρ2ψ2
t

)
dx + K

∫ L

0
(ϕx + ψ)2 dx +

(
b−

∫ t

0
g (s) ds

) ∫ L

0
ψ2

xdx

+δ
∫ L

0
ψ2

xdx +
1
4δ

∫ L

0

(∫ t

0
g (t− s) (ψx (t)− ψx (s)) ds

)2

dx

≤ −
∫ L

0

(
ρ1ϕ2

t + ρ2ψ2
t

)
dx + K

∫ L

0
(ϕx + ψ)2 dx + c

∫ L

0
ψ2

xdx + cCα (h ◦ ψx) (t) .

Lemma 3.6. Assume that (A.1) and (A.2) hold. Then, the functional I2 (t) is given by

I2 (t) = ρ2

∫ L

0
ψt (ϕx + ψ) dx +

bρ1

K

∫ L

0
ϕtψxdx− ρ1

K

∫ L

0
ϕt

∫ t

0
g (t− s)ψx (s) dsdx
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satisfies, along the solution of (P) and for any 0 < δ < 1, the estimate

I′2 (t) ≤
[(

bψx −
∫ t

0
g (t− s)ψx (s) ds

)
ϕx

]x=L

x=0
− K

∫ L

0
(ϕx + ψ)2 dx

+cερ1

∫ L

0
ϕ2

t dx + ρ2

∫ L

0
ψ2

t dx +
c
ε

∫ L

0
ψ2

xdx

+
c
ε
(Cα + 1) (h ◦ ψx) (t) +

(
bρ1

K
− ρ2

) ∫ L

0
ϕtψxtdx.

(3.11)

Proof. Differentiating I2 we obtain

I′2 (t) = ρ2

∫ L

0
ψtt (ϕx + ψ) dx + ρ2

∫ L

0
ψt (ϕxt + ψt) dx +

bρ1

K

∫ L

0
ϕttψxdx

+
bρ1

K

∫ L

0
ϕtψxtdx− ρ1

K

∫ L

0
ϕtt

∫ t

0
g (t− s)ψx (s) dsdx

−ρ1

K

∫ L

0
ϕt

∫ t

0
g′ (t− s)ψx (s) dsdx− ρ1

K
g (0)

∫ L

0
ϕtψx (s) dx.

Using equations in (P), adding and subtracting the term ψx (t) , we get

I′2 (t) =
∫ L

0
bψxx (ϕx + ψ) dx− K

∫ L

0
(ϕx + ψ)2 dx−

∫ L

0
(ϕx + ψ)

∫ t

0
g (t− s)ψxx (s) dsdx

+ρ2

∫ L

0
ψt (ϕxtψt) dx + b

∫ L

0
(ϕx + ψ)x ψxdx

+
bρ1

K

∫ L

0
ϕtψxtdx−

∫ L

0
(ϕx + ψ)x

∫ t

0
g (t− s)ψx (s) dsdx

−ρ1

K

∫ L

0
ϕt

∫ t

0
g′ (t− s)ψx (s) dsdx− ρ1

K
g (0)

∫ L

0
ϕtψx (s) dx

=
∫ L

0
bψxx ϕxdx +

∫ L

0
bψxxψdx− K

∫ L

0
(ϕx + ψ)2 dx

−
∫ L

0
ϕx

∫ t

0
g (t− s)ψxx (s) dsdx−

∫ L

0
ψ
∫ t

0
g (t− s)ψxx (s) dsdx

+ρ2

∫ L

0
ϕxtψtdx + ρ2

∫ L

0
ψ2

t dx + b
∫ L

0
ψ2

xdx + b
∫ L

0
ψx ϕxxdx

+
bρ1

K

∫ L

0
ϕtψxtdx−

∫ L

0
ψx

∫ t

0
g (t− s)ψx (s) dsdx

−
∫ L

0
ϕxx

∫ t

0
g (t− s)ψx (s) dsdx− ρ1

K
g (0)

∫ L

0
ϕtψx (s) dx

+
ρ1

K

∫ L

0
ϕtψxdx

∫ t

0
g′ (t− s) ds +

ρ1

K

∫ L

0
ϕt

∫ t

0
g′ (t− s) (ψx (t)− ψx (s)) dsdx.
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Using integration by parts and boundary conditions

I′2 (t) = [bψx ϕx]
x=L
x=0 − b

∫ L

0
ψx ϕxxdx− b

∫ L

0
ψ2

xdx− K
∫ L

0
(ϕx + ψ)2 dx

−
[

ϕx

∫ t

0
g (t− s)ψx (s) ds

]x=L

x=0
+
∫ L

0
ϕxx

∫ t

0
g (t− s)ψx (s) dsdx

+
∫ L

0
ψx

∫ t

0
g (t− s)ψx (s) dsdx− ρ2

∫ L

0
ϕtψxtdx + ρ2

∫ L

0
ψ2

t dx + b
∫ L

0
ψ2

xdx

+b
∫ L

0
ψx ϕxxdx +

bρ1

K

∫ L

0
ϕtψxtdx−

∫ L

0
ψx

∫ t

0
g (t− s)ψx (s) dsdx

−
∫ L

0
ϕxx

∫ t

0
g (t− s)ψx (s) dsdx− ρ1

K
g (0)

∫ L

0
ϕtψx (s) dx

+
ρ1

K
g (0)

∫ L

0
ϕtψxdx− ρ1

K
g (t)

∫ L

0
ϕtψxdx

+
ρ1

K

∫ L

0
ϕt

∫ t

0
g′ (t− s) (ψx (t)− ψx (s)) dsdx.

Then,

I′2 (t) =
[(

bψx −
∫ t

0
g (t− s)ψx (s) ds

)
ϕx

]x=L

x=0
− K

∫ L

0
(ϕx + ψ)2 dx

+

(
bρ1

K
− ρ2

) ∫ L

0
ϕtψxtdx + ρ2

∫ L

0
ψ2

t dx− ρ1

K
g (t)

∫ L

0
ϕtψxdx

+
ρ1

K

∫ L

0
ϕt

∫ t

0
g′ (t− s) (ψx (t)− ψx (s)) dsdx.

Using Young’s inequality and the decrease of g, we obtain

I′2 (t) ≤
[(

bψx −
∫ t

0
g (t− s)ψx (s) ds

)
ϕx

]x=L

x=0
− K

∫ L

0
(ϕx + ψ)2 dx

+

(
bρ1

K
− ρ2

) ∫ L

0
ϕtψxtdx + ρ2

∫ L

0
ψ2

t dx +
ρ1

K
g (0) ε

∫ L

0
ϕ2

t dx

+
ρ1

4Kε
g (0) ε

∫ L

0
ψ2

xdx +
ρ1

K
ε
∫ L

0
ϕ2

t dx

+
ρ1

4Kε

∫ L

0

(∫ t

0
g′ (t− s) (ψx (t)− ψx (s)) ds

)2

dx

≤
[(

bψx −
∫ t

0
g (t− s)ψx (s) ds

)
ϕx

]x=L

x=0
− K

∫ L

0
(ϕx + ψ)2 dx

+cερ1

∫ L

0
ϕ2

t dx + ρ2

∫ L

0
ψ2

t dx +
c
ε

∫ L

0
ψ2

xdx

+
c
ε
(Cα + 1) (h ◦ ψx) (t) +

(
bρ1

K
− ρ2

) ∫ L

0
ϕtψxtdx,
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because, by using Cauchy-Schwarz’s inequality, we obtain that∫ L

0

(∫ t

0
g′ (t− s) (ψx (t)− ψx (s)) ds

)2

dx

=
∫ L

0

(∫ t

0
(αg (t− s)− h (t− s)) (ψx (t)− ψx (s)) ds

)2

dx

=
∫ L

0

(∫ t

0
αg (t− s) (ψx (t)− ψx (s)) ds−

∫ t

0
h (t− s) (ψx (t)− ψx (s)) ds

)2

dx

≤ 2
∫ L

0

(∫ t

0
αg (t− s) (ψx (t)− ψx (s)) ds

)2

dx + 2
∫ L

0

(∫ t

0
h (t− s) (ψx (t)− ψx (s)) ds

)2

dx

≤ 2Cα (h ◦ ψx) (t) +
∫ L

0

(∫ t

0

(√
h (t− s)

)2

ds
∫ t

0

(√
h (t− s)

)2

(ψx (t)− ψx (s))
2 ds

)
dx

≤ 2Cα (h ◦ ψx) (t) +
∫ t

0
h (s) ds (h ◦ ψx) (t)

≤ c (Cα + 1) (h ◦ ψx) (t) .

Lemma 3.7. Assume that (A.1) and (A.2) hold. Let m (x) = 2− 4
L

x, for x ∈ [0, L]. Then, for

any 0 < ε < 1, the functional I3 defined by

I3 (t) =
ρ2

4ε

∫ L

0
m (x)ψt

(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)
dx + ε

ρ1

K

∫ L

0
m (x) ϕt ϕxdx

satisfies, along the solution of (P), the estimate

I′3 (t) ≤ − 1
4ε

(
bψx (L, t)−

∫ t

0
g (t− s)ψx (L, s) ds

)2

− 1
4ε

(
bψx (0, t)−

∫ t

0
g (t− s)ψx (0, s) ds

)2

− ε
(

ϕ2
x (L, t) + ϕ2

x (0, t)
)

+

(
1
4
+ cε

)
K
∫ L

0
(ϕx + ψ)2 dx + cερ1

∫ L

0
ϕ2

t dx

+
c
ε

ρ2

∫ L

0
ψ2

t dx +
c
ε2

∫ L

0
ψ2

xdx +
c
ε2 (Cα + 1) (h ◦ ψx) (t) .

(3.12)

Proof. Differentiating I3 we obtain

I′3 (t) =
ρ2

4ε

∫ L

0
m (x)ψtt

(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)
dx

+
ρ2

4ε

∫ L

0
m (x)ψt

(
bψxt −

∫ t

0
g′ (t− s)ψx (s) ds− g (0)ψx (t)

)
dx

+
ερ1

K

∫ L

0
m (x) ϕtt ϕxdx +

ερ1

K

∫ L

0
m (x) ϕt ϕxtdx.
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Using equations in (P), we get

I′3 (t) =
1
4ε

∫ L

0
m (x)

(
bψxx − K (ϕx + ψ)−

∫ t

0
g (t− s)ψxx (s) ds

)(
bψx

−
∫ t

0
g (t− s)ψx (s) ds

)
dx +

ρ2b
4ε

∫ L

0
m (x)ψtψxtdx− ρ2

4ε
g (0)

∫ L

0
m (x)ψtψxdx

−ρ2

4ε

∫ L

0
m (x)ψt

∫ t

0
g′ (t− s)ψx (s) dsdx + ε

∫ L

0
m (x) (ϕx + ψ)x ϕxdx

+
ερ1

K

∫ L

0
m (x) ϕt ϕxtdx

=
1
4ε

∫ L

0
m (x)

(
bψxx −

∫ t

0
g (t− s)ψxx (s) ds

)(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)
dx

− K
4ε

∫ L

0
m (x) (ϕx + ψ)

(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)
dx

+
ρ2b
4ε

∫ L

0
m (x)ψtψxtdx− ρ2

4ε
g (0)

∫ L

0
m (x)ψtψxdx + ε

∫ L

0
m (x) ϕxx ϕxdx

+ε
∫ L

0
m (x)ψx ϕxdx +

ερ1

K

∫ L

0
m (x) ϕt ϕxtdx− ρ2

4ε
g (0)

∫ L

0
m (x)ψtψxdx

−ρ2

4ε

∫ L

0
m (x)ψt

∫ t

0
g′ (t− s)ψx (s) dsdx.

We have, by adding and subtracting ψx (t)

−ρ2

4ε
g (0)

∫ L

0
m (x)ψtψxdx− ρ2

4ε

∫ L

0
m (x)ψt

∫ t

0
g′ (t− s)ψx (s) dsdx

= −ρ2

4ε
g (0)

∫ L

0
m (x)ψtψxdx− ρ2

4ε

∫ L

0
m (x)ψtψx

∫ t

0
g′ (t− s) dsdx

+
ρ2

4ε

∫ L

0
m (x)ψt

∫ t

0
g′ (t− s) (ψx (t)− ψx (s)) dsdx

= −ρ2

4ε
g (0)

∫ L

0
m (x)ψtψxdx− ρ2

4ε
(g (t)− g (0))

∫ L

0
m (x)ψtψxdx

+
ρ2

4ε

∫ L

0
m (x)ψt

∫ t

0
g′ (t− s) (ψx (t)− ψx (s)) dsdx

=
ρ2

4ε

∫ L

0
m (x)ψt

∫ t

0
g′ (t− s) (ψx (t)− ψx (s)) dsdx− ρ2

4ε
g (t)

∫ L

0
m (x)ψtψxdx

and we have, by using integration by parts and boundary conditions:

ρ2b
4ε

∫ L

0
m (x)ψtψxtdx =

ρ2b
4ε

∫ L

0
m (x)

d
2dx

ψ2
t dx

=
ρ2b
4ε

[
1
2

m (x)ψ2
t

]x=L

x=0
− ρ2b

4ε

∫ L

0

1
2

m′ (x)ψ2
t dx

= −ρ2b
4ε

∫ L

0

1
2

m′ (x)ψ2
t dx.
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Also, we have

1
4ε

∫ L

0
m (x)

(
bψxx −

∫ t

0
g (t− s)ψxx (s) ds

)(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)
dx

=
1
4ε

∫ L

0
m (x)

d
2dx

(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)2

dx

=
1
4ε

[
1
2

m (x)
(

bψx −
∫ t

0
g (t− s)ψx (s) ds

)2
]x=L

x=0

− 1
4ε

∫ L

0

1
2

m′ (x)
(

bψx −
∫ t

0
g (t− s)ψx (s) ds

)2

dx

=
1
4ε

[
−
(

bψx (L, t)−
∫ t

0
g (t− s)ψx (L, s) ds

)2

−
(

bψx (0, t)−
∫ t

0
g (t− s)ψx (0, s) ds

)2

−1
2

∫ L

0
m′ (x)

(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)2

dx

]
,

ε
∫ L

0
m (x) ϕxx ϕxdx = ε

∫ L

0
m (x)

d
2dx

ϕ2
xdx

=

[
1
2

εm (x) ϕ2
x

]x=L

x=0
− 1

2
ε
∫ L

0
m′ (x) ϕ2

xdx

= ε
(
−ϕ2

x (L, t) + ϕ2
x (0, t)

)
− 1

2
ε
∫ L

0
m′ (x) ϕ2

xdx

and
ερ1

K

∫ L

0
m (x) ϕt ϕxtdx =

ερ1

K

∫ L

0
m (x)

d
2dx

ϕ2
t dx

=
[ερ1

2K
m (x) ϕ2

t

]x=L

x=0
− ερ1

2K

∫ L

0
m′ (x) ϕ2

t dx

= −ερ1

2K

∫ L

0
m′ (x) ϕ2

t dx.

Then,

I′3 (t) =
1
4ε

[
−
(

bψx (L, t)−
∫ t

0
g (t− s)ψx (L, s) ds

)2

−
(

bψx (0, t)

−
∫ t

0
g (t− s)ψx (0, s) ds

)2
− 1

2

∫ L

0
m′ (x)

(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)2

dx

−K
∫ L

0
m (x) (ϕx + ψ)

(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)
dx

−ρ2b
2

∫ L

0
m′ (x)ψ2

t dx− ρ2g (t)
∫ L

0
m (x)ψtψxdx
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+ρ2

∫ L

0
m (x)ψt

∫ t

0
g′ (t− s) (ψx (t)− ψx (s)) dsdx

]
+ε

[
−ϕ2

x (L, t) + ϕ2
x (0, t)− 1

2

∫ L

0
m′ (x) ϕ2

xdx

+
∫ L

0
m (x)ψx ϕxdx− ρ1

2K

∫ L

0
m′ (x) ϕ2

t dx
]

.

Now, we estimate the terms of the above equation.

From the boundedness of m and g, we get

−1
2

∫ L

0
m′ (x)

(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)2

dx

≤ c
∫ L

0

(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)2

dx

≤ c
∫ L

0
ψ2

xdx + c
∫ L

0

(∫ t

0
g (t− s) (ψx (s)− ψx (t)) ds

)2

dx

+c
∫ L

0

(∫ t

0
g (t− s)ψx (t) ds

)2

dx

≤ c
∫ L

0
ψ2

xdx + cCα (h ◦ ψx) (t) .

Then,
1
4ε

(
−1

2

∫ L

0
m′ (x)

(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)2

dx

)

≤ c
ε

∫ L

0
ψ2

xdx +
c
ε

Cα (h ◦ ψx) (t) ,

ρ1

2K
ε
∫ L

0
m′ (x) ϕ2

t dx ≤ cερ1

∫ L

0
ϕ2

t dx

and

−ρ2b
8ε

∫ L

0
m′ (x)ψ2

t dx ≤ cρ2

ε

∫ L

0
ψ2

t dx.

It follows from Young’s inequality that

K
4ε

∫ L

0
m (x) (ϕx + ψ)

(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)
dx

≤ 1
4

K
∫ L

0
(ϕx + ψ)2 dx +

c
ε2

∫ L

0

(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)2

dx

≤ 1
4

K
∫ L

0
(ϕx + ψ)2 dx +

c
ε2

∫ L

0
ψ2

xdx +
c
ε2

∫ L

0

(∫ t

0
g (t− s)ψx (s) ds

)2

dx

≤ 1
4

K
∫ L

0
(ϕx + ψ)2 dx +

c
ε2

∫ L

0
ψ2

xdx +
c
ε2

∫ L

0

(∫ t

0
g (t− s)ψx (t) ds

)2

dx
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+
c
ε2

∫ L

0

(∫ t

0
g (t− s) (ψx (s)− ψx (t)) ds

)2

dx

≤ 1
4

K
∫ L

0
(ϕx + ψ)2 dx +

c
ε2

∫ L

0
ψ2

xdx +
c
ε2 Cα (h ◦ ψx) (t) ,

−ρ2

4ε
g (t)

∫ L

0
m (x)ψtψxdx ≤ cρ2

ε

∫ L

0
ψ2

t dx +
c
ε

∫ L

0
ψ2

xdx

and
ρ2

4ε

∫ L

0
m (x)ψt

∫ t

0
g′ (t− s) (ψx (t)− ψx (s)) dsdx

≤ cρ2

∫ L

0
ψ2

t dx +
c
ε2

∫ L

0

(∫ t

0
g′ (t− s) (ψx (t)− ψx (s)) ds

)2

dx

≤ cρ2

∫ L

0
ψ2

t dx +
c
ε2 (Cα + 1) (h ◦ ψx) (t) .

It follows from Young’s and Poincaré’s inequalities that

ε
∫ L

0
m (x) ϕxψxdx

≤ cεK
∫ L

0
ϕ2

xdx + cε
∫ L

0
ψ2

xdx

≤ cεK
∫ L

0
(ϕx + ψ)2 dx + cεK

∫ L

0
ψ2dx + cε

∫ L

0
ψ2

xdx

≤ cεK
∫ L

0
(ϕx + ψ)2 dx + cε

∫ L

0
ψ2

xdx

and

−ε

2

∫ L

0
m′ (x) ϕ2

xdx ≤ cε
∫ L

0
ϕ2

xdx

≤ cεK
∫ L

0
(ϕx + ψ)2 dx + cε

∫ L

0
ψ2dx

≤ cεK
∫ L

0
(ϕx + ψ)2 dx + cε

∫ L

0
ψ2

xdx.

Then,

I′3 (t) ≤ − 1
4ε

(
bψx (L, t)−

∫ t

0
g (t− s)ψx (L, s) ds

)2

− 1
4ε

(
bψx (0, t)−

∫ t

0
g (t− s)ψx (0, s) ds

)2

− ε
(

ϕ2
x (L, t) + ϕ2

x (0, t)
)

+

(
1
4
+ cε

)
K
∫ L

0
(ϕx + ψ)2 dx + cερ1

∫ L

0
ϕ2

t dx

c
ε

ρ2

∫ L

0
ψ2

t dx +
c
ε2

∫ L

0
ψ2

xdx +
c
ε2 (Cα + 1) (h ◦ ψx) (t) .
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Lemma 3.8. Assume that (A.1) and (A.2) hold, after fixing ε small enough, the functional I

defined by

I (t) = 3cεI1 + I2 + I3

satisfies, along the solution of (P) and for some constant c1 > 0, the estimate

I′ (t) ≤ −K
2

∫ L

0
(ϕx + ψ)2 dx− c1ρ1

∫ L

0
ϕ2

t dx + cρ2

∫ L

0
ψ2

t dx

+c
∫ L

0
ψ2

xdx + c (Cα + 1) (h ◦ ψx) (t) +
(

bρ1

K
− ρ2

) ∫ L

0
ϕtψxtdx.

(3.13)

Proof. Differentiating I3 we obtain

I′ (t) = 3cεI′1 + I′2 + I′3

≤ −3cε
∫ L

0

(
ρ1ϕ2

t + ρ2ψ2
t

)
dx + 3cεK

∫ L

0
(ϕx + ψ)2 dx + c

∫ L

0
ψ2

xdx + cCα (h ◦ ψx) (t)

+

[(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)
ϕx

]x=L

x=0
− K

∫ L

0
(ϕx + ψ)2 dx

+cερ1

∫ L

0
ϕ2

t dx + ρ2

∫ L

0
ψ2

t dx +
c
ε

∫ L

0
ψ2

xdx +
c
ε
(Cα + 1) (h ◦ ψx) (t)

+

(
bρ1

K
− ρ2

) ∫ L

0
ϕtψxtdx− 1

4ε

(
bψx (L, t)−

∫ t

0
g (t− s)ψx (L, s) ds

)2

− 1
4ε

(
bψx (0, t)−

∫ t

0
g (t− s)ψx (0, s) ds

)2

− ε
(

ϕ2
x (L, t) + ϕ2

x (0, t)
)

+

(
1
4
+ cε

)
K
∫ L

0
(ϕx + ψ)2 dx + cερ1

∫ L

0
ϕ2

t dx +
c
ε

ρ2

∫ L

0
ψ2

t dx

+
c
ε2

∫ L

0
ψ2

xdx +
c
ε2 (Cα + 1) (h ◦ ψx) (t) .

By using the following inequality

(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)
ϕx ≤

1
4ε

(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)2

+ εϕ2
x,
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we get [(
bψx −

∫ t

0
g (t− s)ψx (s) ds

)
ϕx

]x=L

x=0

=

(
bψx (L, t)−

∫ t

0
g (t− s)ψx (L, s) ds

)
ϕx (L, t)

−
(

bψx (0, t)−
∫ t

0
g (t− s)ψx (0, s) ds

)
ϕx (0, t)

≤ 1
4ε

(
bψx (L, t)−

∫ t

0
g (t− s)ψx (L, s) ds

)2

+ εϕ2
x (L, t)

1
4ε

(
bψx (0, t)−

∫ t

0
g (t− s)ψx (0, s) ds

)2

+ εϕ2
x (0, t) .

Then, choosing ε so that 4cε− 3
4
≤ −1

2
, and setting c1 = cε, we obtain the result that

I′ (t) ≤ −K
2

∫ L

0
(ϕx + ψ)2 dx− c1ρ1

∫ L

0
ϕ2

t dx + cρ2

∫ L

0
ψ2

t dx

+c
∫ L

0
ψ2

xdx + c (Cα + 1) (h ◦ ψx) (t) +
(

bρ1

K
− ρ2

) ∫ L

0
ϕtψxtdx.

Lemma 3.9. Assume that (A.1) and (A.2) hold. Then, the functional J is given by

J (t) =
∫ L

0
(ρ1wϕt + ρ2ψψt) dx

satisfies, along the solution of (P), the estimate

J′ (t) ≤ ε0ρ1

∫ L

0
ϕ2

t dx +
c
ε0

ρ2

∫ L

0
ψ2

t dx− l
2

∫ L

0
ψ2

xdx +
Cα

2l
(h ◦ ψx) (t) , ∀ε0 > 0,

(3.14)

where

w (x, t) =
1
L

(∫ L

0
ψ (y, t) dy

)
x−

∫ x

0
ψ (y, t) dy,

which solves

− wxx = ψx, w (0) = w (L) = 0 (3.15)

and satisfies for some c2 > 0,

∫ L

0
w2

xdx ≤
∫ L

0
ψ2dx and

∫ L

0
w2

t dx ≤ c2

∫ L

0
ψ2

t dx. (3.16)
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Proof. Differentiating J and using equations in (P), we obtain

J′ (t) =
∫ L

0
ρ1wt ϕtdx +

∫ L

0
ρ1wϕttdx +

∫ L

0
ρ2ψ2

t dx +
∫ L

0
ρ2ψψttdx

=
∫ L

0
ρ1wt ϕtdx +

∫ L

0
ρ2ψ2

t dx + K
∫ L

0
w (ϕx + ψ)x dx

∫ L

0
ψ

(
bψxx − K (ϕx + ψ)−

∫ t

0
g (t− s)ψxx (s) ds

)
dx

=
∫ L

0
ρ1wt ϕtdx +

∫ L

0
ρ2ψ2

t dx + K
∫ L

0
w (ϕx + ψ)x dx +

∫ L

0
bψψxxdx

−K
∫ L

0
ψ (ϕx + ψ) dx−

∫ L

0
ψ
∫ t

0
g (t− s)ψxx (s) dsdx.

We have, by using integration by parts and boundary conditions

b
∫ L

0
ψψxxdx = −b

∫ L

0
ψ2

xdx

and

−
∫ L

0
ψ
∫ t

0
g (t− s)ψxx (s) dsdx

=
∫ L

0
ψx

∫ t

0
g (t− s)ψx (s) dsdx

=
∫ L

0
ψx

∫ t

0
g (t− s) (ψx (s)− ψx (t)) dsdx +

∫ L

0
ψx

∫ t

0
g (t− s)ψx (t) dsdx

=
∫ L

0
ψx

∫ t

0
g (t− s) (ψx (s)− ψx (t)) dsdx +

∫ L

0
ψ2

x

∫ t

0
g (t− s) dsdx

=
∫ L

0
ψx

∫ t

0
g (t− s) (ψx (s)− ψx (t)) dsdx +

∫ L

0
ψ2

x

∫ t

0
g (s) dsdx,

by using integration by parts and (3.15)

K
∫ L

0
w (ϕx + ψ)x dx− K

∫ L

0
ψ (ϕx + ψ) dx

= K
∫ L

0
wϕxxdx + K

∫ L

0
wψxdx− K

∫ L

0
ψ2dx− K

∫ L

0
ψϕxdx

= K
∫ L

0
wxx ϕdx + K

∫ L

0
wψxdx + K

∫ L

0
ψx ϕdx− K

∫ L

0
ψ2dx

= K
∫ L

0
(wxx + ψx) ϕdx− K

∫ L

0
wwxxdx− K

∫ L

0
ψ2dx

= K
∫ L

0
w2

xdx− K
∫ L

0
ψ2dx

= K
∫ L

0

(
w2

x − ψ2
)

dx.
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Then,

J′ (t) = ρ1

∫ L

0
wt ϕtdx + ρ2

∫ L

0
ψ2

t dx−
(

b−
∫ t

0
g (s) ds

) ∫ L

0
ψ2

xdx

+
∫ L

0
ψx

∫ t

0
g (t− s) (ψx (s)− ψx (t)) dsdx + K

∫ L

0

(
w2

x − ψ2
)

dx.

Now, for the estimation of J′,we have for all ε0 > 0,

using Young’s inequality

ρ1

∫ L

0
wt ϕtdx ≤ ε0ρ1

∫ L

0
ϕ2

t dx +
1
4ε

ρ1

∫ L

0
w2

t dx

≤ ε0ρ1

∫ L

0
ϕ2

t dx +
1
ε0

ρ2

∫ L

0
w2

t dx,

−
(

b−
∫ t

0
g (s) ds

) ∫ L

0
ψ2

xdx ≤ −l
∫ L

0
ψ2

xdx,

using (3.16)

K
∫ L

0

(
w2

x − ψ2
)

dx ≤ K
∫ L

0
ψ2dx− K

∫ L

0
ψ2dx ≤ 0

and, using Young’s inequality

∫ L

0
ψx

∫ t

0
g (t− s) (ψx (s)− ψx (t)) dsdx

≤ l
2

∫ L

0
ψ2

xdx +
1
2l

∫ L

0

(∫ t

0
g (t− s) (ψx (s)− ψx (t)) ds

)2

dx

≤ l
2

∫ L

0
ψ2

xdx +
Cα

2l
(h ◦ ψx) .

Then,

J′ (t) ≤ ε0ρ1

∫ L

0
ϕ2

t dx +
c
ε0

ρ2

∫ L

0
ψ2

t dx− l
2

∫ L

0
ψ2

xdx +
Cα

2l
(h ◦ ψx) .

Lemma 3.10. [17] Assume that (A.1) and (A.2) hold. Then, the functional J1 is defined by

J1 (t) =
∫ L

0

∫ t

0
f (t− s)ψ2

x (s) dsdx,

where f (t) =
∫ ∞

t
g (s) ds, satisfies, along the solution of (P), the estimate

J′1 (t) ≤ −
1
2
(g ◦ ψx) (t) + 3 (b− l)

∫ L

0
ψ2

xdx. (3.17)
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Proof. Differentiating J1, we obtain

J′1 (t) =
∫ L

0

d
dt

∫ t

0
f (t− s)ψ2

x (s) dsdx

=
∫ L

0

∫ t

0
f ′ (t− s)ψ2

x (s) dsdx + f (0)
∫ L

0
ψ2

xdx

= −
∫ L

0

∫ t

0
g (t− s)ψ2

x (s) dsdx + f (0)
∫ L

0
ψ2

xdx

= −
∫ L

0

∫ t

0
g (t− s) (ψx (s)− ψx (t))

2 dsdx−
(∫ t

0
g (s) ds

) ∫ L

0
ψ2

xdx

−2
∫ L

0
ψx

∫ t

0
g (t− s) (ψx (s)− ψx (t)) dsdx + f (0)

∫ L

0
ψ2

xdx.

We have

f (0)
∫ L

0
ψ2

xdx−
(∫ t

0
g (s) ds

) ∫ L

0
ψ2

xdx

=

(
f (0)−

∫ t

0
g (s) ds

) ∫ L

0
ψ2

xdx

=

(
f (0) +

∫ t

0
f ′ (s) ds

) ∫ L

0
ψ2

xdx

=
(

f (0) + [ f (s)]s=t
s=0

) ∫ L

0
ψ2

xdx

= f (t)
∫ L

0
ψ2

xdx.

Then,

J′1 (t) = − (g ◦ ψx) (t)− 2
∫ L

0
ψx

∫ t

0
g (t− s) (ψx (s)− ψx (t)) dsdx + f (t)

∫ L

0
ψ2

xdx.

To estimate J′1, using Young’s and Cauchy-Schwarz’s inequalities, we get

−2
∫ L

0
ψx

∫ t

0
g (t− s) (ψx (s)− ψx (t)) dsdx

≤ 2 (b− l)
∫ L

0
ψ2

xdx +
1

2 (b− l)

∫ L

0

(∫ t

0
g (t− s) (ψx (s)− ψx (t)) ds

)2

dx

≤ 2 (b− l)
∫ L

0
ψ2

xdx +
1

2 (b− l)

∫ L

0

(∫ t

0

√
g (t− s)

√
g (t− s) (ψx (s)− ψx (t)) ds

)2

dx

≤ 2 (b− l)
∫ L

0
ψ2

xdx +
1

2 (b− l)

∫ L

0

((∫ t

0
g (t− s) ds

) 1
2
(∫ t

0
g (t− s) (ψx (s)− ψx (t))

2 ds
) 1

2
)2

dx

≤ 2 (b− l)
∫ L

0
ψ2

xdx +
1

2 (b− l)

∫ t

0
g (s) ds

∫ L

0

∫ t

0
g (t− s) (ψx (s)− ψx (t))

2 dsdx.
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Then,

J′1 (t) ≤ − (g ◦ ψx) (t) + f (t)
∫ L

0
ψ2

xdx + 2 (b− l)
∫ L

0
ψ2

xdx

+
1
2

∫ L

0

∫ t

0
g (t− s) (ψx (s)− ψx (t))

2 dsdx

≤ − (g ◦ ψx) (t) + (b− l)
∫ L

0
ψ2

xdx + 2 (b− l)
∫ L

0
ψ2

xdx

+
1
2
(g ◦ ψx) (t)

≤ −1
2
(g ◦ ψx) (t) + 3 (b− l)

∫ L

0
ψ2

xdx.

Lemma 3.11. The functional L is defined by

L (t) = NE (t) + N1F (t) + I (t) + N2 J (t)

satisfies, for a suitable choice of N, N1, N2 ≥ 1,

L (t) ∼ E (t) (3.18)

and the estimate

L ′ (t) ≤ −K
4

∫ L

0
(ϕx + ψ)2 dx− ρ1

4

∫ L

0
ϕ2

t dx− ρ2

4

∫ L

0
ψ2

t dx− 4 (b− l)
∫ L

0
ψ2

xdx

1
4
(g ◦ ψx) (t) +

(
bρ1

K
− ρ2

) ∫ L

0
ϕtψxtdx, ∀t ≥ t0.

(3.19)

Proof. Differentiating L , and setting g0 =
∫ t0

0
g (s) ds and δ =

1
4N1

, and recalling that

g′ = αg− h we obtain, for all t ≥ t0,

L ′ (t) = NE′ (t) + N1F′ (t) + I′ (t) + N2 J′ (t)

≤ −N
2

g (t)
∫ L

0
ψ2

xdx +
N
2
(

g′ ◦ ψx
)
(t)− N1ρ2

(∫ t

0
g (s) ds− δ

) ∫ L

0
ψ2

t dx

+N1δK
∫ L

0
(ϕx + ψ)2 dx + N1δ

∫ L

0
ψ2

xdx + N1
c
δ
(Cα + 1) (h ◦ ψx) (t)

−K
2

∫ L

0
(ϕx + ψ)2 dx− c1ρ1

∫ L

0
ϕ2

t dx + cρ2

∫ L

0
ψ2

t dx + c
∫ L

0
ψ2

xdx

+c (Cα + 1) (h ◦ ψx) (t) +
(

bρ1

K
− ρ2

) ∫ L

0
ϕtψxtdx + N2ε0ρ1

∫ L

0
ϕ2

t dx

+N2
c
ε0

ρ2

∫ L

0
ψ2

t dx− N2
l
2

∫ L

0
ψ2

xdx + N2
Cα

2l
(h ◦ ψx) (t)
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≤ −K
4

∫ L

0
(ϕx + ψ)2 dx− (c1 − N2ε0) ρ1

∫ L

0
ϕ2

t dx

−
(

lN2

2
− 1

4
− c
) ∫ L

0
ψ2

xdx +
α

2
N (g ◦ ψx) (t) +

(
bρ1

K
− ρ2

) ∫ L

0
ϕtψxtdx

−
(

N
2
− c

(
4N2

1 + 1
)
− Cα

(
N2

2l
+ c + 4cN2

1

))
(h ◦ ψx) (t) .

−
(

g0N1 −
1
4
− c

(
1 +

N2

ε0

))
ρ2

∫ L

0
ψ2

t dx.

(3.20)

Choosing N2 large enough so that
lN2

2
− 1

4
− c > 4 (b− l), then pick ε0 so small that

c1 − N2ε0 >
1
4

. Next, we select N1 so large that g0N1 −
1
4
− c

(
1 +

N2

ε0

)
>

1
4

.

As
αg2(s)

αg(s)− g′(s)
< g(s), it follows from the Lebesgue Dominated Convergence Theo-

rem that

lim
α→0+

αCα = lim
α→0+

∫ ∞

0

αg2(s)
αg(s)− g′(s)

= 0.

Consequently, there exists 0 < α0 < 1 such that if α < α0, then

αCα <
1

8
(

N2

2l
+ c(1 + 4N2

1 )

) .

Now, we take N large enough so that N > max
{

4c
(
4N2

1 + 1
)

,
1

2α0

}
and set α =

1
2N

,

so, we get

N
4
− c(4N2

1 + 1) > 0and α =
1

2N
< α0.

This gives,

N
2
− c(4N2

1 + 1)−Cα

(
N2

2l
+ c(1 + 4N2

1 )

)
>

N
2
− c(1+ 4N2

1 )−
1

8α
=

N
4
− c(1+ 4N2

1 ) > 0.

Then, we arrive at the estimate

L ′ (t) ≤ −K
4

∫ L

0
(ϕx + ψ)2 dx− ρ1

4

∫ L

0
ϕ2

t dx− ρ2

4

∫ L

0
ψ2

t dx− 4 (b− l)
∫ L

0
ψ2

xdx

1
4
(g ◦ ψx) (t) +

(
bρ1

K
− ρ2

) ∫ L

0
ϕtψxtdx, ∀t ≥ t0.
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3.4 A decay result for equal speeds of wave propagation

Theorem 3.2. Let (ϕ0, ϕ1) , (ψ0, ψ1) ∈ H1
0 (0, L)× L2 (0, L) . Assume that (A.1) and (A.2)

hold and
K
ρ1

=
b
ρ 2

. (3.21)

Then, there exists two positive constants k1 and k2 such that the energy functional associated to

problem (P) satisfies the estimate

E (t) ≤ k2H−1
1

(
k1

∫ t

t0

ξ (s) ds
)

, t > t0, (3.22)

where H1 is given by

H1 (t) =
∫ r

t

1
sH′ (s)

ds and t0 = g−1 (r) .

Proof. Starting by using estimates (3.2) and (3.7) to deduce, for any t ≥ t0,

∫ L

0

∫ t0

0
g (s) (ψx (t)− ψx (t− s))2 dsdx

≤ 1
ξ (t0)

∫ L

0

∫ t0

0
ξ (s) g (s) (ψx (t)− ψx (t− s))2 dsdx

≤ − g (0)
aξ (t0)

∫ L

0

∫ t0

0
g′ (s) (ψx (t)− ψx (t− s))2 dsdx

≤ − g (0)
aξ (t0)

∫ L

0

∫ t

0
g′ (s) (ψx (t)− ψx (t− s))2 dsdx

≤ −cE′ (t) .

Combining this last estimate with identity (3.21), the estimate (3.19) becomes, for some

m > 0 and for any t ≥ t0,

L ′ (t) ≤ −K
4

∫ L

0
(ϕx + ψ)2 dx− ρ1

4

∫ L

0
ϕ2

t dx− ρ2

4

∫ L

0
ψ2

t dx− 4 (b− l)
∫ L

0
ψ2

xdx

+
1
4
(g ◦ ψx) (t)

≤ −mE (t) + c (g ◦ ψx) (t)

≤ −mE (t) + c
∫ L

0

∫ t

0
g (s) (ψx (t)− ψx (t− s))2 dsdx
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≤ −mE (t) + c
∫ L

0

∫ t0

0
g (s) (ψx (t)− ψx (t− s))2 dsdx

+c
∫ L

0

∫ t

t0

g (s) (ψx (t)− ψx (t− s))2 dsdx

≤ −mE (t)− cE′ (t) + c
∫ L

0

∫ t

t0

g (s) (ψx (t)− ψx (t− s))2 dsdx.

By setting F = L + cE ∼ E, we obtain

F ′ (t) ≤ −mE (t) + c
∫ L

0

∫ t

t0

g (s) (ψx (t)− ψx (t− s))2 dsdx, ∀t ≥ t0. (3.23)

Case 01. H is linear: Multiplying (3.23) by ξ (t), then recalling (A.2) and (3.5), we get

ξ (t) F ′ (t) ≤ −mξ (t) E (t) + cξ (t)
∫ L

0

∫ t
t0

g (s) (ψx (t)− ψx (t− s))2 dsdx

≤ −mξ (t) E (t) + c
∫ L

0

∫ t

t0

ξ (s) g (s) (ψx (t)− ψx (t− s))2 dsdx

≤ −mξ (t) E (t)− c
∫ L

0

∫ t

t0

g′ (s) (ψx (t)− ψx (t− s))2 dsdx

≤ −mξ (t) E (t)− cE′ (t) , ∀t ≥ t0.

Using the non-increasing property of ξ, we have ξF + cE ∼ E and

(ξF + cE)′ (t) ≤ −mξ (t) E (t) , ∀t ≥ t0.

Putting ξF + cE = M, then, M ∼ E. So, for a positive constant k1 we get

M′ (t)
M (t)

≤ −k1ξ (t) , ∀t ≥ t0,

by a simple integration over (t0, t), we get

E (t) ≤ M (t0) exp
(
−k1

∫ t

t0

ξ (s) ds
)

.

Then,

E (t) ≤ k2exp
(
−k1

∫ t

0
ξ (s) ds

)
, ∀t > 0,

such that k2 = M (t0) exp
(
−k1

∫ t0

0
ξ (s) ds

)
.

Case 02. H is non-linear: Using lemmas 3.10 and 3.11, we conclude that

L∗ = L (t) + J1 (t)
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is non-negative and satisfies, for some β > 0 and for any t ≥ t0,

L∗′ (t) ≤ −
K
4

∫ L

0
(ϕx + ψ)2 dx− ρ1

4

∫ L

0
ϕ2

t dx− ρ2

4

∫ L

0
ψ2

t dx− (b− l)
∫ L

0
ψ2

xdx

−1
4
(g ◦ ψx) (t)

≤ −βE (t) .
(3.24)

Noticing that these estimates yield∫ ∞

0
E (s) ds < +∞ (3.25)

and

E (t) ≤ c
t− t0

, ∀t > t0. (3.26)

Now, we define a functional η by

η (t) = γ
∫ t

t0

‖ψx (t)− ψx (t− s)‖2
2 ds,

where (3.25) allows us to choose 0 < γ < 1 such that

η (t) < 1, ∀t ≥ t0. (3.27)

Also, we define another functional θ by

θ (t) = −
∫ t

t0

g′ (s) ‖ψx (t)− ψx (t− s)‖2
2 ds.

Observing that

θ (t) ≤ −cE′ (t) , ∀t ≥ t0. (3.28)

It follows from the strict convexity of H and the fact that H(0) = 0 that

H (sτ) ≤ sH (τ) , for 0 ≤ s ≤ 1 and τ ∈ (0, r] .

Using this fact, (A.2), (3.27) and Jensen’s inequality, we obtain

θ (t) = − 1
γη (t)

∫ t

t0

γη (t) g′ (s) ‖ψx (t)− ψx (t− s)‖2
2 ds

≥ 1
γη (t)

∫ t

t0

γη (t) ξ (s) H (g (s)) ‖ψx (t)− ψx (t− s)‖2
2 ds

≥ ξ (t)
γη (t)

∫ t

t0

γH (η (t) g (s)) ‖ψx (t)− ψx (t− s)‖2
2 ds

≥ ξ (t)
γ

H
(

1
η (t)

∫ t

t0

γη (t) g (s) ‖ψx (t)− ψx (t− s)‖2
2 ds
)

:=
ξ (t)

γ
H
(

γ
∫ t

t0

g (s) ‖ψx (t)− ψx (t− s)‖2
2 ds
)
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:=
ξ (t)

γ
H
(

γ
∫ t

t0

g (s) ‖ψx (t)− ψx (t− s)‖2
2 ds
)

, ∀t ≥ t0,

where H is a C2 − extention of H that is strictly increasing and strictly convex on (0, ∞).

This yields ∫ t

t0

g (s) ‖ψx (t)− ψx (t− s)‖2
2 ds ≤ 1

γ
H−1

(
γθ (t)
ξ (t)

)
, ∀t ≥ t0,

and (3.23) becomes

F ′ (t) ≤ −mE (t) + cH−1
(

γθ (t)
ξ (t)

)
, ∀t ≥ t0. (3.29)

Now, for 0 < ε1 < r, we define the functional F1 by

F1 (t) = H′
(

ε1
E (t)
E (0)

)
F (t) + E (t) , ∀t ≥ 0.

Then, using the facts that E′ ≤ 0, H′ > 0 and H′′ > 0, we find that F1 ∼ E, and for

t ≥ t0, we have

F ′1 (t) = ε1
E′ (t)
E (0)

H′′
(

ε1
E (t)
E (0)

)
F (t) + H′

(
ε1

E (t)
E (0)

)
F ′ (t) + E′ (t)

≤ −mE (t) H′
(

ε1
E (t)
E (0)

)
+ cH′

(
ε1

E (t)
E (0)

)
H−1

(
γθ (t)
ξ (t)

)
+ E′ (t) .

(3.30)

Let H∗ be the convex conjugate of H in the sense of Young [6] , which is given by

H∗ (s) = s
(

H′
)−1

(s)− H
[(

H′
)−1

(s)
]

(3.31)

and satisfies the following generalized Young’s inequality

AB ≤ H∗ (A) + H (B) . (3.32)

By taking A = H′
(

ε1
E (t)
E (0)

)
, B = H−1

(
γθ (t)
ξ (t)

)
and combining (3.5), (3.30), (3.31)

and (3.32), we obtain

F ′1 (t) ≤ −mE (t) H′
(

ε1
E (t)
E (0)

)
+ cH′

(
ε1

E (t)
E (0)

)
H−1

(
γθ (t)
ξ (t)

)
+ E′ (t)

≤ −mE (t) H′
(

ε1
E (t)
E (0)

)
+ cH∗

(
H′
(

ε1
E (t)
E (0)

))
+ cH

(
H−1

(
γθ (t)
ξ (t)

))
≤ −mE (t) H′

(
ε1

E (t)
E (0)

)
+ cH∗

(
H′
(

ε1
E (t)
E (0)

))
+ cγ

θ (t)
ξ (t)

≤ −mE (t) H′
(

ε1
E (t)
E (0)

)
+ cε1

E (t)
E (0)

H′
(

ε1
E (t)
E (0)

)
+ cγ

θ (t)
ξ (t)

≤ − (mE (0)− cε1)
E (t)
E (0)

H′
(

ε1
E (t)
E (0)

)
+ cγ

θ (t)
ξ (t)

, ∀t ≥ 0.
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Multiplying this estimate by ξ (t) and using H′
(

ε1
E (t)
E (0)

)
= H′

(
ε1

E (t)
E (0)

)
,

ε1
E (t)
E (0)

< R and (3.28), we get

ξ (t) F ′1 (t) ≤ − (mE (0)− cε1) ξ (t)
E (t)
E (0)

H′
(

ε1
E (t)
E (0)

)
+ cγθ (t)

≤ − (mE (0)− cε1) ξ (t)
E (t)
E (0)

H′
(

ε1
E (t)
E (0)

)
− cE′ (t)

≤ −kξ (t)
E (t)
E (0)

H′
(

ε1
E (t)
E (0)

)
− cE′ (t) , ∀t ≥ t0,

such that ε1 is taken even smaller and k is a positive constant. So, by setting

F2 = ξF1 + cE, we obtain for two constants α, β > 0

αF2 (t) ≤ E (t) ≤ βF2 (t) , ∀t ≥ t0, (3.33)

and by setting H2 (τ) = τH′ (ε1τ), we arrive at

F ′2 (t) ≤ −kξ (t)
E (t)
E (0)

H′
(

ε1
E (t)
E (0)

)
= −kξ (t) H2

(
E (t)
E (0)

)
, ∀t ≥ t0. (3.34)

Since H′2 (τ) = H′ (ε1τ) + ε1τH′′ (ε1τ), then the fact that H is increasing convex on

(0, r] lead to H2, H′2 > 0 on (0, 1] . By setting

R (τ) =
αF2 (τ)

E (0)
, (3.35)

and exploiting (3.33) and (3.34) to conclude that R ∼ E and for some k1 > 0,

R′ (t) ≤ −k1ξ (t) H2 (R (t)) , ∀t ≥ t0.

By integration over (t0, t) we get

−
∫ t

t0

R′ (s)
H2 (R (s))

ds ≥ k1

∫ t

t0

ξ (s) ds

or, by taking τ = R (s), then, taking s = ε1τ

∫ ε1R(t0)

ε1R(t)

1
sH′ (s)

ds ≥ k1

∫ t

t0

ξ (s) ds.

We have from (3.35)

ε1R (t0) = ε1α
F2 (t0)

E (0)
≤ ε1

E (t0)

E (0)
< r.
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Then, ∫ r

ε1R(t)

1
sH′ (s)

ds ≥ k1

∫ t

t0

ξ (s) ds =⇒ H1 (ε1R (t)) ≤ k1

∫ t

t0

ξ (s) ds,

=⇒ ε1R (t) ≤ H−1
1

(
k1

∫ t

t0

ξ (s) ds
)

,

=⇒ R (t) ≤ 1
ε1

H−1
1

(
k1

∫ t

t0

ξ (s) ds
)

,

where H1 (t) =
∫ r

t

1
sH′ (s)

ds. So, using the fact that R ∼ E we arrive at

E (t) ≤ k2H−1
1

(
k1

∫ t

t0

ξ (s) ds
)

, ∀t > t0.

3.5 A decay result for non-equal speeds of wave propaga-

tion

Lemma 3.12. [12] Let (ϕ, ψ) be the strong solution of (P).Then, the second energy functional

is introduced by

E∗ (t) =
1
2

∫ L

0

(
ρ1ϕ2

tt + ρ2ψ2
tt +

(
b−

∫ t

0
g (s) ds

)
ψ2

xt + K (ϕxt + ψt)
2
)

dx

+
1
2
(g ◦ ψxt) (t)

(3.36)

satisfies, for all t ≥ 0,

E′∗ (t) = −
1
2

g (t)
∫ L

0
ψ2

xtdx +
1
2
(

g′ ◦ ψxt
)
− g (t)

∫ L

0
ψttψ0xxdx (3.37)

and

E′∗ (t) ≤ c
(

E∗ (0) +
∫ L

0
ψ2

0xxdx
)

. (3.38)

Proof. By differentiating with respect to t, multiplying by ϕtt and ψtt respectively and

integrating over (0, L)

ρ1

∫ L

0
ϕttt ϕttdx− K

∫ L

0
(ϕx + ψ)xt ϕttdx = 0,

ρ2

∫ L

0
ψtttψttdx− b

∫ L

0
ψxxtψttdx + K

∫ L

0
(ϕx + ψ)t ψttdx

+
∫ L

0
ψtt

∫ t

0
g′ (t− s)ψxx (s) dsdx + g (0)

∫ L

0
ψxx (t)ψtt (t) dx = 0.
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By using integration by parts and boundary conditions, we get

ρ1

∫ L

0
ϕttt ϕttdx =

ρ1

2
d
dt

∫ L

0
ϕ2

ttdx,

ρ2

∫ L

0
ψtttψttdx =

ρ2

2
d
dt

∫ L

0
ψ2

ttdx,

b
∫ L

0
ψxxtψttdx =

b
2

d
dt

∫ L

0
ψ2

xtdx,

−K
∫ L

0
(ϕx + ψ)xt ϕttdx + K

∫ L

0
(ϕx + ψ)t ψttdx

= K
∫ L

0
(ϕx + ψ)t ϕxttdx + K

∫ L

0
(ϕx + ψ)t ψttdx

= K
∫ L

0
(ϕx + ψ)t (ϕxtt + ψtt) dx

=
K
2

d
dt

∫ L

0
((ϕx + ψ)t)

2 dx

and, by using integration by parts and (3.3), we get∫ t

0
g′ (t− s)ψxx (s) ds

= − [g (t− s)ψxx]
s=t
s=0 +

∫ t

0
g (t− s)ψxxt (s) ds

= −g (0)ψxx + g (t)ψxx0 +
∫ t

0
g (t− s)ψxxt (s) ds.

Implies∫ L

0
ψtt

∫ t

0
g′ (t− s)ψxx (s) dsdx

= −g (0)
∫ L

0
ψxxψttdx + g (t)

∫ L

0
ψxx0ψttdx +

∫ L

0
ψtt

∫ t

0
g (t− s)ψxxt (s) dsdx

= −g (0)
∫ L

0
ψxxψttdx + g (t)

∫ L

0
ψxx0ψttdx−

∫ L

0
ψttx

∫ t

0
g (t− s)ψxt (s) dsdx

= −g (0)
∫ L

0
ψxxψttdx + g (t)

∫ L

0
ψxx0ψttdx− 1

2
d
dt

[∫ L

0

(∫ t

0
g(s)ds

)
|ψxt(t)|2 dx

− (g ◦ ψxt) (t)] +
1
2

g(t)
∫ L

0
ψxt(t)2dx− 1

2
(

g′ ◦ ψxt
)
(t).

Then, by summing these results, we obtain

d
2dt

[
ρ1

∫ L

0
ϕ2

ttdx + ρ2

∫ L

0
ψ2

ttdx + k
∫ L

0
((ϕx + ψ)t)

2 dx

+

(
b−

∫ t

0
g (s) ds

) ∫ L

0
ψ2

xtdx + (g ◦ ψxt) (t)
]

=
1
2
(

g′ ◦ ψxt
)
(t)− 1

2
g (t)

∫ L

0
ψ2

xtdx− g (t)
∫ L

0
ψxx0ψttdx.
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Then,

E∗ (t) =
1
2

[
ρ1

∫ L

0
ϕ2

ttdx + ρ2

∫ L

0
ψ2

ttdx + k
∫ L

0
((ϕx + ψ)t)

2 dx

+

(
b−

∫ t

0
g (s) ds

) ∫ L

0
ψ2

xtdx + (g ◦ ψxt) (t)
]

and

E′∗ (t) =
1
2
(

g′ ◦ ψxt
)
(t)− 1

2
g (t)

∫ L

0
ψ2

xtdx− g (t)
∫ L

0
ψxx0ψttdx.

We have, using Young’s inequality

E∗ (t) ≤ −g (t)
∫ L

0
ψxx0ψttdx

≤ 1
2

g (t)
(

ρ2

∫ L

0
ψ2

ttdx +
1
ρ2

∫ L

0
ψ2

xx0dx
)

≤ g (t) E∗ (t) +
1

2ρ2
g (t)

∫ L

0
ψ2

xx0dx,

which implies

d
dt

E∗ (t) e
−
∫ t

0
g(s)ds

 = E′∗ (t) e
−
∫ t

0
g(s)ds

− g (t) E∗ (t) e
−
∫ t

0
g(s)ds

≤ 1
2ρ2

g (t) e
−
∫ t

0
g(s)ds ∫ L

0
ψ2

xx0dx

≤ 1
2ρ2

g (t)
∫ L

0
ψ2

xx0dx.

An integration over (0, t), we get

∫ t

0

d
ds

E∗ (s) e
−
∫ s

0
g(τ)dτ

 ds =

E∗ (s) e
−
∫ s

0
g(τ)dτ

s=t

s=0

,

implies

E∗ (t) e
−
∫ t

0
g(s)ds

− E∗ (0) ≤
1

2ρ2

∫ t

0
g(s)ds

∫ L

0
ψ2

xx0dx

and

E∗ (t) e
−
∫ t

0
g(s)ds

≤ E∗ (0)
1

2ρ2

∫ t

0
g(s)ds

∫ L

0
ψ2

xx0dx,

then, for some constant c > 0

E∗ (t) ≤ e

∫ t

0
g(s)ds (

E∗ (0) +
1

2ρ2

∫ t

0
g(s)ds

∫ L

0
ψ2

xx0dx
)
≤ c

(
E∗ (0) +

∫ L

0
ψ2

xx0dx
)

.
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Lemma 3.13. [12] Let (ϕ, ψ) be the strong solution of (P). Then, for any ε > 0 we have(
ρ1b
K
− ρ2

) ∫ L

0
ϕtψxtdx ≤ εE (t) +

c
ε

(
(g ◦ ψxt) (t)− E′ (t) + g (t)

)
, ∀t ≥ t0. (3.39)

Proof. We have, by multiplying and dividing the term
(

ρ1b
K
− ρ2

) ∫ L

0
ϕtψxtdx by∫ t

0
g (s) ds and adding and subtracting ψxt (s)

(
ρ1b
K
− ρ2

) ∫ L

0
ϕtψxtdx =

ρ1b
K
− ρ2∫ t

0
g (s) ds

∫ L

0
ϕt

∫ t

0
g (t− s) (ψxt (t)− ψxt (s)) dsdx

+
dρ1b

K − ρ2∫ t

0
g (s) ds

∫ L

0
ϕt

∫ t

0
g (t− s)ψxt (s) dsdx.

First, by using Young’s inequality, we find

ρ1b
K
− ρ2∫ t

0
g (s) ds

∫ L

0
ϕt

∫ t

0
g (t− s) (ψxt (t)− ψxt (s)) dsdx

≤ ε

2

∫ L

0
ϕ2

t dx +
c
ε

∫ L

0

(∫ t

0
g (t− s) (ψxt (t)− ψxt (s)) ds

)2

dx

≤ ε

2
E (t) +

c
ε
(g ◦ ψxt) (t) , ∀t ≥ t0.

(3.40)

On the other hand, by integrating by parts, the fact that E and g are non-increasing and

ψ (x, 0) = ψ0 (x) , we obtain

ρ1b
K
− ρ2∫ t

0
g (s) ds

∫ L

0
ϕt

∫ t

0
g (t− s)ψxt (s) dsdx

=

ρ1b
K
− ρ2∫ t

0
g (s) ds

∫ L

0
ϕt

(
g (0)ψx − g (t)ψ0x −

∫ t

0
g′ (t− s)ψx (s) ds

)
dx

=

ρ1b
K
− ρ2∫ t

0
g (s) ds

∫ L

0
ϕt

(
g (t) (ψx − ψ0x)−

∫ t

0
g′ (t− s) (ψx (t)− ψx (s)) ds

)
dx

≤ ε

2

∫ L

0
ϕ2

t dx +
c
ε

∫ L

0

(
g (t) (ψx − ψ0x)−

∫ t

0
g′ (t− s) (ψx (t)− ψx (s)) ds

)2

dx
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≤ ε

2
E (t) +

c
ε

(∫ L

0
g2 (t)

(
ψ2

x − ψ2
0x

)
dx +

∫ L

0

(∫ t

0
g′ (t− s) (ψx (t)− ψx (s)) ds

)2

dx

)

≤ ε

2
E (t) +

c
ε

g (0) g (t)
(∫ L

0
ψ2

xdx +
∫ L

0
ψ2

0 (x) dx
)
− c

ε

(
g′ ◦ ψx

)
(t)

≤ ε

2
E (t) +

c
ε

g (t) (E (0) + c)− c
ε

(
g′ ◦ ψx

)
(t)

≤ ε

2
E (t) +

c
ε

g (t)− c
ε

(
g′ ◦ ψx

)
(t)

≤ ε

2
E (t) +

c
ε

g (t)− c
ε

E′ (t) , ∀t ≥ t0.
(3.41)

Collecting (3.40) and (3.5) , we arrive at(
ρ1b
K
− ρ2

) ∫ L

0
ϕtψxtdx ≤ εE (t) +

c
ε

(
(g ◦ ψxt) (t)− E′ (t) + g (t)

)
, ∀t ≥ t0.

Lemma 3.14. Assume that (A.1) and (A.2) hold with H being linear. Let (ϕ, ψ) be the strong

solution of (P). Then, for some positive constant c1 we have

ξ (t) (g ◦ ψxt) (t) ≤ c
(
−E′∗ (t) + c1g (t)

)
, ∀t ≥ 0.

Proof. From (3.37) and (3.38), we have, for all t ≥ 0 and some fixed positive constant c1

0 ≤ − (g′ ◦ ψxt) (t) = −2E′∗ (t)− g (t)
∫ L

0
ψ2

xtdx− 2g (t)
∫ L

0
ψxx0ψttdx

≤ −2E′∗ (t)− 2g (t)
∫ L

0
ψxx0ψttdx

≤ −2E′∗ (t) + g (t)
∫ L

0

(
ψ2

xx0 + ψ2
tt

)
dx

≤ −2E′∗ (t) + g (t)
(

2
ρ1

E∗ (t) +
∫ L

0
ψ2

xx0dx
)

≤ c (−E′∗ (t) + c1g (t)) .

(3.42)

Using the fact that ξ is non-increasing, the estimates (3.1) and (3.42), we get

ξ (t) (g ◦ ψxt) (t) = ξ (t)
∫ L

0

∫ t

0
g (t− s) (ψxt (t)− ψxt (s))

2 dsdx

≤
∫ L

0

∫ t

0
ξ (t− s) g (t− s) (ψxt (t)− ψxt (s))

2 dsdx
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≤ −
∫ L

0

∫ t

0
g′ (t− s) (ψxt (t)− ψxt (s))

2 dsdx

≤ − (g′ ◦ ψxt) (t)

≤ c (−E′∗ (t) + c1g (t)) , ∀t ≥ 0.

Theorem 3.3. [14] Let (ϕ0, ϕ1) , (ψ0, ψ1) ∈
(

H2 (0, L) ∩ H1
0 (0, L)

)
× H1

0 (0, L) . Assume

that (A.1) and (A.2) hold and
K
ρ1
6= b

ρ 2

Then, there exist positive constants k1, k2 and t2 > t0 = g−1 (r) such that the energy functional

associated to problem (P) satisfies the estimate

E (t) ≤ k2 (t− t0) H−1
2

 k1

(t− t0)
∫ t

t2
ξ (s) ds

 , ∀t > t2, (3.43)

where H2 is given by

H2 (τ) = τH′ (τ) .

Proof. By applying lemma 3.13 to estimate (3.19), we have, for some m > 0

L ′ (t) ≤ c (g ◦ ψx) (t) +
(

ρ1b
K
− ρ2

) ∫ L

0
ϕtψxtdx−mE (t)

≤ − (m− ε) E (t) + c (g ◦ ψx) (t) +
c
ε

(
g ◦ ψxt − E′ + g

)
(t)

≤ −m1E (t) + c (g ◦ ψx) (t) + g ◦ ψxt (t)− cE′ (t) + cg (t) , ∀t ≥ t0,

such that ε is small enough and m1 is a fixed positive constant.

By setting F = L + cE ∼ E, we obtain

F ′ (t) ≤ −m1E (t) + c (g ◦ ψx (t) + g ◦ ψxt (t)) + cg (t) , ∀t ≥ t0. (3.44)

Case 01. H is linear: Multiplying (3.44) by ξ (t), then recalling (A.2) and lemma 3.14,

we obtain

ξ (t) F ′ (t) ≤ −m1ξ (t) E (t) + cξ (t) (g ◦ ψx (t) + g ◦ ψxt (t)) + cξ (t) g (t)

≤ −m1ξ (t) E (t) + cξ (t) g ◦ ψx (t) + cξ (t) g ◦ ψxt (t) + cξ (t) g (t)

≤ −m1ξ (t) E (t)− cE′ (t) + c (−E′∗ (t) + c1g (t)) + cξ (0) g (t) , ∀t ≥ t0.
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It follows from the non-increasing property of ξ (ξ ′ ≤ 0) that

(ξF + cE + cE∗)
′ (t) ≤ ξ (t) F ′ (t) + cE′ (t) + cE′∗ (t) .

Implies that

(ξF + cE + cE∗)
′ (t) ≤ −m1ξ (t) E (t) + cg (t) + cξ (0) g (t)

≤ −m1ξ (t) E (t) + c2g (t) , ∀t ≥ t0,

where c2 is a fixed positive constant.

Then,

m1ξ (t) E (t) ≤ − (ξF + cE + cE∗)
′ (t) + c2g (t) , ∀t ≥ t0.

An integration over (t0, t) and exploiting the non-increasing of E, we get

m1E (t)
∫ t

t0

ξ (s) ds ≤ −
∫ t

t0

(ξF + cE + cE∗)
′ (s) ds + c2

∫ t

t0

g (s) ds

≤ [− (ξF + cE + cE∗) (s)]
s=t
s=t0

+ c2

∫ t

t0

g (s) ds

≤ − (ξF + cE + cE∗) (t) + (ξF + cE + cE∗) (t0) + c2

∫ t

t0

g (s) ds.

Using the estimate (3.38), we arrive at

m1E (t)
∫ t

t0

ξ (s) ds ≤ (ξF + cE) (0) + cE∗ (0) +
∫ L

0
ψ2

xx0dx + c2 (b− l)

≤ (ξF + cE + cE∗) (0) +
∫ L

0
ψ2

xx0dx + c2 (b− l)

Then,

E (t) ≤
(ξF + cE + cE∗) (0) +

∫ L

0
ψ2

xx0dx + c2 (b− l)

m1

∫ t

t0

ξ (s) ds
.

Thus, for some fixed positive constant C

E (t) ≤ C∫ t

t0

ξ (s) ds
.

Case 02. H is nonlinear: It follows from the estimates (3.7), (3.5) and (3.42) and the

non-increasing property of ξ that , for a fixed positive constant c2 and any t ≥ t0∫ L

0

∫ t0

0
g(s) (ψx (t)− ψx (t− s))2 dsdx +

∫ L

0

∫ t0

0
g(s) (ψxt (t)− ψxt (t− s))2 dsdx

≤ 1
ξ (t0)

∫ L

0

∫ t0

0
ξ (s) g(s) (ψx (t)− ψx (t− s))2 dsdx
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+
1

ξ (t0)

∫ L

0

∫ t0

0
ξ (s) g(s) (ψxt (t)− ψxt (t− s))2 dsdx

≤ − g(0)
aξ (t0)

∫ L

0

∫ t0

0
g′(s) (ψx (t)− ψx (t− s))2 dsdx

− g(0)
aξ (t0)

∫ L

0

∫ t0

0
g′(s) (ψxt (t)− ψxt (t− s))2 dsdx

≤ − g(0)
aξ (t0)

∫ L

0

∫ t0

0
g′(s) (ψx (t)− ψx (t− s))2 dsdx

− g(0)
aξ (t0)

∫ L

0

∫ t0

0
g′(s) (ψxt (t)− ψxt (t− s))2 dsdx

≤ − g(0)
aξ (t0)

∫ L

0

∫ t

0
g′(s) (ψx (t)− ψx (t− s))2 dsdx

− g(0)
aξ (t0)

∫ L

0

∫ t

0
g′(s) (ψxt (t)− ψxt (t− s))2 dsdx

≤ −c (E′ (t) + E′∗ (t)) + c2g (t) .

Applying this estimate to (3.44), we find, for a fixed positive constant c3 and t ≥ t0

F ′ (t) ≤ −m1E (t) + c (g ◦ ψx (t) + g ◦ ψxt (t)) + cg (t)

≤ −m1E (t)− c
(
E′ (t) + E′∗ (t)

)
+ c2g (t) + cg (t)

≤ −m1E (t)− c
(
E′ (t) + E′∗ (t)

)
+ c3g (t)

+c
∫ L

0

∫ t

0
g(s)

(
(ψx (t)− ψx (t− s))2 + (ψxt (t)− ψxt (t− s))2

)
dsdx

≤ −m1E (t)− c
(
E′ (t) + E′∗ (t)

)
+ c3g (t)

+c
∫ t

0
g(s)

(
‖ψx (t)− ψx (t− s)‖2

2 + ‖ψxt (t)− ψxt (t− s)‖2
2

)
ds.

(3.45)

Now, we define a functional η by

η (t) =
γ

t− t0

∫ t

t0

(
‖ψx (t)− ψx (t− s)‖2

2 + ‖ψxt (t)− ψxt (t− s)‖2
2

)
ds.

It follows from the estimates (3.4), (3.5), (3.36) and (3.38) that

1
t− t0

∫ t

t0

(
‖ψx (t)− ψx (t− s)‖2

2 + ‖ψxt (t)− ψxt (t− s)‖2
2

)
ds

≤ 2
t− t0

∫ t

t0

(
‖ψx (t)‖2

2 + ‖ψx (t− s)‖2
2 + ‖ψxt (t)‖2

2 + ‖ψxt (t− s)‖2
2

)
ds
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≤ 4
l (t− t0)

∫ t

t0

(E(t) + E(t− s) + E∗(t) + E∗(t− s)) ds

≤ 8
l (t− t0)

∫ t

t0

(
E(0) + c

(
E∗(0) +

∫ L

0
ψ2

0xxdx
))

ds

≤ 8
l (t− t0)

(
E(0) + c

(
E∗(0) +

∫ L

0
ψ2

0xxdx
)) ∫ t

t0

ds

≤ 8
l

(
E(0) + c

(
E∗(0) +

∫ L

0
ψ2

0xxdx
))

< +∞, ∀t > t0,

which allows us to choose 0 < γ < 1 such that

η (t) < 1, ∀t ≥ t0. (3.46)

We define an other functional θ by

θ (t) = −
∫ t

t0

g′ (s)
(
‖ψx (t)− ψx (t− s)‖2

2 + ‖ψxt (t)− ψxt (t− s)‖2
2

)
ds.

Noticing that, for a fixed positive constant c4

θ (t) ≤ −g′ ◦ ψx (t)− g′ ◦ ψxt (t)

≤ −cE′ (t)− c (E′∗ (t) + c1g(t))

≤ −c (E′ (t) + E′∗ (t) + c4g(t)) , ∀t > t0.

(3.47)

It follows from the strict convexity of H and the fact that H(0) = 0 that

H (sτ) ≤ sH (τ) , for 0 ≤ s ≤ 1 and τ ∈ (0, r] .

Exploiting this fact with (3.1), the non-increasing property of ξ and Jensen’s inequality,

we get, for any t > t0

θ (t) = −
∫ t

t0

g′ (s)
(
‖ψx (t)− ψx (t− s)‖2

2 + ‖ψxt (t)− ψxt (t− s)‖2
2

)
ds

= − 1
η (t)

∫ t

t0

η (t) g′ (s)
(
‖ψx (t)− ψx (t− s)‖2

2 + ‖ψxt (t)− ψxt (t− s)‖2
2

)
ds

≥ 1
η (t)

∫ t

t0

η (t) ξ (s) H (g (s))
(
‖ψx (t)− ψx (t− s)‖2

2 + ‖ψxt (t)− ψxt (t− s)‖2
2

)
ds

≥ ξ (t)
η (t)

∫ t

t0

H (η (t) g (s))
(
‖ψx (t)− ψx (t− s)‖2

2 + ‖ψxt (t)− ψxt (t− s)‖2
2

)
ds

≥ γ (t− t0) ξ (t)
γ (t− t0) η (t)

∫ t

t0

H (η (t) g (s))
(
‖ψx (t)− ψx (t− s)‖2

2

+ ‖ψxt (t)− ψxt (t− s)‖2
2

)
ds
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≥ (t− t0) ξ (t)
γ

H
(

γ

(t− t0) η (t)

∫ t

t0

η (t) g (s)
(
‖ψx (t)− ψx (t− s)‖2

2

+ ‖ψxt (t)− ψxt (t− s)‖2
2

)
ds
)

≥ (t− t0) ξ (t)
γ

H
(

γ

(t− t0)

∫ t

t0

g (s)
(
‖ψx (t)− ψx (t− s)‖2

2

+ ‖ψxt (t)− ψxt (t− s)‖2
2

)
ds
)

:=
(t− t0) ξ (t)

γ
H
(

γ

(t− t0)

∫ t

t0

g (s)
(
‖ψx (t)− ψx (t− s)‖2

2

+ ‖ψxt (t)− ψxt (t− s)‖2
2

)
ds
)

,

where H is a C2 − extention of H that is strictly increasing and strictly convex on (0, ∞).

This yields, for all t > t0∫ t

t0

g (s)
(
‖ψx (t)− ψx (t− s)‖2

2 + ‖ψxt (t)− ψxt (t− s)‖2
2

)
ds ≤ t− t0

γ
H−1

(
γθ (t)

ξ (t) (t− t0)

)
.

Then, the estimate (3.45) becomes, for all t > t0

F ′ (t) ≤ −m1E (t)− c
(
E′ (t) + E′∗ (t)

)
+ c3g (t) + c

t− t0

γ
H−1

(
γθ (t)

ξ (t) (t− t0)

)
.

Setting F1 = F + cE + cE∗, we obtain, for all t > t0

F ′1 (t) ≤ −m1E (t) + c3g (t) + c
t− t0

γ
H−1

(
γθ (t)

ξ (t) (t− t0)

)
. (3.48)

Let F2 be a functional defined for 0 < ε1 < r by

F2 (t) = H′
(

ε1

t− t0
.
E (t)
E(0)

)
F1, ∀t > t0.

Exploiting (3.48), the facts that H′ > 0, H′′ > 0 and E′ ≤ 0, we arrive at

F ′2 (t) =

(
ε1

t− t0

E′ (t)
E(0)

− ε1

(t− t0)
2

E (t)
E(0)

)
H′′
(

ε1

t− t0

E (t)
E(0)

)
F1 (t)

+F ′1 (t) H′
(

ε1

t− t0

E (t)
E(0)

)
≤
(
−m1E (t) + c3g (t) + c

t− t0

γ
H−1

(
γθ (t)

ξ (t) (t− t0)

))
H′
(

ε1

t− t0

E (t)
E(0)

)
≤ −m1E (t) H′

(
ε1

t− t0

E (t)
E(0)

)
+ c3g (t) H′

(
ε1

t− t0

E (t)
E(0)

)
+c

t− t0

γ
H−1

(
γθ (t)

ξ (t) (t− t0)

)
H′
(

ε1

t− t0

E (t)
E(0)

)
.

(3.49)
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Let H∗ be the convex conjugate of H as in (3.31), by taking

A = H′
(

ε1

t− t0

E (t)
E(0)

)
and B = H−1

(
γθ (t)

ξ (t) (t− t0)

)
,

then, with using (3.31), (3.32) and (3.49), we find that

F ′2 (t) ≤ −m1E (t) H′
(

ε1

t− t0

E (t)
E(0)

)
+ c3H′

(
ε1

t− t0

E (t)
E(0)

)
g (t)

+c
t− t0

γ
H
(

H−1
(

γθ (t)
ξ (t) (t− t0)

))
+ H∗

(
H′
(

ε1

t− t0

E (t)
E(0)

))
≤ −m1E (t) H′

(
ε1

t− t0

E (t)
E(0)

)
+ c3H′

(
ε1

t− t0

E (t)
E(0)

)
g (t)

+c
t− t0

γ
.

γθ (t)
ξ (t) (t− t0)

+ H∗
(

H′
(

ε1

t− t0

E (t)
E(0)

))
≤ −m1E (t) H′

(
ε1

t− t0
.
E (t)
E(0)

)
+ c3H′

(
ε1

t− t0

E (t)
E(0)

)
g (t)

+c
θ (t)
ξ (t)

+ cε1
E (t)
E(0)

H′
(

ε1

t− t0

E (t)
E(0)

)
≤ (−m1E (0) + cε1)

E (t)
E(0)

H′
(

ε1

t− t0

E (t)
E(0)

)
+ c

θ (t)
ξ (t)

+c3H′
(

ε1

t− t0

E (t)
E(0)

)
g (t) , ∀t > t0,

then, for m2 > 0 and ε1 is fixed small enough

F ′2 (t) ≤ −m2
E (t)
E(0)

H′
(

ε1

t− t0
.
E (t)
E(0)

)
+ c

θ (t)
ξ (t)

+ c3H′
(

ε1

t− t0
.
E (t)
E(0)

)
g (t) , ∀t > t0.

Multiplying this estimate by ξ (t) and using (3.47) and ε1
E (t)
E(0)

< r, we find that

ξ (t) F ′2 (t) ≤ −m2
E (t)
E(0)

H′
(

ε1

t− t0
.
E (t)
E(0)

)
ξ (t) + cθ (t) + c3H′

(
ε1

t− t0
.
E (t)
E(0)

)
g (t) ξ (t)

≤ −m2
E (t)
E(0)

H′
(

ε1

t− t0
.
E (t)
E(0)

)
ξ (t)− c (E′ (t) + E′∗ (t)) + cc4g (t)

+c3H′
(

ε1

t− t0

E (t)
E(0)

)
g (t) ξ (t) , ∀t > t0.

(3.50)

Combining the strictly increasing property of H′ and the non-increasing property of ξ

and E with the fact that there exists t2 > t0 such that
1

t− t0
< 1 and

limt→∞
1

t− t0
= 0, ∀t > t2, we obtain

H′
(

ε1

t− t0
.
E (t)
E(0)

)
ξ (t) ≤ H′ (ε1) ξ (0) , ∀t > t2.
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Then, for some positive constant c5, (3.50) becomes

ξ (t) F ′2 (t) + c
(
E′ (t) + E′∗ (t)

)
≤ −m2

E (t)
E(0)

H′
(

ε1

t− t0

E (t)
E(0)

)
ξ (t) + c5g (t) , ∀t > t2.

By setting F3 = ξF2 + c (E + E∗) and using the non-increasing property of ξ, we arrive

at

m2
E (t)
E(0)

H′
(

ε1

t− t0

E (t)
E(0)

)
ξ (t) ≤ −F ′3 + c5g (t) , ∀t > t2. (3.51)

Noticing that the following map

t 7−→ E (t) H′
(

ε1

t− t0

E (t)
E(0)

)
is non-increasing because of the fact that H′′ > 0 and the non-increasing property of E.

Thus, an integration of (3.51) over (t2, t) gives

m2
E (t)
E(0)

H′
(

ε1

t− t0

E (t)
E(0)

) ∫ t

t2

ξ (s) ds ≤
∫ t

t2

m2
E (t)
E(0)

H′
(

ε1

t− t0
.
E (t)
E(0)

)
ξ (s) ds

≤ −
∫ t

t2

F ′3 (s) ds + c5

∫ t

t2

g (s) ds

≤ −F ′3 (t) + F ′3 (t2) + c5

∫ t

t2

g (s) ds

≤ F ′3 (t2) + c5 (b− l) , ∀t > t2,

(3.52)

multiplying this estimate by
1

t− t0
> 0, we obtain, for t > t2

m2
1

t− t0

E (t)
E(0)

H′
(

ε1

t− t0
.
E (t)
E(0)

) ∫ t

t2

ξ (s) ds ≤ 1
t− t0

(
F ′3 (t2) + c5 (b− l)

)
, ∀t > t2.

Setting H2 (τ) = τH′ (τ), which is strictly increasing because

H′2 (τ) = H′ (τ) + τH′′ (τ), we arrive for two positive constants k1 and k2 at

E (t) ≤ E(0)(t− t0)

ε1
H−1

2

 ε1

m2

F ′3 (t2) + c5 (b− l)

(t− t0)
∫ t

t2

ξ (s) ds



≤ k2(t− t0)H−1
2

 k1

(t− t0)
∫ t

t2

ξ (s) ds

 , ∀t > t2.



Conclusion

Timoshenko system is a field of research that aroused a lot of interest in recent

years and became an attracting field of research ever since. After a few years of great

interest, the study of its stability properties has become an active area of research in the

field of partial differential equations. It is widely used in structural engineering and

mechanics to analyze the behavior of beams, columns, and other structural elements

under various loading conditions. This work is an analytic study of only two types

of Timoshenko systems, the nonlinear type with delay and the viscoelastic type with

type-memory, the existence and uniqueness of their solutions and the exponential

and general stability of these systems, respectively. Finally, there is other Timoshenko

systems to study, like Thermoviscoelastic Timoshenko system, Timoshenko system

with past history, Timoshenko system with diffusion effect..., which can exhibit either

general, exponential or polynomial decay depending on the system parameters and the

presence of frictional dissipative terms.
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