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Abstract

In this dissertation, we are concerned with a nonlinear Timoshenko system modeling
clamped thin elastic beams with time delay and a memory-type Timoshenko system
with Dirichlet boundary conditions and a very general class of relaxation functions.
For the nonlinear Timoshenko system with delay, under suitable assumptions on the
data, we establish the well-posedness of the problem with respect to weak solutions
and establish the exponential stability of the system under the usual equal wave speeds
assumption, and we state the well-posedness of the system and establish its general
stability considering the case of equal-speeds and the case of non-equal-speeds of prop-

agation for the memory-type Timoshenko system.

Keywords: Timoshenko system, time delay, exponential stability, general decay, equal

and non-equal speeds of the wave propagation.
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Introduction

The Timoshenko system is a mathematical model that describes shear deformation and
rotational bending effects on the beam.

The Timoshenko beam model was first derived in [22] to describe the dynamics of a
thick beam and it consists of a system of two coupled hyperbolic equations of the form:

P19 — K(px+1), =0 in (0,L) x (0, +o0),
0.1)

P29t — bipxx + K(@x +¢) =0 in(0,L) x (0, +o0),

where ¢ is the transverse displacement, 1 is the rotational angle of the filament of the
beam and p1, p2, b and K are fixed positive physical constants. Many results dealing
with global existence and stability of the system have been proved. In order to study
the large-time (asymptotic) behaviour of system (0.1), various types of dissipation, such
as boundary and/or internal feedback, heat or thermoelasticity, infinite memory, and
Kelvin-Voigt damping, have been utilized. In this regard, see for example [2, 5, 10, 13, 15].
The system above is exponentially stable due to some damping terms on both equations
of (0.1) without imposing any condition on the speeds of wave propagation. But if the
damping effect is acting, the system is exponentially stable if and only if it has equal
speeds of wave propagation, that is,

K b

o
First, concentrating on the stabilisation of a nonlinear Timoshenko system with de-
lay, the insert of delay terms in the feedback of these systems adds an extra layer of
complexity to the analysis of their stability properties. Delay terms can arise natu-
rally in applications where there is a time lag between the measurement of the system
state and the application of the control force. Several authors have studied the stabi-
lization of Timoshenko systems with delay terms, like Nicaise and Pignotti [18, 19],

Said-Houari and Laskri [21], Datko et al [8]. Munoz Rivera and Racke [3] treated a
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nonlinear Timoshenko-type system of the form

{ P19 + 01 (9x, 9), =0, 0.2)

P21 — X (¥x), + 02 (¢x, ) +dipr = 0,

in a bounded interval. The dissipation is produced here through a frictional damping
which is only present in the equation for the rotation angle. The authors gave an alterna-
tive proof for a necessary and sufficient condition for exponential stability in the linear
case and then proved a polynomial stability in general.

On the other side, the stabilisation of a viscoelastic-type Timoshenko system had re-
ceived a considerable attention since the work of Ammar-Khodja et al. [4], in which the

authors studied the following problem

p19n — K(px +¢), =0,

t
o2tpe — bprx + K (@ + 1) +/O 2 (t—5) Prex (s)ds = 0, 0.3)
P00 =p(LH=pOH=p(LH=0, for t>0,

in (0,L) x (0, +00), where g is a positive non-increasing differentiable L!-function de-
fined on [0, +0) . They showed that the system is stable if and only if K_ E Guesmia
and Messaoudi [11] established the same decay result of [4] by weakening szome of the
assumptions on g .

This dissertation consists of three chapters, the first one contains some preliminary
concepts about Sobolev space, some inequalities, operator basics and Hille-Yoshida
Theorem.

The second chapter contains some preliminaries, poof of well-posedness and exponen-
tial stability for a nonlinear Timoshenko system with delay in case of equal speeds.

In the third chapter, we present also some preliminaries, well-posedness theorem and
establishing the general stability of a viscoelastic Timoshenko system for both equal

and non-equal speeds cases.



CHAPTER

Preliminary and basic concepts

1.1 Definitions and preliminary notions

1.1.1 Lebesgue and Sobolev space

Definition 1.1. [1] For 1 < p < 400, LP(Q) is the space of measurable fonctions whose

p-th powers are integrable over (). Equipped with the norm:

1Al = (/Q |f(x)|de)1/F’.

LP(Q) is a Banach space.
For p = +00,L®(Q) is the space of measurable functions f which are essentially
bounded over ), that is, there exists a constant C > 0 such that |f(x)| < C almost

everywhere in (). Equipped with the norm:
1 fllpo(q) = inf{C € R" suchthat [f(x)]<C aein Qj}.

L*(Q)) is a Banach space. Recall that, if () is a bounded open set, then LP(Q)) C L1(Q})
for1 <g<p<co.

Definition 1.2. [1] Let () be an open set of R” equipped with the Lebesgue measure.
We define by L?(()) the space of measurable functions which are of square integrable in

(). Under the scalar product:

(£,8) = [ fg(x)dx.
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L%(Q) is a Hilbert space. We denote the corresponding norm by

iy = ( ], |f<x>|2dx)”2.

Notation: [1] Let & = (ax)i; € IN" be a multi-index, that is, a vector of n compo-
nents which are non-negative integres ; > 0. We denote by |a| =Y ;a; and, fora

function v, N
0%y
= a 5] a Ay (x) :
x7'...0Xy

Definition 1.3. [1] For every enteger m > 0, the Sobolev space W™ ((}) is defined by

D%v (x)

WP (Q)) = {v € LF(Q)) such that ,Va with |a] <m, 0% € LP(Q))},
where the partial derivative 0*v is taken in the weak sense. Equipped with the norm:

1/p
[l om0y = ( ). a“ul’“) -

|a[<m

The space W™F((}) is a Banach space.
Definition 1.4. [1] For an enteger m > 0, the Sobolev space H"(Q) is defined by:
H™(Q) = {v € [2(Q) suchthat, Va with |a| < m,d% € LZ(Q)},

where the partial derivative 0*v is to be taken in the weak sens, Equipped with the

scalar product:

(u,v) = / Y 9%u(x)9%v(x)dx
Q la|<m
and the norm ||ul| ym () = +/(u, u). H"(Q1) is a Hilbert space.
Definition 1.5. [1] Let Q be an open set of R". The Sobolev space H!(Q) is defined by

HY(Q) = {v € L2(Q)) such that, Vi€ {1,...,n},% € L2(Q)},
1

where (’?_;) is the weak partial derivative of v. Equipped with the scalar product:
i

(u,v) = /Q (u(x)v(x) + Vu(x).Vo(x)) dx
and with the norm:

||u||H1(Q) = (/Q <|u(x)|2 + |V1/l(x)|2) dx) 1/2.

The Sobolev space H!(Q) is a Hilbert space.
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Let us now define another Sobolev space which is a subspace of H!(Q)) and which

will be very useful for problems with Dirichlet boundary conditions.

Definition 1.6. [1] Let C°(Q)) be the space of functions of class C* with compact
support in Q. The Sobolev spase H} (Q) is defined as the closure of C®(Q) in H!(Q).
Equipped with the scalar product of H!(Q)). The Sobolev space H} (Q) is a Hilbert

space.
Corollary 1.1. [1] Let Q) be an open bounded reqular set of class C1. The space H} (QY) coincides

with the subspace of H'(Q)) composed of functions which are zero on the boundary 9Q).

1.1.2 Some important inequalities

Theorem 1.1. (Young’s inequality) Let a,b > 0. For any € > 0 we have
2
ab < Ly er?.
de

Theorem 1.2. [7](Holder’s inequality) Assume that f € LP(Q)) and g € L1(Q) with
1 1
1< p,q < Hoo, such that E +§ =1, then

f,ge LY (Q) and /Q f8ldx < | fllrq) 181l -

Theorem 1.3. [7](Cauchy-Schwarz’s inequality) We put p = q = 2 in Holder’s inequality, we
obtain the Cauchy-Schwarz inequality:

| ol dx < full ey ollzzqo -

Proposition 1.1. [7](Poincaré’s inequality) Suppose that 1 < p < +o0 and Q) is a bounded

open set. Then there exists a constant C such that
[ull 2y < ClIVUll 2y, Vu € Hy.
Corollary 1.2. [1] Let ) be an open set of R" bounded in at least one space direction. Then the

1/2
ol = ([ IVo00) )

is a norm over H} (Q)) which is equivalent to the usal norm induced by that of H(Q)).

seminorm



6 Preliminary and basic concepts

Theorem 1.4. (Jensen’s inequality) Let G : [a,b] — R be a convex function. Assume that the
fuctions f : QO — [a,b] and h : QO — R are integrable such that h (x) > 0, for any x € Q and
/Jq@dx:k>01mm

Q

G(%Lﬂﬂﬂ@ﬂ)g%éGU@»M@ﬂ.

1.1.3 Green’s Formula

Theorem 1.5. [1] (Green’s formula) Let Q) be an open bounded regular set of class C*. If u and
v are functions of H' (Q), they satisfy

/Qu(x)aa—zi(x)dx = — /Qv(x)g—i(x)dx—k /aQu(x)v(x)m(x)ds,
where 1 = (;)1<i<y is the outward unit normal to oC).

Theorem 1.6. [1](Green’s formula) Let Q be an open bounded regular set of class C2. If
u € H?>(Q) and v € H' (Q), we have

ou
/QAu (x)v(x)dx = —/QVu (x).Vo (x)dx + o %v (x)ds.

1.1.4 Lax-Milgram Theorem
Definition 1.7. [7] A bilinear form a : H x H — R is said to be:
@ Continuous if there is a constant C such that:

ja(u,0)| < Cllullg [olly, Vu,o0 € H.

@ Coercive if there is a constant & > 0 such that:

a(v,0) > a||v||3,, Yoe H.

Theorem 1.7. [7] (Lax-Milgram) Assume that a(u, v) is a continuous coercive bilinear form on
H. Then, given any ¢ € H* ( H* is the topological duality of H), there exists a unique element
u € H such that

a(u,v) = (¢,v).
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1.1.5 Operator basics

Definition 1.8. [9] A linear operator A with domain D (A) in a Banach space X, i.e.,
A:D(A) C X = X,isclosed if the graph G (A) = {(x, Ax) : x € D (A)} is closed in
X x X.

Lemma 1.1. [9] A linear operator A with domain D (A) in a Banach space X,
ie, A: D(A) C X — X, is closed if for the sequence (xy)yen C D(A) the limits
Xy, — x € Xand Ax, — y € X exist, then x € D(A) and Ax = y.

1.1.6 M-dissipative operator

Definition 1.9. [9] A linear operator (A, D(A)) on a Banach space X is called dissipative
ifVA>0,Vxe D(A):

(AL = A) x[| = Aflx]-
Proposition 1.2. [9] For a dissipative operator (A, D(A)) the following property holds:
Al — A isinjective, YA > 0.

Definition 1.10. [7] A unbounded linear operator A : D(A) C H — H is called

m-dissipative if:
@ A is dissipative,
(2) R(AI—A) =Hforall A > 0.1ie,

VA >0,Yf e H,Ju e D(A), suchthat Au— Au=f.

Proposition 1.3. [7] Let A : D (A) C H — H (H denotes a Hilbert space) be a m-dissipative

operator, then
@ D(A) is dense in H,

@ A is a closed operator.
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1.1.7 Spectrum of operator

Definition 1.11. [9] Let A : D (A) C X — X be a closed linear operator on a Banach
space X. We call

p(A) = {A €eC:(AMM—A):D(A) =X is bijective}

the resolvent set and its complement 0(A) = C/p(A) the spectrum of A. For A € p(A),
the inverse

R(A,A) = (AT —A)!

is, by the closed graph theorem, a bounded operator on X and is called the resolvent of

A at the point A.

Definition 1.12. [20, 23] Let A be a linear operator from a Banach space X into X. Let A

be a complex number. The spectrum of A consists of three mutually exclusive parts:

@ The point spectrum o}, (A) defined as: A € 0y, (A) if (AI — A) does not admit of

an inverse,

@ The residual spectrum o, (A) defined as: A € 0, (A) if D ((/\I — A)71> is not

dense in X,

@ The continuous spectrum o, (A) defined as: A € 0. (A) if D ((AI - A)_l) is

dense in X but (AI — A) ! is not continuous.

1.2 Semigroups of bounded linear operators

Definition 1.13. [20] Let X be a Banach space. A one parameter family {T(¢) };>o, of
bounded linear operators from X into X is a semigroup of bounded linear operators on

X if:

T(t+s)=T(t)T(s), Vts>0.

Remark 1.1. When the second property is true for all t, s € R, then we say that {T(t) };cr

is a group.
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1.2.1 Uniformly continuous semigroups

Definition 1.14. [20] A semigroup of bounded linear operators {T(t) }+>¢ is uniformly
continuous if:

lim | T(t) — I|| = 0.

t—0

1.2.2 Strongly continuous semigroups

Definition 1.15. [20] A semigroup {T(t)},-, of bounded linear operators on X is a

strongly continuous semigroup of bounded linear operators if

IimT(t)x=x VxeX.

t—0

A strongly continuous semigroup of bounded linear operators on X will be called a

semigroup of class Cy or simply a Cy semigroup.

Definition 1.16. [20] The linear operator A defined by:

D(A) = {x €X, limm exists}

t—0

and

Ay — Tig L)X —x

D(A
t—0 t , VX € ( )

is the infinitesimal generator of the semigroup {T(t)}-

Theorem 1.8. [20] Let {T(t) }+>0 be a Cy semigroup. There exist constants w > 0 and M > 1
such that
T (t)]] < Me®”', V0<t< co.

Notation: We denote by SG(M, w) the set of Cy semigroup {T(f)}+>¢ for which
there exists w > 0 and M > 1 such that

IT (1) < Me“', V0 <t< co.
In this case, we say that {T(t) };>0 is an exponentially bounded Cy semigroup.

Definition 1.17. [20] Let {T(t) } ;>0 be a Cy semigroup. From Theorem 1.8 it follows that
there are constants w > 0 and M > 1 such that || T(t)|| < Me“! for t > 0.

@ If w =0, {T(t)}+>0is called uniformly bounded.
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@ Ifw=0and M =1, {T(t)};>0 called a Cy semigroup of contractions.

Theorem 1.9. [20] A linear operator A is the infinitesimal generator of a uniformly continuous

semigroup if and only if A is a bounded operator.

1.3 Hille-Yosida Theorem

Theorem 1.10. [20]( Hille-Yosida) A linear operator A : D (A) C X — X is the infinitesimal
generator of Co semigroup {T (t) },~0 € SG(M, w) if and only if:

@ A is closed,

(2) D(A) = X,
@ There exists w > 0 and M > 1 such that A, C p(A) and for A € Ay, we have:

IR (A; A)"]| < ﬁ n € N

Theorem 1.11. [20](Lumer phillips) Let (A, D(A)) be an unbounded linear operator of dense

domain in X:

@ If A is dissipative and there exists a Ag > 0 such that Im (Aol — A) = X then, A is the

infinitesimal generator of a Cy contraction semigroup on X.

@ If A is the generator of a Cy contraction semigroup on X then, A is dissipative and
Im (AT —A) = X forall A > 0.

Theorem 1.12. [7] Let A be a maximal monotone operator (-A is m-dissipative). Then, given

any ug € D(A) there exists a unique function

u e CH([0, +00),H)NC ([0, +00),D(A))

satisfying
du
—+Au=0 on[0,+c),
dt
u(0) = uo.
Moreover,
du

<
lu ()| < |up| and i

—(t)‘:|Au(t)|§|Au0|, vt > 0.
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Theorem 1.13. [7] In a Banach space X, let the following problem

du
E(t) + Au(t) = f(t) onl0,T],

u(0) = uo.

Assume that A is m-accretive (-A is m-dissipative). Then for every ug € D (A) and every

f € CH([0,T]; X) there exists a unique solution u of the above problem with
uecCH(0,T]; X)NC([0,T]; D (A)).
Moreover, u is given by the formula
1 (t) = Sa(H)uo +/Ot Sa(t—s)f(s)ds,

where A is the generator of S(t).
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Global existence and exponential stability for

a nonlinear Timoshenko system with delay

2.1 Presentation of the problem

In this chapter, we consider the following nonlinear Timoshenko System with delay:

p1¢it — K(px+ 1), =0,

P2ttt — bipxy + K (@x + ) + patpe + potpr (x,t — ) + f () =0,

where (x,t) € (0,1) x R". Here ¢ = ¢ (x, t) denotes the transverse diplacement of the

S)

beam, P = ¢ (x, t) denotes the rotation angle of the beam’s filament and p1, p2, K, b are
positive constants related to physical properties of the beam.

In this system, y14; represents a frictional damping and f (1) is a forcing term. The
time delay is given by uoy; (x,t — 7), where yuy, jip, T are positive constants.

The system is added by initial conditions

¢ (x,0)=g¢o, ¢t(x,0) =91, P(x,0)=1v0, :(x,0) =1,

(2.1)
P (v, t—71)=fo(x,t—1), te(0,1),
where fj is prescribed, and the Dirichlet boundary conditions
p(0,t)=¢(1,t) =9 (0,t) =y (1,t) =0, Vi>0. (2.2)

Our objective along this chapter is to extend the results of Said-Houari and Laskri [21]

to a nonlinear framework by adding a force term f (¢). In this chapter, we present some
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preliminary results, we prove the well-posedness of the system by using semigroup

theorem and some technical lemmas that are necessary to establish the exponential

stability of our system by using energy methods.

2.2 Preliminaries

Hypothese: We assume f : R — R satisfying

() = ()] < s (o ol ) o -

. z
where Ko, 0 > 0, and we assume for f (z) = / f (s) ds that
0

0<fW) <fW)y, YpeR

, Vgl yp? €R,

(2.3)

(2.4)

In order to deal with the delay feedback term, we define the following new dependent

variable:

z(x,0,t) =9 (x,t—1p), x€(0,1),0€(0,1),t>0.

Differentiating z with respect to t and p, we get

2t (x,0,) = it (x,t — Tp)
and
zp (x,0,t) = =Ty (x,t — TP) .

Implies that

zp (x,0,t) + 12 (x,0,t) = 0.
Then, equations of (S) are transformed to
(
P11 (x, 1) = K (px +9), (x,£) =0,

patpre (x,£) — biprx (%, 8) + K (@x + ) (x,£)

Fpapr (x,8) + poz (x, 1L, 1) + f (¥ (x,1)) =0,

L 2o (x,0,t) + 126 (x,0,t) =0, x€(0,1),0€(0,1),

(2.5)

(2.6)
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with the initial and boundary conditions:

;

¢(x,0) =90, ¢t (x,0) =91, ¥(x0) =90, ¥:(x,0)=1¢1;, x€(01)
z(x,0,0) = fo(x,—tp),(x,t) € (0,1) x (0, 7T),
(0,5 = p(LH) =08 =p(1,t) =0, t>0,

z(x,0,t) =y (x,t), x€(0,1), t>0.

2.7)

We introduce two new dependent variables u = ¢; and v = ¢, then the problem
(2.6)-(2.7) is reduced to the following problem as a first-order evolutionary equation:

d
d—Lt[(t):ALH—F, t>0,

(2.8)
u (0) — UO — ((PO/ §011 1100/ Rblzfo (-/ _T)>T/
such that U = (¢, u, 1, v,z)T , and
U 0
K
— (¢xx + ) 0
P1
AU = v JF = 0 ,
b K o M2 1
—Pxx — — (px+¢) — —v—"—"=z(,1 ——f(¥)
oy e = o (9 tPl) 00 " oy 2 V) 02
_= 0
T
with the domain
D(A) = { (¢, 9,0,2)" € Hjo=2(,0), in(0,1)}, (2.9)
where
H = (H?(0,1)NH}(0,1)) x H} (0,1) x (H?(0,1) N H} (0,1))
xH} (0,1) x L? (0,1; H} (0,1)) .
We define the energy space # by
9 = Hj (0,1) x L2(0,1) x H} (0,1) x L?(0,1) x L?((0,1) x (0,1)). (2.10)
We equip # with the following scalar product
— 1 — —
(Wu), = /0 (o101 + p200 + K (@x + §) (9 + ) + bipripx) dx
(2.11)

1 1
e[ [ 2 tp)z (xp) dpax,
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such that U = (¢,u,¢,0,2)", U = (¢,%,9,7, Z)T and ¢ is a positive constant which
satisfies

Ty < & < T (21— pa). (2.12)

Lemma 2.1. Let (@, ¢, P, 1, z) be the solution of problem (2.6)-(2.7). The energy functional
is defined by

1 r1
E(t) = 5/ (0107 + 0297 + K (px + §)° + byl ) dx

(;‘// (x,0,t dpdx—i—/f t))dx,

satisfies for a positive constant C and for any t > 0 that
) < C/lptxtdx—C/ (x,1,1)dx <0 (2.13)

and there exist two positive constants vyg and Cy, independent of initial data in #, such that for

any t > 0

E(t) > 7o (/1¢%dx+/1¢t2dx+/ol(qox+zp)2dx+/ol¢§dx

+/ / (x,p dpdx) - (.

Proof. Multiplying (2.6)1 and (2.6), by ¢ and ¢ respectively and integrating over (0, 1)

(2.14)

respect to x, and multiplying (2.6)3 by %z and integrating twice over (0, 1) respect to x

and T, we get
4 1 1
P1 /0 Prrdx — K/O (px + ), prdx =0,
1 1 1
Pz/o Prprdx — b/o Prxtprdx +K/0 (¢x + 9) Prdx

(2.15)
1 1 1
i [ pdx+pe [ 2 (L0 pdx+ gt (9)dx =0,

1 r1 1 1
%/O /0 Zp (x,P,t)dedx+(,‘/O /0 Zt (x/P,t)dedx:O,

By summing (2.15); and (2.15), and using integration by parts and boundary conditions,

we get

p2d !
?E/o yrdx + Zdt/lp" +E$/ (px+9) dx+2dt/ gid +dtf()

1
= _yl/o 1/;t2dx—;42/0 z(x,1,t) Pedx.
(2.16)
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Using integration by parts and (2.5), we get

1 /1
C/O /0 zt (x,0,t) zdpdx = 2dt// (x,p,t)dpdx
= —_/ / zp (x,p,t) zdpdx
= //8 (x,p,t)dpdx

— —% A (zz(x,l,t)—z2 (x,O,t)> dx

— % 01 (zz (x,0,t) — Z2 (x,1, t)) dx

— % 01 <1pt2 — 22 (%, 1,t)) dax.

(2.17)

Summing (2.16) and (2.17), we find

1d 1 1 .
24t Uo (Pl¢%+pz¢?+b¢§+l<(qox+v,b)2+é/0 z? (x,p,1) dpdx) +f(¢)}

1 1 1
:_(,”1_2%>/0 lptzdx—yg/o z(x,l,t)lptdx—%/o zz(x,l,t)dx.

Then,

1 ! 2 2 2 2 'y ;
E() =5 [ (0197 + o2+ 02+ Klgu+ 9 +2 | 2 (0 t)dpdx ) +F (9).

Using Young's inequality, we get

1
—yz/ (xlt)z/ztdx<y2/ Wrd P;Z/ 2 (x,1,t)dx.
0
Then,

) < C/tptxtdx—C/ (x,1,t)dx <0.

¢ 1

> 2} and using (2.3), we get

Choosing o = min {

E(t) > 70</ (ptdx-l-/ ¢t2dx+/ (px + ) dx—l—/ W2dx

+/ / (x,p dpdx) - C.
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2.3 The well-posedness

Lemma 2.2. The operator A defined in (2.8) is the infinitesimal generator of a Cy — semigroup

in H.

Proof. Let A and AU be defined previously, according to (2.11) and using integration by

parts, we find that

(AU U, = K/ U (@xx + Px) dx+b/ VPrrdx — K/ (px + ) dx

1
_,ul/ Z)de—‘uz/ Z(X,l) UdX+K/ (ux+v) (qu—HIJ)dX
0 0 0

1 g ot
-l—b/ U prdx — —/ / zpzdpdx
— —Vl/ zdx—yz/ vdx——/ / zpzdpdx.

We have,

//zzdpdx— //18 2% (x,p) dpdx—1/1<z2(x1)—zz(x0)>dx.
p 2 2 0 7 7

Then by using (2.5), the fact that v = ¢; and Young’s inequality, we obtain

(Au, Uy, = —yl/olvzdx—,uz/olz(x,l)vdx—E/l zz(x,l)—zz(x,0)> dx

1 1
= —]/11/ Uzdx—plz/ (x,1) vdx——/ (x,1) dx+—/
0
1 1
= —1I vzdx— 2| z(x,1) vdx—— x1 dx+—
H H

< —;41/ 2dx+y/ (x,1) dx+y2 v2dx

2
CT /
> x1 dx + =

1
< ( y1+%+2‘:)/0 vzdx+(%—%)/0 2 (x,1) dx.

It follows from (2.12) that

I 2 _ G
w1+ 5 -I—z <0 and > 2T<0,

which implies that (AU, U),, < 0, then, the operator A is a disspative operator.

dx
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Next, we prove that the operator AI — A is surjective for A > 0.
Let (fl,fZ,f3,f4,f5)T € H,weseek U = (¢, u, 1, v,z)T € D (A) solution of the follow-
ing system of equations

”

Ago — U= f1,
K
Au — P_l (¢xx +9x) = fo,
AMp—v = f3, (2.18)
b K ]11 ,”2
AV — —Prx + — +¢)+—v+—=z(,1) = fg,
fl)lexx 02 (9 +9) 02 02 (~1) = fa
\ Az + %zp = fs.
The solution of the last equation in (2.18) is
P
z(x,0) =0 (x)e P + Te_/\TP/ f5(x,5) e "ds. (2.19)
0
The first and the third equations in (2.18) give
— Ao — fi,
u=Ap—hi (2.20)
0 = /\l[] — f3.
Then from (2.20), the solution (2.19) becomes
p
z(x,0) = A (x) e P — fre= AP 4 Te_)‘TP/ f5 (x,5) e~ "ds. (2.21)
0

By using (2.18) and (2.20), the functions ¢ and ¥ satisfying the following system

K
Ao — P_l (pxx +¥x) = 2+ Af1,

b K
22— e+ — (px + ) + Lo+ P22 1) = fi+ Af,
02 02 02 2

(2.22)

which is equivalent to the following system, by integrating over (0, 1) and using inte-

gration by parts
1 ) 1
/0 (W» W+ K (gx + ) Wx) dx = /O p1(fa+Afr) Wix,

1 1
/0 (2722 + biprxe + K (x+9) x + prox + paz (1) x ) dx = pz/O (fa + Afs) xdx,
(2.23)

forall (W, x) € H} (0,1) x H} (0,1).
From (2.21), we have

z(x,1) = A (x) e 429 (x),
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where x € (0,1) and

0
20 (x) = —f2e™ M + Te_/\T/ f5(x,5) e~ s,
0

Consequently, the problem (2.23) is equivalent to the problem

¢((e ), (W, x)) =1(W,x), (2.24)

where the bilinear form ¢ : (H} (0,1) x H} (0, 1))2 — R and the linear form
I: H} (0,1) x H} (0,1) — R are defined by

1 1
E((99), W) = [ prA%Wax + K [ (px+ ) (We+ 1) dx

1 1
+/ (Pz/\zlPX + blPxXx) dx + / <I/l1 + ]/123*/\T> A¢de
0 0 (2.25)

and

1 1 1
LW, = [ Gfax = pazo () x)dx+ [ pr (ot Af) Wax +pa || (fa - Afs) .

It is easy to verify that ¢ is continuous and coercive, and [ is continuous. So applying the
Lax-Milgram Theorem, we deduce that for all (W, x) € H} (0,1) x H} (0,1), problem
(2.24 ) admits a unique solution (¢, y) € H} (0,1) x H} (0,1). Applying the classical
elliptic regularity, it follows from (2.23) that (¢, ) € H?(0,1) x H?(0,1).

Therefore, the operator AI — A is surjective for any A > 0. Then we can infer that the
operator A is m-dissipative in #{. Since D (A)is dense in #, thus we can conclude that
the operator A is the infinitesimal generator of a Cy semigroup in # by the Lumer-

Philips theorem. O
Lemma 2.3. The operator F defined in (2.8) is locally Lipschitz in #.

Proof. Let U = (@', ul, ¢!, 0',2") and V = (¢? u? ¢? 0% 2?), then by using (2.3),
Holder’s inequality and the embedding H' (0,1) « L2®+1), for a fixed positive con-

stant ¢y, we obtain

- FE = [ |7 (v7) 7 ()] o

<)) (w wf)zwl—wzrdx
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) 2(6+1) 991 1 911
gc()(/o (‘lpl“’Jr‘lpz“’) 0 dx)( + )(/O ‘¢1_¢2‘2(9+1)dx)( 1)
<eo 9] + 2011 H\w |
<o (9]} ) [ ‘P!
§CO( 1’b1 ie 9+1) Hlp 1’b L)

SCo(wljjl 2291).

< C()M

<coM|U - V|2,
u

Theorem 2.1. Assume that (2.3), (2.4) and yup < pq hold, then we have the following results:

@ If Uy € #, then the problem (2.8) has a unique mild solution U € C ([0, 00), ) with
u(o) = Uy

@ If Uy and Uy are two mild solutions of problem (2.8), then there exists a positive constant
Co = C (U1 (0), U, (0)) such that

U () = Uz ()], < €T U1 (0) = U2 (0)[l,, O<E<T.  (2.26)

@ If Uy € D (A), then the above mild solution is a strong solution.

Proof. @ It follows from lemmas 2.2-2.3 that the cauchy problem has a unique local

mild solution

U (t) = ey + /O A=) p (U (s)) ds, (2.27)

defined in a maximal interval (0, tyax ). If tar < 00, then

lim ||U ()], = +oo. (2.28)

t—=Emax
Let U (t) be a mild solution with Uy (t) € D (A). By using theorem 6.1.5 in
Pazy [20], we conclude that it is a strong solution. It follows from (2.14) that
1
Ju ()3, < - (E (0) 4+ Cq), therefore tyqx = co. Then the solution is global.
0
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@ By using (2.27),the local Lipschitz behavior of F and Gronwall’s inequality, we get
(2.26). Then we can obtain the continuous dependence on the initial data for mild

solutions.

@ By using theorem 6.1.5 in Pazy [20], we know that any mild solutions with initial
data in D (A) are strong.
O

2.4 Exponential stability

Lemma 2.4. Let (@, @1, , Y1, z) be the solution of problem (2.6)-(2.7). The functional I; defined
by
1
L = _/0 (p19@: + p2Pipy) dx — al / PpPdx (2.29)

satisfies for any € > 0

() < —/0 (p1¢f+pz¢f)dx+1</ (px+ 9 2dx+ (b+c+e) / y2dx

P‘z /
e 2 (x,1,1) dx.

Proof. By taking a derivative of I; and using equations in (2.6), we get

(2.30)

1 1 1 1 1
I (t) = —Pl/o qvttqux—m/o QD%dx—Pz/O ’Ptzdx—Pz/O t/tht/de—m/o Pripdx
1 1 5 1 5 1
= —K/O (P(qox+ll])xdx—m/0 qvtdx—pz/o %dx—bfo Pxxtpdx

1 1 1
K [ gt p)pdxtpa [ yz(x 1 0dx+ [ S (1) ds

Using integration by parts, boundary conditions, Young’s inequality, (2.3) and Poincaré’s

inequality, for a fixed positive constant C, we obtain

1 1
—K/O <P(<px+¢)xdx=f</0 ¢x (¢x + ) dx

1 1
b / Yratpdx = b / p2dx,
0 0

' Lidr<e [ ot P2 [ 2 o104
yz/ov,bz(x,,)x_e/()gbxx+4—€/oz(x,,)x,
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and

/wf dx</|wwwwmw<nwbwlwmeuﬂwm<c/7ﬁ”

Then,

(1) é—/ol(mcpt+pz¢t)dx+1</ (¢x +9) dx+(b+C+e)/ y2dx

2

+&/1zz(x 1,t) dx.
4:€ 0 7 Ly

]

Lemma 2.5. Let (@, @1, P, 1, z) be the solution of problem (2.6)-(2.7). The functional I, defined
by
1
L = /0 (029t + prprw) dx + - Al / pPdx, (2.31)
where w is the solution of
—Wyxy =Py, & |x:0,1: 0. (2.32)
Then I, satisfies for any A, A > 0
/ v P1 v s (1o
L) < (p2A - b)/O prdx + (pz + ﬁ) /O tPthpM/o Prdx
(2.33)
1 [ 1,t)d ¥ d
+02 [P (1, dx— [ F () ds

Proof. By taking a derivative of I; and using equations in (2.6), we get
L, 1 1 1 1
L(t) = .02/0 Yrdx + Pz/o Yrtpdx + /O Prwdx + 1 /0 Pradx + i /0 Pripdx
r 1 1 1
= '02/0 1/Jtdx+b/0 gbxxtpdx—K/O ((px+1p)1pdx—y2/0 Yz (x,1,t) dx

1 1 1
—/0 IPf(lP)derK/O w(§9x+1[))xdx—|—p1/0 Prerdx.

From (2.32) and Poincaré’s inequality, we get

/ wzdx</ ¢2dx</ P2dx,
/w%dxg/ w%tdxg/ Prdx.
0 0 0

By using integration by parts once and twice, boundary conditions and (2.32), we get

(2.34)

1 1
b / Pratpdx = —b / p2dx,
0 0



2.4 Exponential stability 23

1 1 1
_ B 2
—K/O (¢x+¢)¢dX—K/0 PPrdx K/Ollﬂdx
and

K/ w(@x+ ), dx —K/ w(pxxdx+K/ wiprdx
= K/ wxx(pdx—K/ WWyydx
0 0

1 1
= —K/ Prpdx + K/ widx.
0 0

Substituting these results into I}(t), we find
1 1 1 1 1
() = pz/ Prdx — b/ P2dx — K/ Prdx + K/ wdx + p1 / prwidx
0 0 0 0 0

1 1
iz [ 9z (oLt dx— [ gf (9)dx

Using Young’s and Poincaré’s inequality, (2.34) and (2.4), for some positive constants

A, A > 0, we obtain

1 1 1
—yz/ Yz (x,1,t)dx < yz/\/ 1p2dx—|—Z—i/ 2% (x,1,t) dx
0

< 2 P‘2/
MZA/ 1[),561954—4)L A 2 (x,1,t) dx
and

Pl/ Prewrdx <.01/\/ gidx + = / w?dx

<p1/\/ (de+91/ Prdx.

Then, we arrive at

1 1 o
IL(t) < (u2A—0) /O ¢§dx+<pz+%) /0 prdx + pi A /0 prdx

;’l% 1 2 1 t d 1 7 d
+2 [ 20— [ Fp)ax
[l
Lemma 2.6. Let (¢, @1, P, 1, z) be the solution of problem (2.6)-(2.7). The functional | defined
by
1 1
] = Pz/o ¥ (px + ) dx+pz/0 Pxrdx (2.35)
satisfies

1

1 K
()< [boapeiZg— 7 [ (g t9) dx+ (p +”1>/ yrdx

+”%+/1 2(x,1, ) dx + /l 24 /“( )d
= z7(x,1,t)dx +c X — X
K 0 Olpx Ofll)

(2.36)
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Proof. By taking a derivative of | and using equations in (2.6), we get

1 1 1 1
J'(#) =pz/0 i (9x +9) dez/O tPt(fprrlP)thpz/O thtsvthpz/O Yrpudx
1 1 1
=0 [ Yax (@x+ ) dx =K [ (get 9P dx—p1 [ i (gx+ ) dx
1 1 1
iz [ 2000 (e ¥ dx— [ (gt ¥) (@) dx-+pn [ 91 (x4 ),
1 1 K 1
+pz/0 ¢t(¢x+¢)tdx+pz/0 lﬁxtsvthp;—l/O Pr (@x + ) dx
Using integration by parts and boundary conditions, we get
b/ Prx (x +9)dx = [byx (@x +9)]5 _b/ ¥x (¢x+ ), d

= [blpx@x]iié - b/o Pr (@x + ), dx

and
1 1 1
pz/O i (@x + ), dx =pz/0 tPt(thdX+pz/O prdx
1 I
= —Pz/o 1th€0tdx+P2/0 pidx.
Then, using b I—<, J' becomes
p2 b

J'(t) = [bpxea]iZ _K/ (¢x+9) dx—]/‘l/ Pr (¢x + ) dx
1
i [ 210 (gt gy~ [ guf (9 [ uf () d
1
o2 [ (gut )7 dx
We have, by using Young’s inequality
! Mmoo K 2
i [ (gt p)ar < B [ptax s 2 [ (pety)an
and
! mot o K 2
—]/12/0 z(x,l,t)((px—kl/))dng/o z (x,l,t)dx—kz/o (ox + )" dx

We have also, by using Holder’s, Young’s and Poincaré’s inequalities,(2.3) and the facts
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[9ll 200 < ¢ [l 2 and ¢F < 2 (x +)* + 297, we get

1 1
0
| losf @)ldx < [Clgal vl vl ax

< 19l2041) #2611y sl
< cllxllz 1l

< clloxlla [l
1
Sg/ q)idx—i-—/ ¢chdx
K
SZ/ (px + )2 dx + — /¢§d + = /¢2dx

<7 / (x + 1) dx+c/ p2dx.
Thus, substituting the above results into J'(t) and using (2.4), we arrive at

1

1 K
()< [boapiZo— 7 [ (9x+9) dX+<p +V1>/ yrdx

+V%+/12( 1t)d+/1 2d /1f( )d
—= z-(x,1,t)dx+c X — X
K 0 wa 0 l/)

]

Lemma 2.7. Let (¢, ¢t, P, 1, z) be the solution of problem (2.6)-(2.7), then the following

estimate holds for any € > 0
[bpaipali=g < —ﬂ—/ 991 @xd /qt/JﬂP dx + 281 /(P
Frile=0 = K dt * 4 dt *

1
+(6€—|—§)/0 (qox+1,b)2dx+(7e+4 +127 + = +—)/ W2dx

(2+20) 2

such that the functional q is defined by

(2.37)

g(x)=—-4x+2, x€(0,1).

Proof. First, it follows from Young’s inequality, for any € > 0 that

o < [F D+ O]+ 2 [ +2 @] o9
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We have, by using (2.6)

d /1 1 1
T /0 bp2qrprdx = /0 bpa i pxdx + /0 bp2qrpyrdx
5 1 1 1
= b /0 qlPXX’dex_bK/O q(@x+1) ¢’xdx—bﬂl/o qrprdx

1 1 1
—bpz /0 qz (x,1,t) Pxdx — b /0 qyxf () dx +b /0 P29 Pxedx,

by using integration by parts, we get
1 1 4 lp2
2 — B2 — (==
b /0 qPxxPxdx =D /0 qu(z)dx
_ 1o o7l 2 (1o 239
— 0% [qy3] 2w /0 P2dx (2.39)

= 2[R+ O] 420 [ gl
then,

i 1 1
5 | voaqppedx = <82 [92 (1) + 92 )] + 207 | plax+20ps |yt
1 1 1

0K [ g (gs+ ) pedx —bpr [ qpitpudx = bz |92 (x,1,1) pad

1
—b [ qyaf (9)dx,

using Young’s inequality, we obtain

1 1 2 1
BK [ q et ) e < @K [ (ot yPxt G [y,
0 0 0
1 Pl2 1 1
—b,ul/ qiprdx < ?1/ 1/)t2dx—|—eb2/ w%dx,
0 0 0

1 2 1 1
—byz/ gz (x,1,t) Ppdx < %/ Z2 (x,1,1) dx+eb2/ l[)idx
0 0 0
and

1 1
— 2
b [ ay<f (p)dx <c [yl
Then,

d ! 212 2 2 2, Y 1o
%/0 borqeiprdx < —b [gbx (1) + ¢y (O)] (c+2b + 2eb +§>/0 Pdx
M T oo 22 (1 2
+ (2600 + 11 /O¢tdx+ez< /0 (gx + )% dx (2.40)

o
+£2 / z% (x,1,t) dx.
€ Jo
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In the other side, we have, by using (2.6)
i 1 1
T /0 PLIPrPxdx = p1 /0 Pt Pxdx + o1 /0 99t Pxeddx

1 1
= K/O q(¢x+¢)x¢de+91/0 APt @xtdx,

we have, by using integration by parts and boundary conditions

1 td (g L
pl/o qPtPxrdx —91/0 975 <7) dX—2p1/O @rdx
and

1 1 1
K/O q(px +9), pxdx ZK/O quxxfpdeK/ qPxpxdx

1 4
/qd <(Px)dx+K/ qPx@xdx
_K x=1
[M L, t2K / pydx + K / qiprprdx

=—-K [(p,% (1) + 92 (O)} —I—ZK/0 gofcdx—l—K/O qix@xdx,
but, by using Young’s inequality
K/ qPx@xdx < K/ widx—l—K/ @2dx.
Then,

d ! 2 2 ! 2
7 /O Pprgxdx < —K [fpx (1) + 9% (0)} +3K /0 Pdx

1 1
+K/ Pp2dx +2p1/ @rdx
0 0 (2.41)

IN

1

K [p2 (1) + 2 (0)] +6K | (gs+y)dx
1 1

+7I</ gofcdx+2p1/0 prdx

Multiplying (2.40) and (2.41) by — and = respectlvely, we find

by d .
4pezdt/ TWriprd < _E [¢§(1)+¢§(0)] <4 T2 +_)/ el

( 4€2)/ g+ S [ty

W,
+@/O z (x,l,t) dx
(2.42)



28 Global existence and exponential stability for a nonlinear Timoshenko system with
delay

and

€ 1
I‘?dt/ IPrgxdx < —e [¢§(1)+¢§(0)}+66/ (x + ) dx

—|—7€/ qozdx-i—zpl /go%dx

Then, collecting (2.38), (2.42) and (2.43), we arrive at

(2.43)

=1
[bgxtpx]io S_?E / 99 Pxidx 4 T / aprpedx + 242 / gidx
ek?\ ! b
+<66+T>/0 ((px—|—1/1)2dx—|—<7e—|—4 toets —|-—>/ Pp2dx

bpz 2 P‘z
(248 s B onom

O

Lemma 2.8. Let (¢, @1, P, Y1, z) be the solution of problem (2.6)-(2.7). The functional I3 defined
by
1 1
I; = / / e 222 (x,p,t) dodx (2.44)
0 Jo

satisﬁes fOI’ a positive constant ¢
I ()<——/lzz(x1 t)dx+—1 /11p2dx—21 (1) (2.45)
3 0 7 Ls 0 t 3 . :

1
Proof. By taking a derivative of I3 and using the facts that z; = — =% and z (x,0,t) =
Py (x, 1), we get

I (¢ —2/ / 2%z (x,0,t) zt (x, 0, t) dodx

:__/ / e 2Pz (x,0,t) 2z (x,p,t) dodx

= __/ / *2TP (x,p, )> dodx

:_1/ ([ 222 (x,p,t )]p:1+27/1e_2wzz (x,p t)dp) dx
T Jo " lp=0 0 "

— _1 /1 <€ 2722 (x 1 t) - ZZ (x 0 t)) d.x — 2/1 /1e ZTPZZ (x 10 t) dpdx
T .Jo T n 0 JO "

— /1 z2 (x,1,t)dx + 1 /1 2dx — 21 (1)
T Jo T rJo ll)t 3 '
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Lemma 2.9. Let (@, ¢, 1, Wy, z) be the solution of problem (2.6)-(2.7). The following Lyapunov
functional L defined by

L) = ME(t)—|—%Il (£)+ NL (£) + ] (1 /qgot(pxdx
(2.46)

b 1
+%/0 qrprdx + I (t)

satisfies, for M large enough, that there exist two positive constants -y and 7y, depending on M,

N and €, such that for any t > 0,
T1E(t) < L(t) < mE(t). (2.47)

Proof. We consider the functional

H(t)= £(t)—ME(t)

1
= g11(15)+le()+]( /q(Pt(dex
b 1
+% qipxdx + I3 (t)

We have, from (2.29),(2.31), (2.44) and (2.35)

1
|H (t)] S%‘—/O (Pl§0§0t+P21/JlPt)dx_7’l1 ¢2dx

1
82| [ ozt + prguw) dx + L /0 yPx

€ 1
+ pz/o Pt (ox+¢) dx+.02/0 Prpedx| + ’%/O q9rxdx

1 1
+ ‘/ / e 2™z2 (x,p,t) dodx| .
0 Jo

It follows from Young’s and Poincaré’s inequalities, (2.34) and ¢2 < 2 (¢, + 1,0)2 + 292

b rl
el

that
1, L. 1 ) 1,
|H (t)] gtxl/ gotdx+0¢2/ 1ptdx+oc3/0 (px+ ) dx+1x4/0 Pydx

+/ / (x,p,t)dpdx,
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such that a;|,_1; are positive constants determined as follows:

%) =¥+%+%+§—2,
2 =%+’)2—2+2€%,
| :%+%+%+N;2+N51+szl+%+2€%+f—é
Then,
[H (1) < CE(t),
such that

2max {oy, ap, k3, 04}

C="— :
min {pl;PZ/ b/ gr K}

It means that

|£ (t) — ME (t)] < CE(t).

choosing M large enough so that y; = M —C,y; = M+ C > 0.

Then,
ME(t) < £(t) < 12E().
O
Theorem 2.2. Assume that (2.3), (2.4) , uy < py and 2—1 = % hold. Then, with respect to mild
2
solution, there exist C > 0 and 7 > 0 such that
E(t)<Ce™™, t>0. (2.48)

Proof. By taking a derivative of £ and using (2.13), (2.30), (2.33), (2.36), (2.42), (2.43) and
(2.45), we get

1 epr d (1
L= ghO+NEO+T )+ R [ agigud

bd (1
22 w1 (1)
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P2 P1 Hi , bpa /
<
( MC +p2+N( +p)+K+2 —|—|2 ) l/Jt

W5 Nua 15 P‘z_f /12
+< MC+ 2 + =+ 2+ 15 T) 2 (01, ) dx

K K2\ 1
+( pl—{—Np A+2pl /¢dx+(—§+6e+€T)/ (¢x + ) dx

b+e b? )
‘Jl‘( 3 +c—N (b ]/lz/\)+7€+4—+2—+ +@)/1de
1 ”~
+(-N-1) [ fp)ax
At this point we have to choose our constants carefully.

First, choosing A small enough such that

b
A< —.
2“142

Then, selecting N large enough so that

Nb _ b+e c o
s Tet — 4 42 4 7
1 =g tetret Tt ety T

€ < min — .
= K2’
6+ 4 32

1
A o

Finally, choosing M large enough. So that, there exists a positive constant 7, such that

Then,

Also,

which yields with (2.47)

an integration over (0, t), we get

implies that



CHAPTER

Existence and new general decay results for a

viscoelastic Timoshenko system

3.1 Presentation of the problem

In this work, we consider the following viscoelastic-type Timoshenko system:

(

p19e — K(px + ), =0,

2t — B+ K (9 +9)+ [ (09 s (5)ds =0,

¢(0,t) =@ (L t) =9 (0,t) = ¢ (L t) =0, (P)
¢ (x,0) = @o (x), 91 (x,0) = ¢1 (x),

¥ (x,0) = o (x), 91 (x,0) = 91 (x),

\

where ¢ is the transverse displacement, 1 is the rotational angle of the Timoshenko beam
(x,t) € (0,L) x (0,00),b,K, p1, p2 are positive physical constants, ¢g, ¢1, o, P1 are given
data and g is a relaxation function sutisfying some conditions to be specified later on. In
this chapter, we state some preliminary results, the existence and uniqueness theorem
of the solution and we state and prove some technical lemmas that are necessary to

establish the general stability of our problem.
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3.2 Preliminaries

Assumptions
(A.1) We assume that the relaxation function g satisfies the following:

g :[0,+00) — (0, +00) is a non-increasing differentiable function such that

—+o00
b—/ g(s)ds=1>0.
0

(A.2) There exists a non-increasing differentiable function ¢ : [0,00) — (0, +0c0) and
a Cl-function H : [0, 4+00) — [0, +00) which is either linear or strictly increasing and

strictly convex C2-function on (0,7] , 7 < g(0) , with H(0) = H'(0) = 0 such that
§'(t) < —¢(H)H(g(t), Vt=0. (3.1)
Remark 3.1. [14]
@ From Assumption (A.1), we can show that
tli)rfwg(t) =0 and g(t) < ?, vt > 0.
Also, Assumption (A.2) entails that, that exists typ > 0 such that
g(to) =r and g(t) <r, Vt>t.
The non-increasing property of g gives
0 < g(to) < g(t) < g(0), Vt e [0,t].
The continuity of H yields, for two positive constants a and b,
a<H(g(t) <b, Vte]0,to].

Consequently, for any ¢ € [0, to], we have

g'(t) < —8(t)H(g(t))

< —ag(t)
=~ =)
< —ag(t)
— " _&()g(h),
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then,

ez < -9, vieon). 62)

a

@ Any strictly increasing and strictly convex C2-function H defined on (0, 7], with
H (0) = H' (0) = 0, has an extention H which is a strictly increasing and strictly
convex C2-function on (0, +00) . For example, we can define H, for any t > r, by

H" (r)

H(t) = 5

P4 (H (r) — H' (1)) t + (H )+ 02y r) .
Lemma 3.1. [16] For g,w € C'(Ry;R), we have
2/ wt/ (t —s)w(s)ds = %{/OL (/Otg(s)ds) |w(t)|2dx—(gow)(t)]

) [ ()P dx+ (g ow)(1)

Theorem 3.1. [14] Let (9o, 1), (Yo, ¥1) € H} (0,L) x L?(0, L) be given. Assume that g

(3.3)

satisfies hypothesis (A.1). Then, problem (P) has a unique global (weak) solution
o, €C (R+;H3 (0,L)> nct (IR+;L2 (o,L)) .

Moreover, if (¢o, 91), (o, 91) € H*(0,L) N HJ (0,L) x H} (0, L), then the problem has a

unique strong solution
o, p€C (]R+;H2 (0,L) N H} (O,L)) nct <1R+;H(1) (0,L)> N2 (]R+;H2 (O,L)) .
Lemma 3.2. [4] Let (¢, ) be the solution of (P). Then, we introduce the energy functional

B0 =5 [ (e pavi+ (0 [ 565 ) g3+ Klout 9)?) ot L (5090 (1)
(3.4)

/ 1 L 1, ., 1
E(t)=—§g(t)/0 Yidx+ 5 (o) () < 5 (8 ows) () <0, VE=20,  (35)

where forany v € L2 (R4+;L2(0,L)),

loc

(gov)( / / (t—5s) — v (s))* dsdx.

Proof. By multiplying equations in (P) by ¢; and ¢; respectively and integrating over
(0,L)
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/

L L
Pl/o Prrdx — K/O (px + ), prdx =0,

L L L
Pz/ Prrprdx — b/ PrxPrdx + K/O (px + ) Prdx

—i—/ l[Jt/ S) Yy (s) dsdx = 0.

By using integratlon by parts and boundary conditions, we obtain

(

> dt/ @?dHK/ (px + ) pudx =0,

d
%E/o W2d +——/ 1p§dx+l</ (px + ) Prdx (3.6)

L t
—/0 th/o g (t—s) Py (s)dsdx = 0.

By summing (3.6); and (3.6), and using (3.3) we obtain

2 ~s e 2
Zdt/ (”dedt/ pidx +2dt/ (¢ +9) dx+2dt/ Y

—Ea ds/ ledeF EE (goyx) (1) 58 (t)/o prdx — 5 (8/0%) (t) =0,

implies

d 01 02 L 2 k L 2 b_l £ L 2
dt{ /fPtdeF?/o ¢tdx+§/() (px + ) dx + 573 Og(s)ds /Oll)xdx

+% (gosbx)} = —%g (t) /OL Yiedx + % (8 0 yx) (B).

Then,
E(t) = pl/ (pdx+p2/ lPtde+2/ %"’l/’)
1 rt
+(5—5 g(e)as) [ ians L gov
and
/ 1 k Lo
E'()) = =58 (1) | v3dx+5 (s ow) () <0, (3.7)
[l

Lemma 3.3. [17] Assume that condition (A.1) holds. Then for any v € L2 (R4;L?(0,L)),

we have

/OL (/Otg(t —$)(o(t) - v(s))ds)zdx < Calhoo)(t), Wt>0, (3.8)
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such that for any 0 < a <1,

3.3 Some important lemmas
Lemma 3.4. Assume that (A.1) and (A.2) hold. Then, the functional F is given by
L t
F(t)=—p2 [ e [ gt=5)((t) = (s)) dsd

satisfies, along the solution of (P) and for any 0 < 6 < 1, the estimate

P/(t) < —p (/Otg(s)ds—é) /OLlPtZdX+5K/()L ((Px+lp)2dx
(3.9)
+(5/0L1/)§dx+§(ca+1) (hoy) (1).
Proof. By differentiating F we obtain
F'(t) = —pz/ gbtt/ (t—s) — 1 (s)) dsdx
o [0 [ g9 <¢<t>—¢<s>>dsdx—pz/otzp%/otgu—s)dsdx.
By using equation (P),, we get
F)= [ (~bputKiprt )+ 809 pue(ds) [[g(-9) (1)~ p () dsdy
o [ [ &) W0 p)dsdx g [ 97 [ g (1) dsax
= [T [ 8- (0 (1)~ (5) s
K[ (et w) [ 8 (-9) (0 (1)~ (5)) dsi
(a9 ) [g-9 w0 -y dsaa
oo [ e[S - @)~ p(o)dstr—pr [ 97 [ g (1) dsdx

By using integration by parts and boundary conditions and adding and subtracting the



3.3 Some important lemmas 37

term Py (t), we get

P = b [ g [ 8(-5) (e (1)~ 9 (5)) dstx
[ 89 (e ()~ n (1) s [ g (1) (0 (1) — 1 (5))
gt g s [ —5) (@)~ () dsx
4k [0 <Px+w/ (t—35) (1 (1) — p (s)) dsd

—Pz/ 1Pt/g (t—s) P (s))dsdx — pz/ 1/Jt/ (t —s)dsdx.

By using integration by parts and boundary conditions, we get

F (1) = b/wa/tga—s) (i (1) — e (5)) dd

+/ (/ (t—5) (s () — ¢x<s>>ds)2dx
/ ds/ 1/)x/ (t—s) (Px (t) — px (s)) dsdx

i [ cpxw/ (t=5) ( (1) =  (s)) dsdx

—92/ 1Pt/g (t—s) P (s))dsdx — pz/ 1/Jt/ (t —s)dsdx.
Then

)= (0= [[0s) [Fo [50-5) (0 (0) -y (5)) dst

+I</L<q)x+¢>/tg<t—s> (4 (1)~ p (5)) dd

s ([et-9w0- wx<s>>ds)2dx—pz(/(fg(t—s)ds)/(fw%dx

—Pz/ tpt/g (t—s) ¥ (s)) dsdx.
Now, we estimate the terms in the right side of the above equation.

First, using Young's inequality and (3.8), forany 0 < 6 < 1,

(o= [ @) [ s [[50=5) 00 = s (o)
<o [f e k(o= [sa) [([s0-900-poa) e

L
<o [+ SCulhow) ().
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Second, we have for any 6 > 0,

K[ (ge+w) [[800-5) (9 0) -~y () dstx
; 2
<ok [ peryPar e g [ ([e@-9 w0 -po)as) dx
L ) c
<OK [ (@x+ 9 dx+5Cu (o) (1)

L c
< 51</0 (gx+ ) dx + SCu (ho ) (¢)
Third, for0 < 6 < 1

t 2
/OL(/O (t—s) (Py () — tpx(s))ds) dxgc,x(hogux)(t)ggca(ho%)(t),

Fourth, exploiting Young’s inequality and (3.8),we get, forany0 <6 < 1,

—pz/Lwt/tg'a—s) (4 (1)~ p (5)) dsd
—PZ/ RIS ¢’())d5dx—P2/ wt/agt—s (9 (1)~ (5)) dsddx
_2.02/ l[de+ (/ \/h t—s \/h t—s) w(s))ds)de

292/ ¢%2dx+g§ o (/Otg(t—s) (tp(t)—lp(s))ds>2dx

<(5p2/ (n dx+2(5 (/th(s)ds> (ho) (t)+§C,X(ho1p) (1)

<5p2/ W2dx + & (ca+1) (ho ) (1)

Collecting all the above estimates, we obtain,

F(t)< —p2 (/Otg(s)ds—d) /()Llptzdx+(5K/()L((px+1,b)2dx

L 5 C
+5/0 gbxdx+5(ca+1) (hoty) (t).

Lemma 3.5. Assume that (A.1) and (A.2) hold. Then, the functional I, is given by

L
Li(t) = —/O (199t + p2tpipt) dx

satisfies, along the solution of (P), the estimate

L L L
I (t) < —/O (plqO?erzw?) derK/O (¢x+¢)2dX+C/O prdx +cCo (o) (1).
(3.10)
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Proof. Differentiating I; we obtain

L L L
I (t) = - /0 (0107 + p2? ) dx — /0 P19Prdx — /O P2 pudx.

Using equations in (P)

I (t) = —/OL (0107 + p29?) dx—K/()qu(¢x+lll)xdx—b/OLlPxxdx

L L t
K [T lpx e p)dxt [ 9 [ g (t=5) s (s) dsx

Using integration by parts and boundary conditions and adding and subtracting the

term Py (t) , we get

I () = —/()L<p1(pt+pzlpt>dx—l—1</ 9x (9x+ ) dx+b/ Pldx
K [Tyt wyans [Co [ gt -5 g o) dsix
= —/O (pl¢t+pz¢t)dx+1</ (px +9) dX+b/ Prdx
[T [ 85 @ () — e D st [ [ (=) (1) dsc
- —/O (p1¢f+pz¢t)dX+K/ (¢x + 1) dxH)/ Pprdx
/wx/ t—sdsdx+/ wx/ (£ —5) (s () — x (5)) dsdx

= —/0 (m(pf+pz¢t)dx+l</ (px +¢) dH(b /Otg(S)dS)/OLtP?cdx

[ e [ 8= 9) (1) — ) o

Using Young's inequality

L) < —/OL (0197 + p29?) dx+I</OL(<Px+lP)2dx+ (b—/otg(S)dS) /OLIIJ%dx

w0 [ s 5 [0 ([s -9 00— v (s))ds)zdx

L L L
< — [ (o193 +pa9?) dr+ K [ (px+9)dxtc [ yddx4cCo (o) (1),
0

Lemma 3.6. Assume that (A.1) and (A.2) hold. Then, the functional I, (t) is given by

I ( PZ/ P (9 + ¢) dx—|— /(Pthde——/ (pt/ (t — ) Py (s) dsdx
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satisfies, along the solution of (P) and for any 0 < 6 < 1, the estimate

g < [(w [st-onea) o] k[ i pra
—i—cep1/ qotdx+p2/ P2dx + = /1p2dx

PGt o) 0+ (" p2) [ pupt

(3.11)

Proof. Differentiating I, we obtain

L L bor L
I (t) = Pz/o it (px + ) dx+92/0 ¢t(§0xt+¢t)dx+%/0 Priprdx
L L t
oy =B [Tou [ (8= 5) g (5) dsdx

/got/g (t—s)x (s dsdx— /gotlpx

Using equations in (P), adding and subtracting the term ¢, (f) , we get

L L L t
| v (s ) dx—K [ (o 9P dx— [ (o) [ g (=) s (5) sy
L L
oo [ (gup) dx b [ (@x+9),
L L t
[ gz — [ (ox+9), [ 8 (=5 i (5) dsd
L t
B g [ ) e () s B 0) [ i s
L L
= /0 bgbqu)xdx—k/o btpxxtpdx—K/O ((px+1p)2dx
L t L t
—/0 q)x/og(t—s)lpxx(s)dsdx—/o ¢/Og(t—s)tpxx(s)dsdx
L L L L
+p2/0 goxt1ptdx+p2/0 1pt2dx—|—b/0 gb%dx—kb/o Py Pxxdx
L L t
+%/0 (ptgbxtdx—/o l/Jx/O g (t—s) Py (s)dsdx

-/ g / g (£ ) () dsdx — Pl (0) /0L 91z (s) dx

t L t
L[ gt [ (1= 5)ds + B [ [ (1) (e (1) — e 5)) ot
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Using integration by parts and boundary conditions
B = [pegi5 b [ egeadx b [ e K [ (gt 92
o [st-9nwa] 4 [ qvxx/g(t—s)sz(s)dsdx
+/ sz/ (t—5) Py (s )dsdx—pz/o g[)tlpxtdx—i—pz/ wtdx+b/ P2dx
b [t 0 [ s — [ [0 0ysts
- /OL Pxx /Otg(t—S) x (5) dsdx — —g / Pripx (s
0) /OL Pripxd x——g / Pripxdx

L [0 [ (0 5) (e (1) — s () .

Then,
k0= (- [st-onea) o] k[ i

L
+ (b——pz) / Prpxedx + 02 / pdx — b g(t) /0 Priprdx

L[ g0 [ 869 (e (1) — i () o

Using Young's inequality and the decrease of g, we obtain

x=L L
/ _ . 2
Bo< |(tn [s-pds) o] <K [ (pirp)ias
L L L
+<%—pz> / Prpudx + o / yhdx+ g (0)e /0 grdx
+m /q)ﬁdx+ /gofdx
2
4K€/ </g (t—s) (P () — 1px(s))ds> dx
x=L L
(bpe= [[st=9peras) o] <K [ (gerpyx
—i—cep1/ qotdx+p2/ Pp2dx + = /1p2dx

+£ (Ca+1) (hoyy)(t) + <b_ - 102) / Pripsidx,

IN
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because, by using Cauchy-Schwarz’s inequality, we obtain that

/L (/tg'(t—S) (P (t) — (s))ds)zdx

_/ (/ (ag (t—s) - h(t_s))(ll’x(t)—¢x(5))ds>2dx

2

— [ ([ s =9 @0 = gD ds— [ h=9) (e 0) = pi ()
<2/ (/ ag (t—s) ()—¢x(s))ds)2dx+2/0L (/Oth(t—s)(gbx(t)—¢x(s))ds>2dx
< 2C4 (hoyy) ( / </< t—s) ds/ot( h(t_s))z(lpx(t)—‘Px(S))zdS)dx

< 2C, (hoy) ( / s)ds (hoy) (t)

< c(Cat1) (hoyy)(H).
O

Lemma 3.7. Assume that (A.1) and (A.2) hold. Let m (x) = 2 — %x,for x € [0,L]. Then, for
any 0 < € < 1, the functional I3 defined by

L
B =2 [T w (b= 3= 9 pe(s)ds) dr B [T (x) ugucs
satisfies, along the solution of (P), the estimate

B0 < g (bpeL— 809 v (L))

2

L (b% (O,t)—/otg(t—S) ¥x (0,5) ds) —e (@ (L1 +i(01)

2

1 L 2 F oy
+{gtee K/o (px+9) dx—{—cepl/o @idx

L L
200 [ yhx+ 5 [T+ 5 (Gt 1) (o) (1),
(3.12)

Proof. Differentiating I3 we obtain

I (t) = %/Lm(x)lpﬁ<b¢x / (t—s) Py (s)d )dx
ZZ/ m(x) g (bll’xf— / g (t =) x (5)ds = g (0) ¢ (t)) dx

Iil X) Qrpxdx + — / X) Qr@xrdx.
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Using equations in (P), we get

B0 = 3 [ @ (0 - Kot 9)— [g-9)p(s)5) (b9

—/Otg(t—s) Px (s)d )dx+€fb/o m (x) prpuadx — 2 (0) /OLm(x) Prpydx

2 ) [ (6 5) g () dstx e [ m(3) (et ), e

€ L
% | () proudx

_ 41—6/0Lm(x)(blpxx—/otg(t_s)'vb’CX(s) )(b% / (t—5)¢x(s)d )x

g @ @t w) (b9 [g -9 )

_|_

b L L
022 [ o) it~ £2.0) [ m () it € [ (2) gt
L L L
ve [ (x) pepudx + B [T (x) e — B2 0) [ (x) gy

02 [L b ;
" ke Jy m (x) iy 5 Q' (t—s) Py (s)dsdx.
We have, by adding and subtracting 1y (t)

_é%g( )/OLm(x) Priprdx — &/OLm(x) ¢t/()tg/(t—s) Py (s) dsdx

- —Z—Zg( )/OL (x )'P”’bxdx_p_z/o m (x) lPt’IJx/Otg' (t — ) dsdx
Z(Z-: / m (x) ¢t/0 g (t—5) (Yx (t) — x (s)) dsdx

=220 )/OLm(x) pepet — 2 (5 (1) —g(O))/OLm(x) I,
ZZ / m (x) §r /Otg, (t—s) (Px (t) — Px (s)) dsdx

=22 Mo [ (0 9) (e ()~ o (9)) dsdr P25 1) [ (x) e

and we have, by using integration by parts and boundary conditions:

b L b L d
%/0 m (x) Pryrdx :%/0 m (x) —1pt2dx

_ p2b 1 2] sz/ 2
T e { 1 a o (%) grdx

b
= / 5 x) pidx.
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Also, we have

%/OLm(x)(b¢xx_/(th(t—S)¢xx(S) )(bl[}x / (t—s) ¢y (s)d )dx
L o (o [0
:41€[; ()<b¢x / (t— )Py (s)d )TL

[ (o [st- g o

0

x=0

2

:41_6 [— (b¢x(L,t)—/Otg(t—s)z,bx(L,s)ds) - (btpx(O,t)—/Otg(t—s)tpx(o,s)ds)z
_% : ()(b¢x / (t—s)gbx()ds)zdx],

L L d
6/0 m(x) @rxxPxdx = 6/0 m (x )Zd @>dx

and
ep1 [* €p1
B[ m () pupudx = B [V (x) o ghd
€p1 217t _ep1 2
|:2Km( )(Pf]x —0 2K m (x) q)tdx
€p1
- 2K ( )q)tdx
Then,

2

L= [— (b )= [ gt =5) s (L,9)ds) = (b (0,1

L

—/(fg(t—swpx ©.9)d5) =3 [ ) (b= [ gt =) s (s>d5)2dx
—K/ ) (gx+ ) (wa / (£ —5) Py (s)d )dx

bk, :
B2 [T ) gh = pag (1) [ (3) gt

0
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b [ m ()9 [ (=9 (9 1) = e (5) st
|-t +eion- ; il (x) gl

1
+/ X) Pxpxx — SK m' (x )qvtdxl
Now, we estimate the terms of the above equation.

From the boundedness of m and g, we get

@ (o [s-w ) @

§c/0 (bl[]x / (t—S)lPx()dS)2dx
<o [ yare [ (a9 e - penas) ax
—i—c/OL(/Otg(t—s)lpx(t)ds)zdx

L
< c/o Y2dx + cCo (o ) (1) .

Then,
1 1 (L ?
E<_§/0 ()(blpx / (t—5)¢x(s)d ) dx)
gg/Lw,%dcha(howx)(t),
512 m' (x )qvtdx<cep1/ grdx
and
L
_%eb/o prdx < pz/ Prdx.

It follows from Young’s inequality that

e @ @) (b [Cg-9pu(s)ds)
_4K/ (x4 ) dx + = /(bl[)x / (t—s)tpx()ds>2dx
g%lK/()L(¢x+¢)2dx+é/0Ltp§dx+é OL (/Otg(t—s)lpx(s)ds>2dx

1 L L L/ gt 2
gZK/() ((px+¢,)2dx+é/0 gbidane—cz ; (/Og(t—s)lpx(t)ds) dx
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5[ (/Otg(t—S) <¢x<s>—wx<t>>ds)2dx

62
1 L 2 c (L, c
< = _ _
_41</O (px+¢) dx+€2/0 prdx + 5Co (hoyy) (1),

_ L I L
= (t)/o m (x) Yupadx < 2 /0 Yhdx+ /0 y2dx
and . t
Z_Z/o m(x) i /0 8 (£ =) (x (t) — P (s)) dsdx
L
0

<opn [ was & [ ([[80-9 00— g as) e

L 5 c
<oz [ hdx+ 5 (Cot 1) (ho ) ().

It follows from Young’s and Poincaré’s inequalities that

L

e/o m (x) @xPxdx
L L

< ceK/ (p,zcdx—kce/ tpidx
0 0
L ) L L

< ceK/ (px+ ) dx+ceI</ ¢2dx+ce/ w,zcdx
0 0 0

L L
< ceK/ (¢x +1/J)2dx+ce/ P2dx
0 0

and
< Lm’(x) 2dx < ce/L 2dx
2 0 (Px — 0 (Px
L 5 L
< ceK/ (px+ ) dx+ce/ P2dx
0 0
L ) L
< ceK/ (px + 1) dx+ce/ P2dx.
0 0
Then,

B0 g (o= [st-9pws) ds)2
- (wa (0,1) —/Otga—s) x (0,5) ds)2—e(¢i<L,t>+(p§ (0,1))
+ CIJrce) K/OL(goerz/J)zdercepl/oL(Pfdx

L L
gpz/o ¢gdx+€_g/0 ¢§dx+§<ca+1) (hos) (t).



3.3 Some important lemmas 47

Lemma 3.8. Assume that (A.1) and (A.2) hold, after fixing € small enough, the functional 1
defined by

I (t) =3cel[ + L+ I3

satisfies, along the solution of (P) and for some constant c1 > 0, the estimate

/ K [t 2 b 2 k 2
1)< —5 [ (oxryPdx—cipr [ glr+ap [ yax
(3.13)

L
v [ gxsc(Cor 1) (o) (0 + (02 = pa) [ g

Proof. Differentiating I3 we obtain

I'(t) = 3cely + I+ I}

IN

L L L
_3ce/0 (plcp% + pzlP%) dx + 3ceK/ (¢x + ) dx + C/o W2dx 4 cCy (ho 1) (1)

(o [ae-9e@) 0]k [N i
veepy [ gtdxtpn [ ghdx+ € [+ S (Cot1) (o) (0

2

b t
(" pa) [ ppatx = i (b (L) = [ 3= 9) g (5) )
1 t 2
e (00— [5t-9p09a) —e(R L0+ 0n)
L L L
+ (411 + ce) K/o (px + 1/’)2 dx 4 cepq /0 gofdx + gpz/o 1/)t2dx

L
+5 [ v S (G ) (o) (1)

By using the following inequality

2

(o= [ gt-9pe(eds) g < oo (bp =[5 -5) 9 (0)5) +eg?,
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we get
x=L

(b0 [[st=9pel1as) o]

— (L)~ [[g(t=5) e (L)) r (L1
_ (b¢x (0,t) — /Otg (t—s) Py (0,5)ds ) x(0,1)

2

< (btpx(L t) — /Otg(t—S) wx(L,S)dS)2+€¢§(L,t)
s) + €2 (0,t).

1 t
(900 [gt-9p:0.94
. 3 1 ) .
Then, choosing € so that 4ce — 1 < — 5 and setting c¢; = ce, we obtain the result that

/ K b 2 k 2 k 2
)= =5 ) (@x+9) dx—clm/o (Ptdx_'_CpZ/ Yrdx

L
+c/0 $2dx + ¢ (Co + 1) (ho ) (1) + <b——p2>/ Pripurdx.

O]
Lemma 3.9. Assume that (A.1) and (A.2) hold. Then, the functional | is given by
L
10 = [ (prwge + paypipr) d
satisfies, along the solution of (P), the estimate
2 2 Cu
0 <o [ abix+ Son [ypar— [ ar s SE0op) (), Ve >0,
(3.14)
where
1 L x
w(xt) =1 (/ t/)(y,t)dy)x—/ p (v, t)dy,
which solves
—Wyy =1y, w(0)=w(L)=0 (3.15)

and satisfies for some c; > 0,

L L L L
/ widx < / W?dx  and / wdx < cz/ Prdx. (3.16)
0 0 0 0
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Proof. Differentiating | and using equations in (P), we obtain
L L L L
= / p1w@rdx + / p1w@pdx + / p2rdx + /0 2P pydx
—/ 91Wtq0tdx+/ pzw?dHK/ (pr+9),d
L t
/0 ¥ (blpxx—K(pr+’vb) _/0 8 (£ —=5) Pxx (s)ds) dx
—/ plwf(ptder/ p2¢t2dx+K/ w(px + 1), dx+/ bipiprrdx

—K/ P (ox+ 1) dx—/ gb/ (t —s) xx (s) dsdx.
We have, by using integration by parts and boundary conditions
L L
b / Pipeedx = —b / P2dx
0 0

and

—/OLl[J tg(t—s)tpxx(s)dsdx

0

L t

= ; Py Og(t—s)tpx(s)dsdx

L t

L t
= [ 0s [ 8(t=9) (9x (&) = g () dsix+ [ [ g (¢ —5) (1) dsax

0

L t L t
= [ 0g(t—s)<¢x<s>—¢x<t>>dsdx+/ y2 [ g (t—s)dsax

:/()Llpx/otg(t—s)(tpx(s) dsdx+/ l/Jx/ s) dsdx,

by using integration by parts and (3.15)
L L
K [ w0 (px+9),dx—K [ (px+ ) dx
L L L L
= K/ w(pxxdx+K/ wipydx — K/ Pp?dx — K/ Poydx
0 0 0 0
L L L L
= K/ wxx(pdx+K/ wz,bxdx+K/ Pypdx —K/ Pdx
0 0 0 0
L L L
= K/ (Wxx + Px) pdx — K/ WWyrxdx — K/ P dx
0 0 0
L L
= K/ widx — K/ Pdx
0 0

L
:K/O <w§
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Then,

"(t) = /OLwtgotdx—i—pz/OLgbtzdx— <b—/ ds)/ W2dx
+/0Llpx/0tg(t—s) (1px(s)—1/)x(t))dsdx+K/0 (wi—zpz) dx.

Now, for the estimation of J/,we have for all ey > 0,

Y wrprdx < €op q)zdx + —p w?dx

< € /L Zalirl /szdx
> €0P1 0 ¢t eopz 0 rax,
t L L
— (b—/ g(s)ds)/ Pprdx < —l/ P2dx,
0 0 0

K/ dx<K/ W2dx — K/ $2dx <0

and, using Young’s inequality

using (3.16)

/L P /tg(t —8) (Px (8) — P« (t)) dsdx

/lpid“rzz/ (/ (t=s (‘/Jx(S)—lPx(t))dS)zdx

_2/ P2dx +— (hoy).
Then,

I ( <eop1/ @rdx + pz/ Prdx — = /wzd —|—C—(h01/)x)

Lemma 3.10. [17] Assume that (A.1) and (A.2) hold. Then, the functional |, is defined by

:/OL/Otf(t—s)z[J,%(s)dsdx,

where f (t) = / g (s) ds, satisfies, along the solution of (P), the estimate
t

()< -3 (8000 () +30-1) [ yhx 317)
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Proof. Differentiating J;, we obtain

v

= [ [re-s %W+ft/ﬁw

[ s s o [ v

- [ om0 -no dsdx—</0 o) [/ i
4/ (/ (t—s) (1)) dsdx + (0 /¢mx

We have t
70) [yl ([ g0 [ yiix
= (70 - [ gas) [ yiix
= <f(0)+/0tf’(s)ds)/0 P2dx
= (FO+ @I [ yiax
= (1) [ g3

Then,

T (4) 2/ / (f—s) (£)) dsdx + f(t / 2dx.

To estimate ]}, using Young’s and Cauchy-Schwarz’s inequalities, we get

—2/ / (t—s) — Py (t)) dsdx

<2(b-1) / P2dx +
0

fSZ@—J)ALwﬁh%—zwll)OL(AAVSU—ﬂ)Vgﬁ—G)W&@)_¢x0»d{)dx
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Then,
L) < —(gowpx) () + f(t /lp,%dx+2 _1) / ldx

i [ [ 89 (e (s) — g (1) s

L L
< —(gop) N+ -1 [ yx+2(6-1) [ ylax
1
+5(8o9x) (1)
< __(go¢x B +3(b—1) / 2.
O]
Lemma 3.11. The functional L is defined by
L(t) =NE(t)+ NiF(t)+1(t)+ N2J ()
satisfies, for a suitable choice of N, N1, Ny > 1,
L(t) ~ E(t) (3.18)
and the estimate
L
R R ) A Y
1 b
1 6o 0+ (B =p) [ oz, izt
(3.19)
t
Proof. Differentiating £, and setting gg = / ' g(s)dsand 6 = %, and recalling that
0 1

¢’ = ag — h we obtain, for all > ¢,
L' (ty= NE'(t)+NiF (t)+I'(t) + NoJ' (1)
N L ) N / f L 2
< 580 [+ (o) (- Nipa ([ g(s)ds—a) [ yhd
L L
+N15K/0 ((px+1p)2dx+N15/O 1p§dx+N1%(Ca+1) (hopy) (1)
K (L 2 L, Lo Lo
-5 [ (px+9) dx—clfn/ ¢tdx+CP2/ tPthJrC/ Prdx
2 Jo 0 0 0
boq L Loy
+e(Cot 1) (hogn) (1) + { = — 02 /O (Ptlﬁxtdx+N2€0P1/O prdx

c L 2 e 2 Cu
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K 2 g
< _Z ; ((Px+¢) dx—(C1—N2€O)Pl/O qotdx

IN, 1 L bp
— (—2 -5 c) /0 Pp2dx + %N(gmpx) (t)+ (— —Pz) / Pripxedx

2
N N, (3.20)
= _ 2 _ 2
(2 c(4N1 +1) Cu (21 + ¢+ 4cN? )) (howps) (1.
1
(e
. IN, 1 .
Choosing N; large enough so that - g1 ¢> 4 (b —1), then pick €g so small that
— Npeg > 411 Next, we select Nj so large that goN; — 411 —C (1 + NZ) > 411
€0
ag*(s) . .
As —S——"—— < g(s), it follows from the Lebesgue Dominated Convergence Theo-
ag(s) —g'(s)
rem that
00 2
lim aCy = lim [ — 286 _g
a—0+ a—0tJo ag(s) —g'(s)

Consequently, there exists 0 < ag < 1 such thatif & < «p, then

1

aC, < N, .

1 1
Now, we take N large enough so that N > max {40 (4N? +1), ﬂ} and set & = N
0

so, we get

1
2 —
—¢(4N7 +1) > 0and o = N < «p.

*PZ

This gives,

1
NP+ 1) -G (Z;]—l+c(1+4N2)> Z;f—c(1+41\r%)—§:ﬁ—c(1+41\112)>o.

Then, we arrive at the estimate

dWs -3 0L<¢x+¢)2dx—%/L 2 "2/ Y3dx —4(b 1) / y2dx

1 op 0+ (L =) [Mguuts, vtz
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3.4 A decay result for equal speeds of wave propagation

Theorem 3.2. Let (¢o, 1), (o, 91) € Hj (0,L) x L2(0,L) . Assume that (A.1) and (A.2)
hold and
K_?
Py

Then, there exists two positive constants ki and ko such that the energy functional associated to

(3.21)

problem (P) satisfies the estimate

E(t) < kyH;! (k1 /t tg(s) ds), t > to, (3.22)

where Hy is given by

Hi (t) = /tr ﬁds and to=g 1 (r).

Proof. Starting by using estimates (3.2) and (3.7) to deduce, for any t > t,

//to — iy (£ —5))* dsdx

= (to) /L /tog( )8 (5) (x () — x (t — 5))* dsdx
“g(((:(z / /to — iy (t —5))* dsdx
g(0)
ag (to) / / — (£ —5))* dsdx
< —cE'(t).

Combining this last estimate with identity (3.21), the estimate (3.19) becomes, for some

m > 0 and for any t > ty,

L

K L L L
c < =7 [ ot war =8 [Totax B [Tytax—ao—1) [ y2ax

+1 (809 (1)

IN

—mE (t) +c (g ox) (¢)

—mE (t +c/ / — iy (£ —s))* dsdx

IN
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< —mE(t)+ c/ /to —py (t —5))* dsdx
+c/ / —py (£ —5))* dsdx
< —mE(t) —cE (¢ +c/ / — iy (£ —5))* dsdx.

By setting ¥ = L + cE ~ E, we obtain

F'(t) < +c/ / — 1y (t— ) dsdx, Yt > t. (3.23)

Case 01. H is linear: Multiplying (3.23) by ¢ (), then recalling (A.2) and (3.5), we get

EHF ()< —mE(E®) +E (1) fy [y gl — e (t =)’ dsdx
< —me(t +C/l/¢ (£) =z (t —5))*dsdx
< —mg (¢ —c/ tog (£) — Py (t — s))* dsdx

< —m&(t)E(t)—cE (t), Vt>to.
Using the non-increasing property of ¢, we have ¥ + cE ~ E and
(EF +cE)' (t) < —m&(H)E(t), Vt>t.

Putting ¢ ¥ + cE = M, then, M ~ E. So, for a positive constant k; we get

M’ (t)
M (#)

S _klg (t) s vt Z tO/
by a simple integration over (fy,t), we get

E(t) < M (tg)exp (—k1 /t:f, (s) ds) :

Then,

E (t) < kpexp (—kl /Otgf (s) ds) , Vt>0,

t
such that k; = M (tg) exp (—kl / ' ¢ (s) ds) .
0

Case 02. H is non-linear: Using lemmas 3.10 and 3.11, we conclude that

Lo= L)+ (1)
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is non-negative and satisfies, for some § > 0 and for any t > ty,

K L L L
L) <5 et Par B [Copar -2 [Cypar— - 1) [ 43
1
1 (80 9x) (t)
< —BE(t).
(3.24)

Noticing that these estimates yield

/ E(s)ds < 400
0

and

, Vit >t
Now, we define a functional 7 by
0= [ s (0= s (1= )13,
where (3.25) allows us to choose 0 < 7y < 1 such that
n(t) <1, Vt>t.
Also, we define another functional 0 by

== [ ) g () = (1 5) .

Observing that
0(t) < —cE'(t), Vt>to.

It follows from the strict convexity of H and the fact that H(0) = 0 that
H(st) <sH(t), for 0<s<1 and 7€ (0,r].

Using this fact, (A.2), (3.27) and Jensen’s inequality, we obtain

0 (1) = —% ()8 () e (8) = e (¢ = ) B s
> [ O H (g6 I () = =) s
o
7 RLCICHON IO NP IErs
L ey,

Y
(:7 ( /t:7’7 s) ||x (t) — ‘/’x(t—s)H%dS)
(/to (5) [ (1) — <t_S>H;dS)

(3.25)

(3.26)

(3.27)

(3.28)
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= S0H (3 [ 100 - g (- 9Bs), ez

where H is a C? — extention of H that is strictly increasing and strictly convex on (0, o).
This yields
f 1—- 6 (t))
2 Ly
S t) — t—s)|l5ds < —H —= |, Vt>t,
[ 8l - =) < S (T :
and (3.23) becomes
F'(t) < —mE (t)+cH (%ﬁg)) , Yt >t (3.29)

Now, for 0 < €1 < r, we define the functional #; by

A =H (6158) F () +E(t), Vt>0.

Then, using the facts that E’ < 0, H >0and H > 0, we find that /; ~ E, and for

t > ty, we have

E(0) E(0) E(0)
—(  E(t) o E(t)\ =-1 (70 (}) (330
< —-mE(t)H (elE(O)> +cH (elE(O)) H (IEW) + E'(t).
Let H' be the convex conjugate of H in the sense of Young [6] , which is given by
— —n-1 [ 1
H (s) =s (H ) (s)—H {(H ) (s)} (3.31)

and satisfies the following generalized Young's inequality

H (A)+H(B). (3.32)

(
By taking A = H' (61 E(t) ), B=H ' M) and combining (3.5), (3.30), (3.31)
and (3.32), we obtain

7 () <-mE(t)H
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1 . . .= E(t E(t
Multiplying this estimate by ¢ () and using H / (61 E ((0)) ) =H (61%) ,

€1 E(t) < Rand (3.28), we get

E (0)
EW ) < E©) - E () o B (g ) +er ()
g—mE@—wQﬂﬂE%H«é§8>—£%ﬂ
t)

<k 050 (a5

such that €; is taken even smaller and k is a positive constant. So, by setting

= {1 + cE, we obtain for two constants a, f > 0
wf (1) <E(t) <BR(t), Vit (3.33)

and by setting Hy () = TH' (€17), we arrive at

Iy (1) < —kE (t) %H’ <€1§((é))) = —k¢ (t) Hy <%) , VYt >t (3.34)

Since H) (t) = H' (e17) + e1TH" (€17), then the fact that H is increasing convex on

(0,7] lead to Hp, H} > 0 on (0,1] . By setting

af (7)

R(r) ="

(3.35)
and exploiting (3.33) and (3.34) to conclude that R ~ E and for some k; > 0,
R (t) < —ki& (t) Ho (R (t)), Vt>to.

By integration over (t,t) we get

£ R'(s)
- | 2R @>h/g

or, by taking T = R (s), then, taking s = 1T

/€1R(t0) 1 gs > & t ( )d
vy SH (52 ), ¢4

We have from (3.35)

N
—
-
(=)
~—
™
—
-
(=)
~—

€1R (t()) = €1
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Then,

r 1 ;
/elR(t) sH’ (S—)dSZkl tOC(s) ds = Hj(e1R (¢ <k1/ (s
- €1R(t) SHl_l <k1/t C(s)ds),
1 t
= R(t) < €_1H1_1 (kl /to C(s)ds) ,
1

r
where H; (t) = /t mds. So, using the fact that R ~ E we arrive at

E(t) < kyH; ! (kl /ttg(s) ds), Yt > to.

3.5 A decay result for non-equal speeds of wave propaga-
tion

Lemma 3.12. [12] Let (¢, ) be the strong solution of (P).Then, the second energy functional

is introduced by

1 rL t
E0) = 5 [ (oot onsior (b= [ ()5 ) 43+ Klpu+ 90 )

) (3.36)
+5 (80 %) (1
satisfies, for all t > 0,
E. (t) = 8 / ¢xtdx+ (8 O Pxt) — / Prrpoxxdx (3.37)
and
L
El (t)<c (E* (0) + /O gb(z)xxdx). (3.38)

Proof. By differentiating with respect to ¢, multiplying by ¢4 and ¢y respectively and
integrating over (0, L)

L L
01 /0 PretQrdx — K/o (px + ) pudx =0,

L L L
Pz/o Y prrdx — b/o PrxtPredx + K/o (@x + 1), Prdx

+/0Ll/7ft/otg/(t—s)lpxx (s) dsdx + g (0) /()L¢xx(t) e (F) dx = 0.
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By using integration by parts and boundary conditions, we get

L L
_ ﬂi/ 2

Pl/o PretQudx = 5 i Pdx,
L

Pz/o Yrrppdx = = > dt/ Phdx,
L

b/o PrxtPredx = 2dt/ 1/thdx

L

_K/o (px + )4 (Pttdx+K/0 (px + ), Predx

L L
= K/O ((Px+1P)t(thtdx+K/0 (x +¢); Pudx

L
=K [ (s +9); (@ + ) dx

CKd L )
=24t Jo ((px +9);)"dx

and, by using integration by parts and (3.3), we get
t
/0 8§ (t—5) Pxx (s)ds
t
= [ (=) gl + [ 8 (=) Pt () s

= g O) a8 () o+ [ 8= (5)

Implies
/ 1[)tt/ g S) Yy (s) dsdx
L L t
0)/0 lPxlettderg(f)/o lPxxolPttdx+/() lPtt/O g (t—5) Pxxt (s) dsdx

L L L t
0)/ 1Pxx¢ttdx+g(f)/ ’Pxxoll’ttdx—/ lPttx/O g (t—5) Pxt (s) dsdx

14T L/ rt
/ PoxPredx + g (t / ¢xx0¢ttdx- ¥ {/ </0 8(5)d5> |¢xt(t)|2dx

(g0 ta) (0] 4 28(0) [ pultVx — 1 (o) (1)

Then, by summing these results, we obtain

d L, L, L )
oo m/o %dez/O wttdx+k/0 ((gx +4),)" dx

(o= [s©a) [ vhrt(gopn 0]
1
2

, 1 L L
(80 par) ()= 38 (1) | WAdx—g (1) | Pusotudx.
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Then,
1 L L L
E0) = 5| [ ohdvien [ v ek [ (ot v), )
t L
(o= [s@ras) [ e+ (gopa) )
and

1 1 L L
E.(t) = B (g/ © lIth) (t) — Qg (t) /0 ‘Pitdx -8 (t)/o PxxoPredx.

We have, using Young’s inequality

L
Ec(1) <—5(t) | propud

1 L 2 1 L 5
< Eg (t) pz/o wttdx"i_ P_Z/O lPxdex

1 L
(1) [ ot

Sg(t)E*(t)“‘r‘z—pz

which implies

t

t t
% . (t)e—/o O I e—/o SO e—/o 2(s)ds

t
1 —/ g(s)ds (L
< — 0
szg(t)e /waxodx

1 L
< Eg (f)/o Ph0dx.

An integration over (0,1), we get

| 4 (E* (s)e s dT) ds

Il
1
ap!
*
—~~
¥
N—
x
|
o\m
[o7e}
—~
~
SN—
=
~
_ 1

5=0
implies
t
—/ q(s)ds 1t L,
0 _ < =
E.(t)e E(0) < 5 [ (0)ds [ plhodx
and ,
- s)ds t L
e h SO o) L | 8(s)ds [ uiodx,
202 Jo

then, for some constant ¢ > 0
t

E.(t) < e/O §(s)ds (E* (0) + 1 /Otg(s)ds /OL ¢§x0dx> <c <E* (0) + /OL 1p§x0dx) .
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Lemma 3.13. [12] Let (¢, ) be the strong solution of (P). Then, for any € > 0 we have
Plb L c !
K P2) ), Prmdx SeE (5 4+ ((goyn) () —E' () +g (1), VE=to. (339)

L
Proof. We have, by multiplying and dividing the term (pLKb — pz) /0 PtPxdx by

t
/ g (s) ds and adding and subtracting ¢ (s)
0

Plb

(&_PZ>/ Pripxedx = / e / Got/ (t =) (xt (£) — Pt (5)) dsdx

0
dplb

+/1<g(_)P / (Pt/ (t— ) iyt (s) dsdx.
0

First, by using Young’s inequality, we find

.01b
/ (Pt/ (t —5) (Pxt (t) — Pt (s)) dsdx

[
2/ 2dx + - /(/Otg (t—>s) 1pxt(t)—1pxt(s))ds>2dx

E(t) + (gonbxt)( ), Vit

(3.40)

I m

IN
N o

On the other hand, by integrating by parts, the fact that E and g are non-increasing and
P (x,0) = ¢ (x) , we obtain

p1b
— 02
—/ go,g/ (t —5) Pyt (s) dsdx

[ s)as

pb
/157;;/0 o (300300 [[8 0085 )
0
%—Pz L t
o [ o (30 0=y = [ (=5 (0 (0 -y 51 d5)
0

<& [ otarn € [ (50 o [[8 69 (el —peloas)
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<SE@)+° (/(fg%t) (v ars [ (8= )y <s>)ds)2dx>
< gE () + Eg (0)g(t) (/OL pidx + /OL 5 (x) dx) - g (8" owy) (1)

< SE(W+ g (0 (E(0) +0) = (¢ o) (1

<EM+ 28 ()= (g op) ()

<SE(M+-g()—<E'(H), Vizt

(3.41)
Collecting (3.40) and (3.5) , we arrive at

(M —Pz> /OL Qrpredx < €E (t) + g ((gotx) (1) —E' () +g(t), Vt=to.

]

Lemma 3.14. Assume that (A.1) and (A.2) hold with H being linear. Let (¢, ) be the strong

solution of (P). Then, for some positive constant c1 we have

C(t) (gotpxt) (1) Sc(—EL(t) +c1g(t)), Vt=0.

Proof. From (3.37) and (3.38), we have, for all t > 0 and some fixed positive constant c;

0 — (g o) () = ~2E.()~g (1) [ Yhdx—28(0) [ oot
< 2E (1) —2g (1) /O PrroWrdx
L
< 2EL()+g (1) [ (vho+vh)dx (42)
/ 2 L

< 2B +8() (2 () + [ YRiatr)
< c(~EL(H) +ag (1))

Using the fact that ¢ is non-increasing, the estimates (3.1) and (3.42), we get

C(t)(gou) (t) =C (¢ / / (t—s) (Pxt () — tpxt(s))zdsdx

= /0 /0 C(t—5)g(t—5) ($ut () — Pt (S))2 dsdx
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IN

N /OL /Ot g (t—=5) (Pt (t) — Pt (S))zdsdx
< — (8" ovu) (1)

<c(—E,(t)+c1g(t)), Vt>0.
[l

Theorem 3.3. [14] Let (9o, 1), (Yo, 1) € (H?(0,L) NH} (0,L)) x H (0,L). Assume

that (A.1) and (A.2) hold and
Kb
[

Then, there exist positive constants k1, kp and ty > to = ¢~ 1 (r) such that the energy functional

associated to problem (P) satisfies the estimate

k
E ko (f — to) Hy L ! LY , 3.43
(t) < k2 (t—to) H, ((tto)ftié(s)ds) t >t (3.43)

where H, is given by

H (t) = tH' (7).
Proof. By applying lemma 3.13 to estimate (3.19), we have, for some m > 0
/ p1b L
L (t) <c (g o lpx) (t) + (? — PZ) ‘/0 QDtlIthdx — mE (i’)

< —(m—e)E(t)+c(go¢x)<f)+§(goth—E’+g) (t)

< —miE(t) +c(gos) () +gou () —cE () +cg (), Vit

such that € is small enough and m; is a fixed positive constant.

By setting 7 = L + cE ~ E, we obtain
F' (1) < —mE(t) +c(goypx () +goyxu (t) +cg(t), Vit (3.44)

Case 01. H is linear: Multiplying (3.44) by ¢ (), then recalling (A.2) and lemma 3.14,

we obtain
CHF () <-—mGH)E®)+cC(t)(gopx(t)+gopx(t)) +cC(t)g(t)
< —m & (H) E(t) +cG(t) gox (1) + G (1) gopxe (1) + G (t) g (£)

< —miG () E(t) = cE' (t) + ¢ (—EL (t) +c1g (1) + 5 (0) g (£), V= to.



3.5 A decay result for non-equal speeds of wave propagation 65

It follows from the non-increasing property of ¢ (¢’ < 0) that
(§F +cE+cE.)' (1) < G (1) ' (1) + cE' () + cEL (1).
Implies that
(§F +cE+cE.)' () < —mg () E(t) +cg () +cC(0)g(t)

< —mqG (t) E(t) +c2g (t), Vt>ty,
where c; is a fixed positive constant.

Then,
mi&(t)E(t) < — (EF +cE+cE.) (t) +cag (t), Vt>tg.

An integration over (t,t) and exploiting the non-increasing of E, we get

t t , t
m1E (t) . ¢(s)ds < _/to (CF + cE+cEy) (s)ds+c2/t0g(s) ds
<[ @7 B+ eE) (), e [ 8(5)ds

< —(EF + cE + cEy) (1) + (&F + cE + cEy) (o) + &2 /tg (s) ds.

fo

Using the estimate (3.38), we arrive at

L
mE (¢ /c < (67 +E) (0)+E. (0)+ [ $hodr+cr(b=1)

< (@7 +eE+eE) (0)+ [ Phadxter(b-1)

Then, .
(CF +cE+cE.) (0) + /0 P2 0dx +ca (b —1)

my /t:g(s) ds

Thus, for some fixed positive constant C

E(t) <

E(t) <

t ¢ (s)ds
to

Case 02. H is nonlinear: It follows from the estimates (3.7), (3.5) and (3.42) and the

non-increasing property of ¢ that, for a fixed positive constant c; and any t > f

//to e (f—s)) dsdx—l—// ) (e () — s (£ — 5))? sl

10) /OL /OtOC(S)g(S) (x (£) — x (t —s))* dsdx
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/ /to ) (xt (£) — st (£ — 5))° dsdx

fo

— Py (t— s))? dsdx

/ /to ) (Pt (1) — Pt (t —5))” dsdx

5
B g / /to ¢X(t—5)) dsdx
((é / /to ) (st (£) — Pt (£ — 5))° dsdx

< g / / —py (t —5))* dsdx

/ / ) (Pt (F) — g (£ — s))2 dsdx

< —c(E'(t) + EL (1)) + c2g (1) -

Applying this estimate to (3.44), we find, for a fixed positive constant cz and t > t

F'(t) < —mE(t) +c(gopx () +go¢u (1)) +cg(f)

< —mE(t)—c(E (t)+E,(t) +cg (t) +cg (t)
< —mE(t) —c (E'(t) + EL (1)) +c3g (1)

+f/ / 1) = e (£—5))% + (e () — pur (£ — 5))?) dsdx
< —mE(t)—c(E' () +E, (1) +c3g (1)

e [ 8) (I 6) = e (0= 9)IE + 190 (1) — s (¢ = )12) s
(3.45)

Now, we define a functional # by

10 = 1 [ (1 (0 = s (=) B+ s (1) = s ¢ = 9)[3) s

t—to

It follows from the estimates (3.4), (3.5), (3.36) and (3.38) that

e () = =) B s (1) = g ()13

2 t
< i (e 1B 1 (= 93 e (015 + e (¢ = )11) s
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< ﬁ /t: (E(t) + E(t — ) + Eu(£) + Eo(t — ) ds

5;Taééaﬁléj(E<o>+1:(E40>+14L4%mdx))¢h
< ﬁ (E(O) +c (E*(O) +/OL gb%xxdx>) /t: ds

<8 E0)+c E(0)+/L Zodx | ) < 4o, V>t
=7 * OlPOxx ’ 0/

which allows us to choose 0 < 7y < 1 such that
n(t) <1, Vt>t. (3.46)
We define an other functional 0 by
0(t) = o t t 2 t t 2)d
== | &) (19 (8 = e (6 =) B+ e (1) = e (¢ = 9)I3) s
Noticing that, for a fixed positive constant c4
0(t) <—gopx(t)—g opu(t)
< —cE' (t) —c (E, (t) + c184(1)) (3.47)

< —c(E'(t) + E, () +c4g(t)), Vt> to.

It follows from the strict convexity of H and the fact that H(0) = 0 that
H(st) <sH(t), for 0<s<1 and 7€ (0,r].

Exploiting this fact with (3.1), the non-increasing property of ¢ and Jensen’s inequality,

we get, for any t > t

0t) == [['8'(5) (I (6= (6= ) B+ s (1) s (6 —)13) s
i [ 1O (195 0 = g (= 9+ s () = i ¢ =) ) s
> i O H @) (19 (0= e =)+ [ ()= e (1= )13) s
> S [ B 0906 (19 (0= e ¢ =)+ [ () = e (1= 9)13) s
> e [Ha 036 (40 - g (=913

2

+ |1t (£) — e (£ — S)||2) ds
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> (2 tf)y) o ((t - tZ) 10 /t:” (1 (5) (119 (6) = 9« 1 =)l

+ [t (1) — e (£ — s)||§) ds)

> (t— tg)é(t)H ((tjto) /totg(s) (||sz (£) — i (t—5)||2
+ llipxe (8) — xe (£ —5) ||§> ds>
(t—to) ¢ (t) =

= SO (T [ (I )= = 9)1B

2
+ 9at (1) = 9t (£ =5)3) ),
where H is a C? — extention of H that is strictly increasing and strictly convex on (0, o).

This yields, for all ¢ > tg

t t—tom1 [ Y0 (t)
[ 060 (195 )= =)+ D () — g 6 =) 1) s < 0 (200 ).

Then, the estimate (3.45) becomes, for all t > t

/ , , t—tg——1 70 ()
F'(t) < —mE(t) —c (E' (£) + EL (t)) +c3g (£) + ¢ - “H (m)

Setting 71 = F + cE + cE,, we obtain, for all t > £

, t—to—1( B (t)
F (f) < —myE (t) +c38 () + CTOH (M) . (3.48)

Let 7 be a functional defined for 0 < €; < r by

R (t) = H (t ilt()'%) F, Vt>t.

Exploiting (3.48), the facts that H' > 0, H” > 0 and E’ < 0, we arrive at

le(t) :< €1 E’(t)_ €1 E(t))H//< €1 w),‘fl(t)

t—to E(0)  (t—ty)*E(0) t — to E(0)
e (9 EO)

t —to E(0)
< (—m1E (t) +c3g (1) +Ct ;toﬁ_l (_g(t;y(zt(i to)) H (t ilto%)
<-mEWH (2 HS ) res 0 (25

(3.49)
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Let H' be the convex conjugate of H as in (3.31), by taking

= ( e E(t) =1 70 (1)
A=t (t - to'E<o>) and B=H (e:m (t—1))
then, with using (3.31), (3.32) and (3.49), we find that

7 (1)< —mEOH (tiltoi((éD +all (tilto%) s

(T qwaem)) 7 (7 (o)

_ —m1E<t)H’(t_t0§((o§)+ () s
+Ct_7tog( t—to ( (f—lto )>

< —mEOH (g ) vl (2 p ) g0
e eE ) (i Eo)

. (_mlg(oncel)E((? (t—tog((é;> *C%
Lo H (t ilto%) g(t), Vit

then, for my > 0 and ¢ is fixed small enough

EM—( e EM\ 00 —( e E()
T (1) < —sz(O)H (t_ltO.E(O))—f—Cm—f-Cg,H (t—lto'm)g(t)’ Vi > t.

Multiplying this estimate by ¢ (¢) and using (3.47) and €1 _E ((Ot;

< r, we find that

O S e ORI e Y FICHD
< _ng((ég H (t fltoé((é;) E(8) = ¢ (E' (1) + EL () + ceag (1

(3.50)

Combining the strictly increasing property of H' and the non-increasing property of &

1
and E with the fact that there exists t, > t; such that ; < 1land

—tp
1

lim; o0 P 0, Vt > ty, we obtain
—tp

H’ (t iltd%) () <H ()Z(0), Vt>t.
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Then, for some positive constant cs, (3.50) becomes

E(t)

E(t) % () +c(E' () +EL (1) < —ma £(0)

H (t - ;%;) E(H) +esg(t), VE> b

By setting 73 = (%> + c (E + E,) and using the non-increasing property of ¢, we arrive

at

’”21;((8 H (t ilto E((ég) C(H) < —F +esg(t), Vi>h (3.51)

Noticing that the following map

(e E(t)
t—s E(t)H (t_ltom)

is non-increasing because of the fact that H” > 0 and the non-increasing property of E.
Thus, an integration of (3.51) over (f,t) gives

E(t) . e1 E(t) t tOE(),, e E(t)
mzmH (t—1t0m> t2‘:(5)d5 < tzsz(O)H (t_ltO.E(O))(;‘(s)ds

t t
< — 73’(s)ds+C5/g(s)ds
1)

)

(3.52)
t
<—H )+ F(h)+ CS/t g (s)ds

< F(t)+es(b—1), Vt>t,

1
multiplying this estimate by ; > 0, we obtain, for t > t;

_tO

L EW) E@®)N ! L
T E (O)H (f—to'm> tzé(s)dsgm(% (t2) +c5(b—1)), vVt > t).
) =

Setting Hp (T) = TH' (7), which is strictly increasing because

H) (t) = H' (1) + tH" (1), we arrive for two positive constants k; and k; at

< O =to) s e H(h)+es(b—1)

E(t)
€1 2 (t—to)/tté(s)ds

k
< kz(t — to)HEl 1t , Vit>t.

(t—to) , ¢ (s)ds




Conclusion

Timoshenko system is a field of research that aroused a lot of interest in recent
years and became an attracting field of research ever since. After a few years of great
interest, the study of its stability properties has become an active area of research in the
field of partial differential equations. It is widely used in structural engineering and
mechanics to analyze the behavior of beams, columns, and other structural elements
under various loading conditions. This work is an analytic study of only two types
of Timoshenko systems, the nonlinear type with delay and the viscoelastic type with
type-memory, the existence and uniqueness of their solutions and the exponential
and general stability of these systems, respectively. Finally, there is other Timoshenko
systems to study, like Thermoviscoelastic Timoshenko system, Timoshenko system
with past history, Timoshenko system with diffusion effect..., which can exhibit either
general, exponential or polynomial decay depending on the system parameters and the

presence of frictional dissipative terms.
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