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ABSTRACT IN ENGLISH

This study investigates a one-dimensional Bresse-Timoshenko beam model incorporating microtem-
perature effects and viscous damping on the transverse displacement of the structure. The global
well-posedness of the model is established using the Faedo—Galerkin approximation method alongside
rigorous analytical estimates. A Lyapunov functional constructed through the multiplier method
enables the proof that the total energy of the system decays exponentially over time, irrespective of
the wave propagation speeds or specific parameter values. To corroborate the theoretical findings,
numerical simulations are conducted using an explicit Euler scheme for time discretization and the
classical finite difference method for spatial discretization. Two numerical examples are provided to

illustrate the accuracy and relevance of the theoretical results.

Key words : Bresse Timochenko system, microtemperature effect, exponential stability, Lyapunov

functional, Faedo-Galerkin method, finite difference method.




ABSTRACT IN FRENCH

Cette étude porte sur un modele unidimensionnel de poutre de Bresse-Timoshenko intégrant les effets
de microtempérature ainsi qu'un amortissement visqueux appliqué au déplacement transversal de
la structure. L’existence et unicité globale de la solution du system a été démontrée a 'aide de la
méthode d’approximation de Faedo—Galerkin, en basant sur la méthode d’énergie qui nous permet
de construire une fonctionnelle dite de Lyapunov, équivalente a I’énergie total du system en utilisant
la méthode des multiplicateurs.cette fonctionnelle nous permet de montrer et prouver que I'énergie
totale du systéme décroit de maniere exponentielle et cela confirme le comprtement asymptotique
de la solution de ce system, indépendamment des vitesses de propagation des ondes ou des valeurs
spécifiques des parametres. Afin de valider ces résultats théoriques, des simulations numériques sont
effectuées a I'aide d'un schéma d’Euler explicite pour la discrétisation temporelle et de la méthode
des différences finies pour la discrétisation spatiale. Deux exemples numériques sont présentés pour

illustrer la précision et la portée des résultats obtenus.

Mots-clA©s : Systéme de Bresse-Timoshenko, effet de microtempérature, stabilité exponentielle,

fonctionnelle de Lyapunov, méthode de Faedo—Galerkin, méthode des différences finies.
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NOTATIONS

« H}(0,1), H3 (0,1): Sobolev spaces of order 1 and 2, respectively.
 H!(0,1) : Space of functions with zero mean.
« H? (0,1) : Space of Functions with vanishing derivative at the boundary..

* C*([0,T]; X) : Space of functions from [0, T] to to a Banach spaceX that are k-times continuously

differentiable.
* LP(Q)): Lebesgue space.

QLP

10c(Q2): set of locally integrable functions.

« WEP(Q): the Sobolev space.
e < .,.>: the scalar product.

* ||.||: the norm.




GENERAL INTRODUCTION

In all these years, there have been many works dealing with the beam theories and this is due to his
important applications in high technology of zexible structures. Historically, it is well known that
the Euler-Bernoulli beam theory is one of the oldest beam theories which is a simplification of the
linear isotropicbeams. It was first enunciated circa 1750, but was not applied on a large scale until
the development of the Eiffel Tower and the Ferris Wheel in the late 19th century. Later on, other
beam theories appeared and they considered as an improvement on the Euler-Bernoulli theory like the

Rayleigh beam theory ([3]]) as well as the Timoshenko beam theory ([16]).

In ([6]), Elishakoff et al. gave a brief description of the beam model in one-dimensional case for beam

vibrations corresponding to the following Bresse-Timoshenoko system

p1¢tt —k (px +¢), =0,
—02@Pttx — blpxx +k (q)x + l/)) =0,

In this work, we consider the heat Bresse-Timoshenko model ([[19]) where the temperature influence

on the beam. The model in question is the following

P1¢tt_k(§0x+¢)x+ﬂ1(,0t :OJ ln (011) X (0,+OO),
— 2@ty — bipax + k (px + ) + ywy =0, in (0,1) x (0, 400), (0.0.1)
P3wWt — k1wxx + Aw + Yipre = 0, in (0,1) x (0, +00),
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subject to the following initial data and boundary conditions

[ ¢(x,0) =90 (%), ¢:(%,0) = g1 (%), g1t (x,0) = @2 (x) x€(0,1)
@it (x,0) = @3 (x), ¥ (x,0) =9 (x), ¥ (x,0) =91 (x), x€(0,1),
(0,1)

w (x,0) =wp(x), we(x,0) =wq (x), x € (0,1), (0.0.2)
¢ (0,1) = @ (1,t) =9 (0,) =y (1,£) =0, t € (0,4),
wy (0,1) = wy (1,£) = 0. t € (0,4),

\

where (x,t) € (0,1) x R*. Here ¢ = ¢ (x,t) denotes the beam deflection from its equilibrium position,
¢ = ¥ (x, t) denotes the rotation of the cross-sections with the neglection of the shear deformation and
w = w(x,t) is the microtemperature which represents an internal thermal activity at a microscopic

level.
The coefficients of the system can be explained as follows:

p1, P2, p3 : these are density-like parameters (massper, unit length, unit volume) associated with the

respective variables:

p1: Inertia of ¢.

p2: High-order inertial coupling with @yy.
p3: Inertia of w.

k: A stiffness coefficient.

11: A damping coefficient.

b: A bending stiffness of rotational stiffness.

v: A coupling parameter which can be describes thermoelastic coupling or a rotational-viscoelastic

interaction.

k1: A higher-order stiffness linked to thermal or flexural effects in w.

A: A linear restoring coefficient for w, introducing a kind of potential term.
The first equation describes axial dynamics of the beam where:

¢#: Denotes the longitudinal acceleration.
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(¢x +1),: Represent the divergence of shear force.

¢+: Denotes the viscous damping in the axial motion.

The second equation describes rotational (shear, bending) dynamic where:
@i+ Denotes the inertial coupling with longitudinal motion.

Pyx: Represent the bending moment.

wy : Is the coupling with heat.

The third equation describes thermal evolution with microstructure where:

wy : Is the temperature evolution in microstructure (inertia).

wyy: Denotes the standard thermal diffusion.

Y1y : Represent how mechanical influences the temperature in microstructure.

In the first of this work, we establish the existence and uniqueness of global solutions using the Faedo-
Galerkin method combined with appropriate a priori estimates. Then, based on the energy method
we construct a suitable Lyapunov functional, by using the multipliers method we prove exponential
stability of the solution for the system, independently of the wave propagation speeds or other stability
number. Finally, we use an Euler scheme for time discretization and classical finite difference method
for spatial discretization, then we introduce a point fixed algorithme to solve the discretized problem

and we gave two numerical examples to illustrate the obtained theoretical result.
This dissertation is structured into form chapters as follows:

The first chapter, includes reminders of the classical preliminaries, notations and the mathematical

tools which are necessary for the study of this work .

The second chapter, is devoted to the study of the existence and uniqueness of solution by using

Faedo-Galerking method.
In the third chapter, we establish an exponential decay result of solution

In chapter four, we present some numerical examples which support the theoretical result .
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In view of the boundary conditions, our system can have solutions (uniform in the variable x ), which
do not decay. In other words, it is known that for the problem determined by (|0.0.1)) we can always

take solutions where ¢ and w are constants, for this reason, we impose that

1 1
/ Ppodx = / prdx = /Olwodx =0. (0.0.3)
0 0

It is worth nothing that condition (0.0.3) is imposed to guarantee the solution decays. Thus, if we want

to avoid this behavior we need to impose condition ({0.0.3). Also, in order to be able to use Poincaré’s
p ,

inequality for ¢ and w, we perform the following transformation: From (00.0.1));, (0.0.1]); and taking

into account the boundary conditions, we get

d2 1 d 1
plﬁ/o fpdxwla/o pdx =0,

and

a 1d 1d
pga/owx—i—)\/owx—o.

1 1
So, v1(t) = /0 @dx and vy(t) = /0 wdx are the solutions of the following initial value problems

0101 (1) + 1y (£) =0,
1 , 1 (004)
01(0) = [ go(x)dx, 0,(0) = [ o1 (x)ax,
and /
{pwﬂﬂ+mdﬂ=a
1 (0.0.5)
v2(0) :/0 wo (x) dx.

The solutions of ((0.0.4)) and ({0.0.5|) are given by

1 1 0 (1
vi(t) = /O(p(x,t)dx:/o (po(x)dx+a/0 ¢1 (x)dx
_h,

1
—%(/0 (pl(x)dx)e P1,t >0,
1
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and
A

vy (t) :/Olw(x,t)dx: </01w0 (x)dx) e_p_3t, t>0.

1 1
If we take ¢ (x,f) = ¢ (x,f) — / ¢ (x,t)dxand @ (x,t) = w (x,t) — / w (x,t) dx, we obtain
0 0

/Olgb(x,t)dx:/olw(x,t)dxzo.

In it follows, we will work with ¢ instead of ¢ and @ instead of w, but we write ¢ and w for the

simplicity of the notation.




CHAPTER

Preliminary and basic concepts

In this chapter, we present some preliminary concepts and results that are essential for the proofs
developed in this work. In particular, we briefly review fundamental notions related to Banach spaces,
L” spaces, Sobolev spaces, and other relevant theorems. Familiarity with these definitions and results

is crucial for the analysis carried out in this study:.

1.1 Functional Spaces

1.1.1 Inner product and norm

Definition 1.1.1 (Inner product). ([I8l]) An inner product on a vector space E over a field K (usually R
or C ) is a function
(,):VxV =K,

which satisfies, for all u, v, w € E and all scalars « € K, the following properties:

1.Linearity in the first argument ( or sometimes the second depending on convention):
(v,w) +a (u,w) = (v,w + au).

2.conjugate symmetry (for complex spaces reduces to symmetry for real spaces):

(u,v) = (v, uy.




1.1 Functional Spaces 7

3.positive -definiteness

(v,v) > 0and (v,v) =0ifandonly ifv = 0.

The function (-, -) is called an inner product and the vector space E equipped with it is called an inner

product space.

Definition 1.1.2 (Norm). ([8]) A norm on a vector space E over a field K (usually R or C ) is a function
||l + E — [0, 4+00),

which satisfies, for all, u, v € E and all scalars « € K, the following properties:

1 Positivity:
|v]] > 0and ||v|| = 0 if and only if v = 0.

2 Homogeneity (absolute scalability):

ozt = Jec] [[ae]

3 Triangle inequality:
[+ o] < flull + ol -

The function ||-|| is called a norm, and the pair (E, ||-||) is called a normed vector space.

1.1.2 Complete Space

Definition 1.1.3 (Cauchy Sequence). ([2]) A sequence (x,) C E is called a Cauchy sequence if
Ve >0, IN € N such that Vm, n > N, |[x, — xm| < &.

Definition 1.1.4 (Complete Space). ([2]) A normed space E is said to be complete if every Cauchy

sequence in E converges to a limit in E.

1.1.3 Banach Space

Definition 1.1.5 (Banach Space). ([2]]) A Banach space is a normed vector space that is complete.

Example 1.1.1. 1.Every finite-dimensional normed space is a Banach space.

2.If E is a Banach space and 1 < p < +oo, then the space L (E), equipped with the norm ||- |, s also a
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Banach space.

3.Let X be a set and let E be a Banach space. The vector space B (X, E) consisting of all bounded functions
from X into E, equipped with the norm ||-||, , is a Banach space. Ifin addition, X is a topological space,
then the space Cy (X, E) consisting of all bounded continuous functions from X into E, equipped with the
induced norm ||-||, is also a Banach space.

4. Letl < p < 400, the vector space of functions
f:R" =K,

that are continuous and satisfy

o IF ()P d < 4o,

Imu=(égﬂﬂﬁm);

This defines a normed space, and it is in fact a Banach space ,denoted by LF (R",K).

can be equipped with the norm

Proposition 1.1.1 (Dual space). ([2]) Dual space X' is the linear space off all continuous linear

functional f : X — K, the space X equipped by the norm ||-|| s define by

£l = sup {1f ()] = [Jull <1},

is also a Banach space.
Definition 1.1.6 (Bidual Space). ([2]]) The bidual space X" is the dual of X', is the linear space off all
continuous linear functional f : X' — K, the space X" equipped by the norm ||-|| y» define by

£ llxr = sup {[f ()| = [Jull <1},

is also a Banach space.

Definition 1.1.7. ([2]]) Let X be a Banach space and let X' denote its dual space (the space of all
continuous linear functionals on X ). The bidual X" = (X’)/ is the dual of X' and there exists a canonical
embedding

J: X — X", defined by J (x) (u) = u(x), Vu € X'

Definition 1.1.8 (Reflexive Space). ([2]]) A Banach space X is reflexive if every continuous linear
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functional on X' is the form
f(u) = u(x) for some x € X.

That is, every element of the bidual X" is an evaluation at some point in X, i.e., | (X) = X".

1.1.4 Hilbert Space

Definition 1.1.9 (Hilbert Space). A Hilbert space H is a vector space supplied with inner product (u,v)
such that ||u|| = 1/ (u, u) is the norm which let H complete.

Example 1.1.2. The standard inner product on C" is given by
n
(xy) =Y Xy,
j=1

where x = (x1,..., xy) and y = (y1,-..,yn) , which x;, y; € C. This space is complete, and therefore it is the

finite-dimensional Hilbert space.

1.1.5 The L’ spaces

Definition 1.1.10 (The L£? spaces). ([[I8]) Let p € [1,+oo[, the LF space is defined as the set of all
measurable functions f : 3 — R (or C) such that

| If @17 dx < e

this space is equipped with the norm

o=

£l = ( f, 1 o1 )

1.1.6 The L” (Q)) spaces

Definition 1.1.11 (The L? (Q)) spaces). ([18]) Let 1 < P < oo, and let Q) be an domain in R", n € IN.
Define the standard Lebesgue space L? (Q)), by

LF(Q) = {f:Q—>]R:fismeasurableand /Q|f(x)|pdx<oo}.
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If p = oo, we have
LP(Q) ={f : Q — R : f is measurable and there is exists a constant C such that, |f (x)| < Ca.ein Q}.

Also, we denote by
|fllo =inf{C >0, [f(x)|]<CaeinQ}.

Remark 1.1.1. ([18]) In particularly, where p =2, L? (Q)) equipped with inner product

(.8 = [ f ()8

is a Hilbert space.

1.1.7 The Sobolev space W™ ((})

Proposition 1.1.2 (The Sobolev space W"? (Q))). ([12]]) Let Q) be an open domain in RN. Then, the
distribution T € D (Q) is in LP (Q) if there exists a function f € LP (Q) such that

(T, @) = /f x)dx, forall ¢ € D (Q)),

where 1 < p < oo, and it’s well-known that f is unique.
Definition 1.1.12. ([12]) Let m € N and p € [0,00]. The W™F (Q)) is the space of all f € LF (Q)),
defined as

f e Lf(Q), such that 0*f € LV (Q)) for all « € N™ such that

mp () — n
W) | = Y aj < m, where, 9" = 09]'9,%..9}"

j=1

Theorem 1.1.1. ([5]) W™? (Q)) is a Banach space with their usual norm

1l = X 10l 1< p < oo, forall f € W™ (Q).

la|<m

Definition 1.1.13. ([5]) Denote by W,"" (Q) the closure of D (Q)) in W™ (Q).
Definition 1.1.14. ([5]) When p = 2, we denote by W™ (Q) = H™ (Q)) and W(’)“’2 (Q)) = Hy' (O)
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supplied the norm

£y = ( )3 (a“sz)Z) :

la|<m

which do at H" (Q)) a real Hilbert space with their usual scalar product

<U,’U>Hm(0): Z /Qa”‘ua“vdx.

|a[<m

1.1.8 The L” (0, T, X) spaces

Definition 1.1.15 (The L” (0, T, X) spaces). ([2]) Let X be a Banach space, denote by LY (0, T, X) the

space of measurable functions

f:]0,T[— X
t— f (1)
such that )
</OT ||f(t)pdt”x> = 1fllpo,r,x) < 00, for 1 <p < co.
Ifp=oco,

1 f1IL(0,7,x) = sup ess || f (£)]lx -
t€]0,T|

Theorem 1.1.2. ([[14]]) The space Lr (0, T, X) is complete.

Theorem 1.1.3. ([5]) L (0, T, X) equipped with the norm H'HLP(O,T,X) , 1 < p < cois a Banach space.
Proposition 1.1.3. ([5]) Let X, Y be to Banach spaces, X C Y with continuous embedding, then we have
LP(0,T,X) c LY (0, T, Y) with continuous embedding.

1.1.9 The L} _spaces

loc

Definition 1.1.16 (The L} space). ([2]) Let 3 C R" be an open set . A function f : Q) — R is said to

loc

belong to the space L., (Q) if:
/ |f (x)]dx < oo; for every compact subset K C (),
K

In other words

f €Ll (Q) if f is integrable on every compact subset of Q).
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1.2 Separable space

Definition 1.2.1 (Separable space ). ([[17]) Let E be a normed vector space over K, where K = IR or C.
We say that E is separable if there exists a subset A C E such that A = E and A is at most countable.
Example 1.2.1. ([17]) 1. R" is separable space for all n € IN*, since the set Q" C R" is countable and

dense in R".

2. Let 3 C R" be a measurable set with finite measure. Then the L¥ (Q)) space for 1 < P < oo is separable

space.

3. Every finite-dimensional normed space is separable space.

1.3 Orthogonal and orthonormal

1.3.1 Orthogonal
Definition 1.3.1 (Orthogonal). ([[10l]) Let H be a space ( R or C).
1. Let u, v € H. We say that u and v are orthogonal (and we write u L v) if (u\v) = 0.

2. Let A C H. The orthogonal complement of A is the set

At ={uec H;(u\v) =0forallvec A}.

1.3.2 Orthonormal

Definition 1.3.2 (Orthonormal). ([10]]) Let (e, ), in a Hilbert space H is called an orthonormal
system if:

1. (e, ey) = 1 for all n.
2. (en, em) =0 forall n # m.

1.4 Hilbert basis

Definition 1.4.1 (Hilbert basis). ([[17]) Let H be a Hilbert space over K, where K = R or C, and let
B = {e;,i € I} C H be a family of elements in H (where I is an arbitrary index set ). The family B is
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called a Hilbert basis of H if it satisfies the following two properties:

lifi=j, .
1.(ei\ej) = dj; = 0ifi %] foralli,jel.

2.Vect {e;,i € 1} = H. That is,

Vect {e;,i € I} = {Zaiei,] C Leard (]) < 400, (a;);c) C K}.

ic]

Corollary 1.4.1. ([17]) If B = {e;,i € 1} is a Hilbertian basis then every element u € H can be written

as

o0
u= 2 (u,e;) e,
ot

1
with

(o)
2 2
lull™ =) [(u e} ]
i=1

Theorem 1.4.1. ([[17]) Every separable Hilbert space admits a Hilbertian basis.

1.5 Sobolev embedding

1.5.1 Continuous embedding

Definition 1.5.1 (Continuous embedding). ([2]) Let V and W be two normed vector spaces. We say
that V is continuously injected into W, and we write V <— W, if V is a subspace of W and the canonical
injection

j: V=W
x—j(x)=x ’

is continuous, meaning that there exists a constant ¢ > 0 such that:

lxlly < cllxlly, Vx e V.
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1.5.2 Compact embedding

Definition 1.5.2 (Compact embedding). ([2]) Let V and W be two normed vector spaces. We say that V

is compactly injected into W, and we write V. <—<— W, if V is a subspace of W and the canonical injection
j: V=W
x —j(x)=x ’

compact, meaning that every bounded subset of V is relatively compact in W.

1.6 Existence Methods
1.6.1 Carathéodory’s Theorem

Theorem 1.6.1 (Carathéodory’s Theorem (Existence Theorem for ODEs)). ([15], [9]) Let F : [0, T| x
R" — R" be a function satisfying the following Caratheodory conditions:

1 For each fixed U € R" the function t — F (t,U) is measurable on [a, b] .
2 For almost every t € [0, T], the function U — F(t,U) is continuous on R".

3 There exists a function m (t) € L} ([0, T]) such that

loc

IF(t,U)|| <m(t) (1+|U]), forall U € R".

then, for every initial condition Uy € R", there exists an absolutely continuous function U (t) defined on a

subinterval [0,0] C [0, T], such that
U'(t) = F(t,U(t)), for almost every t € [0,5], U (0) = Up.

1.6.2 The Aubin- Lions -Simon Theorem

Theorem 1.6.2 (The Aubin- Lions -Simon Theorem). ([4l]) Let By C By C B; be three Banach spaces.
We assume that the embedding of By in B, is continuous and that the embedding of By in By is compact.

Let p, r such that 1 < p,r < oo. For T > 0, we define

d
Epr = {v € LP(0,T, Bo), d_? €l (O’T’BZ)}'
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i) If p < +oo, the embedding of E,, in L? (0, T, By) is compact.

ii) If p = +o0,and r > 1,the embedding of E,,, in C? (0, T, By) is compact.

1.6.3 Gronwell’s lemma

Lemma 1.6.1 (Gronwell’s lemma ). ([I15]]) Let T > 0 and let ¢ be a function such that, ¢ € ! (0,T),
@ > 0, almost everywhere and ¢ be a function such that, ¢ € L' (0,T), ¢ > 0, almost everywhere and
¢p € L1[0,T], Cy, Co > 0. Suppose that

t
¢ () < Cr+ Cz/go (s) ¢ (s)ds, for ae. t €10, T],
0

then,
t
¢ (t) < Crexp (Cz/(p(s)ds> , fora.e..t €10, T,
0
Proof. Let
t
F(H)=C +C2/q0(s)gb(s)ds,fort e 10,TY, (1.6.1)
0
we have,
¢(t) < F (1),
from ([1.6.1)), we have
F() = Cag()p (1)
< Cup(t)A(t), foraet €]0,T[,
Consequently
t
d
T {F(t) exp (/Cm(s)ds) } <0,
0
then
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Since ¢ < F, then our result holds.

In particle, if C; = 0, we have ¢ = 0 for almost everywhere t € |0, T|. O

1.7 Sobolev-Bochner Theorem

Theorem 1.7.1 (Sobolev-Bochner Theorem). ([13]) Let X be a Banach space reflexive and p > 1, such
that
W (0,T,X) — C(0,T,X),

with the continuous embedding and the compact embedding in [0, T.

1.8 Some functional inequalities

1.8.1 Young’s inequality

Theorem 1.8.1 (Young’s inequality). ([2]) Let a, b > 0 for any ¢ > 0 we have

az
ab < — + eb?.
4e

1.8.2 Holder’s inequality

Theorem 1.8.2 (Holder’s inequality). ([2]]) Assume that f € LP(Q))and g € L7 (Q) with1 < p,q < o0,
such that l + 1 =1, then
P g

f,g € LY(Q) and /Q |fgldx < Hf”LP(Q) HgHM(Q)'

1.8.3 Cauchy-Schwarz’s inequality

Theorem 1.8.3 (Cauchy-Schwarz’s inequality). ([2]) We put p = q = 2 in Holder’s inequality, we obtain
the Cauchy-Schwarz’s inequality:

| ol dx < flull 2oy 10)2(0 -
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1.8.4 Poincaré’s inequality

Proposition 1.8.1 (Poincaré’s inequality). ([2l]) Suppose that 1 < p < +o0 and ) is bounded open set.

Then there exists a constant C such that
ull 20y < CIVullp2q) - Yu € Hy.
Corollary 1.8.1. ([2]) Let Q) be an open set of R" bounded in at least one space direction. Then the

1
2
0lhiq) = (/Q Vo (x)]zdx> ,

is a norm over Hy (Q)) which is equivalent to the usual norm induced by that of H' (Q).

seminorm

1.9 Green’s Formula

Theorem 1.9.1 (Green’s Formula). ([[I]]) Let () be an open bounded regular set of class cl. If uand v
are functions of H' (Q)), they satisfy

JRIC: )aaz( )dx——/Qv(x)g—:i(x)dx+/mu(x)v(x)11i(x)ds,

where 11 = (1i)1<;<, is the outward unit normal to 0.
Theorem 1.9.2 (Green’s Formula). ([]]) Let Q) be an open bounded regular set of class C2. If u € H? (Q)
and v € H' (Q), we have

/QAu(x)v(x)dx:—/QVu( -Vo (x dx+/0817 x) ds.

1.10 Operator basics

Definition 1.10.1. ([[7]) A linear operator A with domain D (A) in a Banach space X, i.e., A: D (A) C
X — X, is closed if the graph G (A) = {(x, Ax) : x € D (A)} is closed in X x X.

Definition 1.10.2. ([[7]) A linear operator A with domain D (A) in a Banach space X, i.e., A: D (A) C
X — X, is closed if for a sequence (xy,), .y C D (A) the limit x, — x € X and Ax, — y € X exist, then
x € D(A)and Ax =y.
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1.11 Classification of Partial Differential Equations (PDEs)

There exist various types of partial differential equations (PDEs), which can be classified as follows:

1.11.1 Elliptic, Parabolic, and Hyperbolic PDEs

Consider the general form of a second-order PDE:

ou ou ou ou ou

where A, B, C, D, E, F, and G are constants for simplicity.

The type of the PDE depends on the sign of the discriminant:

A = B?> —4AC.
If: A < 0, the PDE is called Elliptic.
If: A =0, the PDE is called Parabolic.
If: A > 0, the PDE is called Hyperbolic.
02 02
Example 1.11.1. 1. Laplace equation a_xlzl + a—}; =0, (A = —4) so the equation is Elliptic.
s . ou 0%u . :
2. Heat (diffusion) equation 5 dW =0, (A = 0) so the equation is Parabolic.
0? 02
3. Wave equation a—yl; — c2a—;2l =0, <A = 4c2> so the equation is Hyperbolic.

1.11.2 Order of a PDE

Definition 1.11.1. The order of a PDE is the highest order of the derivatives appearing in the equation.
0
Example 1.11.2. 1. First order: —Z +—=0.
0%u

ou
2. Second order: P + a_yz =0.
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1.11.3 Linear and Nonlinear PDEs

A PDE is called linear if it can be written in the form:
Lu = f.

where the operator L is linear with respect to u. Otherwise, it is called nonlinear.
*u  o%u

2 + a—yz = 0 the equation is linear.

Example 1.11.3. 1. Laplace equation:

. ou ou . )
2. Burgers equation e + ua = 0 the equation is nonlinear

1.12 Faedo-Galerkin Scheme for the Bresse-Timoshenko System

with Microtemperature

We apply the Faedo-Galerkin method to construct approximate solutions in finite-dimensional spaces in

order to prove the existence of a solution to the Bresse-Timoshenko system with microtemperature.
Step 1: Projection of the system from infinite-dimensional into finite-dimensional

Choice of Basis: Let {vj};ozl be a Hilbert space. We define the finite-dimensional space
H, = span {vy,vy, ..., 04} .

Approximation of the unknowns solutions: We approximate each unknown solution of the system (displace-

ment ¢", rotation ", shear w") by finite sums

n
¢" (t,x) =) aj (t)vj (x), and similarly for the other variables.
j=1
We substitute the approximate functions into the (PDEs) of the system and test against the basis {v]-} .
This yields a finite-dimensional system of ordinary differential equations (ODEs) in time for the coefficients
(a]” (t), b (1) ,..) . Existence of the Approximate Solution: The resulting ODE system satisfies the

conditions of Carathéodory’s theorem, which ensures the existence of a local solution.

Step 2: A Priori estimates By multiplying the equations suitably and integrating over time, we derive
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energy estimates that are uniform in n. These allow the extension of the solution to a global time interval.

Step 3: Passage to the limit Using compactness results, we extract a converging subsequence. Passing to

the limit in the equations yields a strong solution to the original infinite-dimensional problem.

1.13 Stability

Definition 1.13.1 (Equilibrium point). ([11]) A point x* is said to be an equilibrium point if and only if

f(x*) =0, that is x* is a constant solution of the differential equation

In other words, if the initial condition is x (to) = x* then x (t) = x*, Vt > .

1.13.1 Stability and instability

Definition 1.13.2 (Stability of an equilibrium point ). ([11]]) The equilibrium point x* of the differential
equation x' (t) = f (x (t)) is:

a. Stable: If, for every € > 0, there exist & > 0 such that for every solution x (t) of the differential equation,
we have

|xo — x™|| <6 = ||x(t) —x¥|| <& Vt>0.

b. Instable: The equilibrium point is said to be unstable if it is not stable.

1.13.2 Types of stability

1.13.2.1 Asymptotic Stability

Definition 1.13.3 (Asymptotic Stability). ([[11]]) The equilibrium point x* is said to be asymptotically
stable if it is stable, and in addition, there exists a r > 0, such that for every solution x (t) of x (t) =
f(x(t)),we have

[xo —x*| < r = lim [[x(t) — "] = 0.
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Example 1.13.1. ([11]]) We consider the system

t> 1o, to € Ry

X (to) = Xp.

\

the system admits a solution given by the following formula:

t1
X(t, to,x0) = xpexp (/t 1+Sds),
0

= Xxpexp <— [log (1 +S)]:0> ’

— 1+t
- 9\ 1+ )

Note that the equilibrium xy = 0 is stationary and we have:

lim X (t, to, xo) =0.

t—o0

So, the equilibrium point is asymptotically stable.

1.13.2.2 Exponential stability

Definition 1.13.4 (Exponential stability ). ([11]]) An equilibrium point x* is exponentially stable for the

equation if there exist two strictly positive scalars k and « such that :
[l (£) = x*|| < k|lxo — x*[| exp(—at).
Example 1.13.2. ([11]]) Consider the following system:

X = — <1 + sin <x2)> x,with x (0) = xo,
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It is clear that x* = 0 is an equilibrium point .

The solution of the system is given by the following formula:

x(t) = x(0)exp (/Ot — (1 + sin(xz))> ds) V>0,
and
[x (£)] < kx| exp(—t).

From this, we obtain exponential stability.

1.13.3 Lyapunov function

Definition 1.13.5 (Lyapunov functional). ([[11]]) Let U be a neighborhood of zero V : R x U — R a

function that is continuous and differentiable on U.

1. We say that V is a Lyapunov function in the broad sense at 0 if it satisfies the following two properties:
a. V is positive definite.

b. V' (t,x) <0 for every x € U.

2. We say that V is a strict Lyapunov function at 0 if it satisfies the following two properties:

a. V is positive definite.

b. V' (t,x) < 0 for every x € U\0.




CHAPTER

Global Well-Posedness of the Bresse-Timoshenko System with Mi-

crotemperature via the Faedo-Galerkin Method

In this chapter, we prove the well-posedness of the system by using Faedo-Galerkin method. The
analysis begins with the formulation of the approximate problem in a finite-dimensional subspace.
We then derive uniform a priori estimates that are essential for the passage to the limit. Using
weak convergence and compactness results, we rigorously justify the convergence of the approximate

solutions to a global strong solution of the original system.

2.1 Global well-posedness

In this section, we give the existence and uniqueness result for problem (0.0.1))-(0.0.2) using the
Faedo-Galerkin method.
Theorem 2.1.1. Assume that the initial data

[ (0,91, 92,93) € H2(0,1) N HL(0,1) x H2(0,1) N HL (0,1)
x H?(0,1) x L*(0,1),
(o, 91) € H?(0,1)NH; (0,1) x Hy (0,1),

| (wo,n) € H?(0,1) N H! (0,1) x L2(0,1),

(2.1.1)

where
H?(0,1) = {u € H?(0,1) : ux (0) = uy (1) = 0},
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0

H(0,1) = {u e H' (0,1) : /1udx - 0},
Hl = {ueleu(O):u(l):o},
H' = {uer?:u er?},
H2 = {ue H uy e 12},
Then, the problem ([0.0.1))-(0.0.2) has a unique global strong solution satisfies

peC <1R+, H2(0,1) N H! (0,1)) N2 <]R+,H,1 (0,1)) ,
pec <]R+,L2 (o,1)> N2 (]R+,H(1) (0,1)> , (2.1.2)
weC <1R+,L2 (0,1)) nc2 <1R+,Hi (0,1)) .

In addition, the solution (¢, {, w) depends continuously on the initial data.

Proof. Faedo-Galerkin approximations.
Step 1: Projection the system from infinite-dimensional into finite-dimensional

First of all, we give a Hilbert basis of H> (0,1) N H{ (0,1) and L? (0,1), which satisfied
ef (x) = Aej (x),

that is

ef (x) = Aej (x) =0, (2.1.3)

to solve (2.1.3), we consider the new variable
ej(x) =¢e/, peC,

then, we get

then
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we distinguish three cases

Case 01: If A = 0 we get p = 0, this implies
ej (x) = c1 + cax,
because e; € H* (0,1) N Hj (0,1), Vj € N*, we have ¢; (0) = ¢; = 0 and ej (1) = co = 0, which lead to

ej(x) =0, Vj > 1.

Case 02: If A > 0 we get p = |a| with a # 0, this implies
ej (x) = clewx + cyf'”"x, c1, 2 €R,
since e; (0) = ¢1 + ¢ = 0 that means c; = —cy, then
e;j (x) = (e""'x — e*|"‘|x> ,

since e; (1) = 0, we get

1 (e"’" _ e*\“l) =0,

then, el®l — e~1%l = 0 implies that x = 0 which contradicts the fact that a # 0. Hence, ¢; = ¢, = 0, which
leads to
6]‘ (x) =0.
Case 03: If A < 0 we get p = i |a| with a # 0, this implies
ej(x) = cycos (|a| x) +cosin (Jafx), c1, 2 € R,
since e; (0) = 0, we get ¢ = 0, which implies

ej (x) = casin (|a|x),
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because e; (1) = 0, we get |a| = 2j7t, j > 1, s0

ej (x) = cpsin (2j7tx), j > 1 and ¢ # 0.

By the same method, we give a Hilbert basis of H>(0,1) N H} (0,1) and L? (0, 1) which satisfied
0! (x) = N'aj (x),

implies

o/ (x) = A'oj(x) =0, (2.1.4)

to solve , we consider the new variable
o) =e, peC,

we obtain

we distinguish three cases

Case 01: If A" = 0 we get p = 0, this implies
0j (x) = c1 + c2x,
because 0 € H2(0,1) N H.(0,1), Vj € N*, we have 0 (0) = ¢ =0and 0j (1) = ¢ = 0, which lead to
oj(x) =0, Vj € N™.
Case 02: If A" > 0 we get p = |a| with a # 0, this implies
0j(x) = cycos (|a] x) + cosin (Ja| x), c1, c2 € R,

since 0 (0) = c1 + co = 0 that means c; = —c, then

i (x) = 1 <e|"‘|x — e_‘“|x> ,




2.1 Global well-posedness 27

since since 0; (1) = 0, we get
C1 (e‘od — 67‘04) — 0,

then, el®l — ¢~1%l = 0 implies that « = 0 which contradicts the fact that « # 0. Hence, ¢c; = ¢; = 0, which

leads to
i (x) = 0.

Case 03: If \' < 0 we get p = i |a| with a # 0, this implies
0i(x) = cpcos (|a| x) +casin (Jalx), c1, 2 € R,

since 0; (0) = co = 0, which implies

0j (x) = c1cos (Ja|x),

because 0j (1) = 0, we get |a| = 2j7t, j > 1, so

0j (x) = crcos(|alx), j > Tand c; #0.

For given initial data satisfies (2.1.1), we seek functions yj, hi, R € C2([0,T]), such that

j=n
¢" (x,1) = Z%y? (£) 07 (%),
j=

j=n
P (x,t) = ) h7(t)e(x), (2.1.5)
j=1

j=n
w" (x,t) = ZlR7 (t)oj(x),
i=

\
check the following approximate problem
o195 —k (px +9") + i =0,

—02¢y — b + k(@ + ") + ywy =0, (2.1.6)
p3wy — kiwy, + Aw" + P, =0,
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with the initial data

¢" (x,0) = ¢ (x), ¢f (x,0) = ¢f (x), ¢4 (x,0) = 93 (x),
P (x,0) = @3 (x), 9" (x,0) =9p (x), ¥} (x,0) =97 (x), (2.1.7)
w" (x,0) = wy (x), wi (x,0) = wy (x),

which satisfies

1
(poaidx) i —2 0 strongly in H2 (0,1) N H. (0,1),

P10; x) Gi —> ¢1 strongly in H2 (0,1) N H} (0,1),
P20; x> ; ¢, strongly in H? (0,1),
P30; x> i — $3 strongly in L2 (0,1),
(2.1.8)

Yreidx | e —2 strongly in H} (0,1),

/ woa,dx) 0 —3 Wo strongly in H? (0,1) N H. (0,1),

n—oo

(
(
(
(
wsz}:( Yoed ) — o strongly in H2 (0,1) 1 H} (0,1),
( a)
-x(
)

/ wl(fldx> i 7 w1 strongly in L? (0,1).

Now we substitute the approximate functions into the system (2.1.6) this yields a finite-
dimensional system of ordinary differential equations(ODEs).By multiplying (2.1.6),, (2.1.6]),and (2.1.6)3,
respectively by 0j (x), ej (x) and 0j (x), for every n > 1, and integrating over (0, 1) with respect to x, we
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get
( n . _ n n . n . =
Pl <q)tt/0-]>L2(0’1) k<(§0x +11b )x’U]>L2(O,1) +]’l1 <q)t’0-]>L2(0,1) 0/
02 Bhoei),  —bWhee), R 0)
+’)’ <w9rcll q)?tx>L2<Oll) = O’
\ 03 <(,Utn, 0']‘>L2(0/1) — k1 <CUZx, 0'].>L2(0,1) + A <wn,0'j>L2(0’1) + v <¢?x1 0']‘>L2(0 ) =
implies

( 1 1 1
P1 /0 piojdx — k/o (px +9"), ojdx + /0 piojdx =0,

1 1 1 1
—pz/ Plivejdx — b/ Prredx + k/ (px +9") ejdx + ’)//0 wyejdx =0, (2.1.9)
0 0 0

1 1 1 1
03 / wioidx — ki / Wy Tjdx + /\/ w"oidx + ’y/ Pojdx =0,
| 0 0 0 0

by using and integration over (0, 1) with respect to x, we obtain

1 1 [i=n
pl/o @?ftfjdxzm/o (Z(yz (1)"o; (x )) oidx = p1(y7 ()", (2.1.10)

i=1

and

1 i=n
_k/ q);lxa-jdx = _k/ (Z szx ) O'jdx (2.1.1D)
0 =1

= +k(27ti) i /cos 27tix) cos(27jx)dx 2k(7'cj)2y7(t)

= kayj (1), where ky = 2k(7tj)>.

because if i # j, we get

—k/1 el odx = k(2mi)? i—zn Y (1) /1 [cos (27t(i + j) x) + cos (27t (i — j) x)] dx
o Tt = i 0
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1

= k(271i)2i2rlly;1 (1) {#ﬂ sin (27t(i +j) x) + ﬁsm (27(i—j)x) ; =0,

if i =], we get

=

1 i=n 1
—k/ Py ojdx = —(27mi)? Z Yl (t) / (cos (4mix) +1)dx
0 4

N

1

= —(2mi)? Zyl [4_711 sin (47ix) + x . = 2k(7ti)%y" (t).

I\JX‘

and by the same method

1
K / ploidx = —k / Zh” e (x) 0jdx = —k (271j) ! () = —ksh (£), where ks = k (271))
0

(2.1.12)
and
1
#1/0 rojdx = m/ Z vi ( x) ojdx = pa (yj (£))" (2.1.13)
_PZ/ (Pttxe]dx = _PZ/ Z yz ‘71xx )ejdx (2.1.19)

— p2 (271i) i(y? ()" [ sin (27ix) sin (2jx) dx = i) 3! (1))

= pa(yj (1))", where py = po(7j).

' 1
~pn [ gl = pa() L1 (0 [ (cos(2m (i~ )x) — cos (27 (i-+ ) x) dx

— pali) L (1) | ey sin@e (i )

i—7j) 27(i+ ) |

i=n

1 _
02 [ gluetx = pa() L0 (1)

/1 (1 — cos (4rix)) dx
i=1 0
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i=n 1

= palmi) L5 ()" [~ gsin (min) | = i) 47 (1)

IX
[uay

by the same method, we get

1
—b/ Pedx = —b/ Zh” Cix (X) ejdx = 2b () hY (t) = bohf (t), where by = 2b ()%
0
(2.1.15)

again by the same method, we get

1
k/ piejdx = k/ Zyl ) Ojx (x) ejdx = —k(mj)yj (t) = —kayj (t), where ks = k(7rj). (2.1.16)
0

and
1
k[ e = k/ 2 W (1) e (x) ejdx = KI! (£). (2.1.17)
0

and

1
’)//0 wyeidx = ’y/ ZR" Oix (x) ejdx = —y(7i) R} (t) = =1 Rj (t), where 11 = 7(7j).
(2.1.18)

and

pg/ th']dX—p?,/ 0i (x) oydx = p3(R] (t))". (2.1.19)
and by the same method, we obtain
1
K /0 Whoidx = —ky / Z RY (1) Giex (x) 0jdx = 2k; (75))°RY (£) = ksR? (£), where ks = 2k, (/)2

(2.1.20)

and

1
A/O Whoidx = A/ Z RY () 0; (x) ojdx = ARY (1). (2.1.21)

again by the same method, we get

1 1i=n
7 ) b = Y6 () e () it = () (O (1)) = 2 (1), where 72 = (7).
B (2.1.22)
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and by substituting (2.1.10), (2.1.11), (2.1.12), (2.1.13), (2.1.14), (2.1.15), (2.1.16), (2.1.17), (2.1.18),
2.1.19), (2.1.20), (2.1.21) and (2.1.22) in (2.1.9)), we get

pr(y] ()" +kayf (£) — kshf () +m(y} (1) =0,
pa(yj (1))" + bahjf (t) — kay} (t) — MR} (t) =0,
p3(R} (1)) +ksRY (t) + AR (t) +72(h} (1)) =0,

implies
p1(yf ()" 4+ (yf (1) +kayf (£) —kshy (t) =0,
pa(y} (1) — kay] (t) + b2k (t) — 1R} (t) =0, (2.1.23)
p3(R} (£))"+ 72(hj (1)) + psR] (t) =0,
where ps = A + ks. According to Caratheodory existence theorem for standard theory of ordinary differen-
tial equations, the finite dimensional problem had a local solution. To prove that, we rewrite the
system as a first-order system, we introduce the new variables

Yi(t) =yj(t), Ya(t) = (yj (1)), Z1 (t) =k (t) {and Ry (t) =R (t),

which implies
Yi(t) =Y (t),

the system becomes

p1Y5 (t) + 1Yo (£) + koY1 (t) —ksZy (1) =0,
04Y5 (1) —kgY1 (£) + baZy (1) — 1Ry (£) = 0, (2.1.24)
3R] () + 7271 (t) 4+ psR1 (t) = 0,

we now solve the first two simultaneously to express y5 (t) and Z; (t), the system can be written in matrix

pr —ks | | Ya(t) | _ | —mYa(t) —kaYi(t)
ps by Z1 (t) kaYi () + 7R () |

let A = p1by + psks # 0, and the matrix is invertible, and we obtain

form

1
Y, (t) = A (=bap1Ya (t) — boka Y1 () + kskaY1 (t) + k3 71R1 (t)),




2.1 Global well-posedness

33

and
1

Zl(t):Z

differentiating Z1 (t) with respect to t, we get

/ 1 /
Zy (t) = — (pap1Y3 (t) + (paka + p1ka) Yo (t) + p171R1 (1)) - (2.1.26)

A

From 3, We get

R, (t) = —%Z{ (f) - g—zm (),

substituting (2.1.25)) and (2.1.26)) in (2.1.24)), we get

Ri(t) = —‘(%(Pziﬂlyzl () + (paka + p1ks) Yo (t) + 1711 R} () — 'g—le (t)

_ 1 V20411 0 v2(paka + p1ks) _ps
- 1+ 20171 ( P3A YZ (t) + P3A Yz (t) 03 1 (t)

P34
—1

= —————— (1204113 (t) + 12(psk2 + p1ka) Y2 (1))

_|_ s
P3A + 120171 P3A + 120171 1

Thus, the system can be written in the vectorial form

Ut)=| Yp(t) | eR™ U (t) =F(tU(1)),

85 p t).

(0ap1Ya (t) + pakaY1 () + p1kaY1 (t) +p171R1 (1)), (2.1.25)
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Y> (1)

(=bap1Ya (t) — bokaY1 (t) + kskaY1 (£) + k3 y1R1 (8))

> -

-1
P (7204115 (£) + 72(pakz + p1ks) Ya (1))
A

05
ATy (O (2 (0, Vi), R ()

The function U — F (t,U (t)) is clearly continuous in R®, because F (U) involves only algebraic combina-
tions (linear and polynomial ) of the components Y, (t), Y1 (t), Ry (t), with coefficients depending only on
the physical constants of the model (e.g., p4,, 41, ks, etc.).

The function t — F (t,U (t)) is clearly measurable on [0, T|], because F (t,U (t)) does not depend explicitly
on t (i.e., the system is autonomous). Therefore, F (t,U (t)) = F (U (t)) is constant in t.

1
loc

The third condition of Carathéodory’s theorem requires that there exists a function m (t) € L; . such that

F(t,U(t)) <m(t)(1+|U]), forall U € R®

as we see the function F (U (t)) contains only linear expressions in Y, (t), Y1 (t), Ry (¢), with constant
coefficients. So, it grows at most linearly with respect to ||U|| . This means we can take m (t) = C with
C > 0, such that

E(t,U(t) <Cc+ful),

since m (t) is constant, it clearly belongs to Lj,,.

We conclude that the system (12.1.24]) admits at least one local solution U (t) defined on interval [0, T), for
any given initial data U (0) = Uy € R3. That means Caratheodory ’s theorem guarantees the existence

of an absolutely continuous solution (y;?,h;?,R}?) € C%([0,t,))* where T, > 0 to the original system

2.1.23).

Step 2: A priori estimates

A priori estimates allow that the extension of the solution to a global time interval (t,, = co) by multiplying

the equations suitably and integrating, we derive energy estimates that are uniform in n.
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A priori estimate I:

/

!/ /
For every n > 1, multiplying (2.1.23)1, (2.1.23), and (2.1.23)3, respectively, by <y7> , (h7> and (R?) ,

and integrating over (0,1), we get

implies

| Pl/olﬁoﬁ (Jiz (]/?)l )dx—k/ (¢ +9"), (Jil (y;?)laj> dx
7= j=
—|—]l1/01(/?? <j§<y]>, >dx—0
—0» /01 o (jél <h;~1>/€]’> dx — b/ol " (ji (h;l)/ ej) dx

+k/ q)x—{—gb)(Z( )dx+7/ < /ej>dx:o,

i—n

Lo (e Lo (£

]_

—I-A/ (7 " )dx—i—’y/ PP (g‘; (R;Z)/a]) dx =0,

( 1 1
m/o qv?tqv?dx—k/() (Px +¥") @ dxﬂtl/ @i pidx =0,
1 1 1 1
o2 [ glhpidr—b [ ylogtaxk [ (gl -y gldx+ [ w@lypdr =0,

1 1 1 1
03 / wiwdx —kq / wiwdx + /\/ w"w"dx + 'y/ Prw'dx =0,
\ 0 0 0 0
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by using Integrating by parts with respect to x, we get

( d 1 1 .
P1ﬁ/0 (¢?)2dx+k/0 (¢Z+¢n)¢?xdx+y1/0 (@?)2dx:0,

pg%/ 2czlx—l—k/ 2dx—l—/\/ 2clx—'y/ Plwydx =0,

summing (2.1.27)1, (.1.27), and (2.1.27)3, we get

i/l( dx—{—ki/ ( n+ n)zdx+ /1( n)de
plzdt 0 (Pt 24t Px lp H1 0 Pt

1 bd /1 ) d 1 )
n N o n el n
o2 [ g+ o [ @D ax+pans [ (@) ax
1 2 1 2
+k1/0 (W) dx+)\/0 ("

a4 /1( 24y 4 kL / (¢ + 9" dx + /1( "2 g
plzdt 0 (Pt Zdt (Px lp ;’ll 0 (Pt
1 n..n bd 1 n\2 d 1 n\2
oo [ g+ o [ @ ax+pany [ (@) ax

1 2 1 2
+k1/ (w!) dx+A/ (@
0 0

By (2.1.6)4, we have

Pyt = k q’ttt Pyt T P;Cl Pits

replacing (2.1.29) in (2.1.28), we arrive at

d d n n\2 ! 1n\2
pl@/ (or) dx—l—k@/ (px +9") dx+y1/0 (@r )" dx

1 1 1 1
oo [ o b [ pipidx ek [ (gh+yn) piax g [ wlypar =0,

(2.1.27)

(2.1.28)

(2.1.29)
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1 bd d 1
+P2/0 @it <%(P?tt @xxt‘*‘];(l(l’?t)d +ﬁ/ (%) dx+p32dt/ (wn)de

1 2 1 2
+k1/ (w!) dx+)\/ (W"Pdx = 0,
0 0

again by using integrating by parts, we get

d n ny\2 ! n\2
plzdt/ oF) dx ks | (gr ) dX+u1/0 (¢f)” dx

d 1 d 1
000 [ (g dx oo [ (a2 2L [ (g2

bd
+2_dt (l[)x) dx+p32dt/ )2 dx +ky / dx+A/

which implies
d 1 : ) ) ) )
@/0 (o1 (9 + k(9% + 9" + 22 (91 + 2 (9h)” + b (1)’
+p3 (w")?)dx

1 1 1
= [ (=B gk [ (@i [ (2

Then, we obtain

an integration over (0,1), we get

where

B ) = 3 [ (o (o PR (o 9+ P2 (gl 4 (g + b (912

+o3 (") >dx.

(2.1.30)
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Now, through-out and (2.1.30), we can find a positive constant C independent of n such that
E"(t) < C, Wt > 0. (2.1.31)

Therefore, from ,wegett, =T, forall T > 0.

A priori estimate II:

Differentiating the first, second and third equations of with respect to t and multiplying by ¢},

Yy and wy respectively. By integrating over (0,1), we get

p 1 1 1
o1 | aheahax—k [ (@1 9" gltdx [ ghohdx =0,
! n n ! n n ! n n n
_02/0 PrepxPrdx — b/o lpxxtl/}ttdx+k/() (px +9"), Prdx

1
+’)’/0 wyprdx = 0,

1 1 1 1

\ p3/0 w{’twfdx—kl/o ngtw?dx—k/\/o w?w?der'y/o Piwidx =0,
by using integrating by parts with respect to x, we obtain

( d ! n\2 ! n n n ! n\2

pl@/o (®t) dx—l—k/o (Pk +¢ )t¢ttxdx+ﬂl/0 (¢i)"dx =0,

1 d 1
o2 [ glutindx +b3 0 [ (9l dxk [ (gh+ ), pid
(2.1.32)

1
+’)’/0 wypdx =0,

d 1 " 1 02 1 o 1 o
P3@/0 (Wt)dx—l—k1/0 (W) dx-l—)\/o (w}) dx—'y/o Pl dx = 0.

summing (2.1.32)1, (2.1.32), and (2.1.32)3, we get

i/l( 2y + k-t [ (g g+ /1( 12 4y (2.1.33)
‘012dt 0 Pt 24t Jo Px +¢7); H1 0 Pt -1
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! n o,n d ! n\2 d ! n
+PZ/0 q’ttt’abttxdx"‘b@/(] (i) dx+P3@/0 (wy')dx
1 2 1 2
+k1/ (wh) dx+/\/ (WP dx = 0,
0 0
By (2.1.6)4, we have
Witx = k 4’tttt Pt T+ P}‘{l Pitts (2.1.34)

and by substituting (2.1.34) in (2.1.33), we arrive at

d 5 d , 12 Lo
plﬁ/ (i) dx—l—kﬁ/ (% +¢ )tdx—f—yl/o (@) dx

1 i
+PZ/0 Pite <%§0?ttt — @yt T %4’?&) dx+b2_dt/o (V’Zt)z dx

d 1 " 1 02 1 2
—I—P3ﬁ/o (wt)dx+k1/0 (W) dx—|—/\/0 (wi ) dx = 0,
again by using integrating by parts with respect to x, we get
d 2 d n n\2 1 n\2
Pl@/ (i) dx+kﬁ/ (9% +¢ )tdx+y1/0 (@) dx

p2p1 d

_|_i/( ) dx + d /1( fdx +k /1( ”)2dx
2dt bet P32dt Wi 1 0 Wyt

! 2
+/\/ (@) ?dx = 0,
0
which implies

PzP1

e | o (o2 + (g 92+ P28 (g2 4 (gl + b (2

+ p3 (w})?)dx

1 P2H1
K 2dt (?ttt) dx—H)det/ Pir) dx+ K /(q)ttt) dx
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1 1 1
= [ (P B g2 ax [ (@p P [ Gl

Then, we obtain

n
ar —
an integration over (0,1), we get
0 < EI' () < EV(0), Vt >0, (2.1.35)
where
EL) =1 [ (or (@ + K (9 92+ P22 ()2 + )+ (4517

+03 (w])?) dx.
Again, by and , we can find a positive constant C; independent of n such that

E (t) < Cy, Vt > 0. (2.1.36)

A priori estimate III:

Multiplying (2.1.6])1, (2.1.6))2, (2.1.6|)3, respectively, by — @iy, — Wiy, —Why, and integrating over (0,1),
we get

1 1 1
o1 [ o (=gt dx—k [ (gt +4"), (~gh)dx+m [ ol (i) dx =0,
_PZ/ q)ttx ll]txx b/ lpxx lptxx dx+k/ q)x—"lp )(_lp?xx) dx
+r)// wtxx =0,

1 1 1
ps [ @l (~wh)dx—ky [ @l (-l dx+ A [ @ (~wlk)dx
0 0 0

1
[ (—wl)dx =0,
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by using integrating by parts with respect to x, we obtain

( d 1 1 1
plﬁ/() (¢?x)2dx+k/0 (@Z—l—lp”)x q)?xxdx—l—l,[l/o (Q?X)dezol

1 d 1
02 /O Pl Pl dx + b / (YL )?dx + k /0 (px +9"), Prdx

(2.1.37)
1
[ @iyt =0,
i/1(0‘)”)dx~|—k/ (wy )dx+/\/ )% dx — / widx = 0.
\ p32dt o \Yx 1 0 Wy v Pirwidx =
summing (2.1.39)1, (2.1.39), and (2.1.39)3, we get
d ! 2 d n ny2 ! n\2
plﬁ/o ((Ptx dx—f—kﬁ/ ((Pxx+lpx) dx+.”l/() (qotx) dx (2.1.38)
+p /1§0n l[J dx+bi/l(¢n )de+p i/l(w”)zdx
2 0 ttx Vixx 24t xx 32dt 0 x
! 2 ! 2
+k1/ (@) dx+A/ (@")2dx = 0,
0 0
By differentiating the equation (2.1.6)1 with respect to t and x, we get
1Pt‘xx - k (Ptttx (Ptxxx + ‘L;cl q)ttx/ (2.1.39)

and by inserting (2.1.39) in (2.1.38), we get

A /1( Vdx + k- / (¢l + 9" dx + /1( 12 4
P1 2dt Jo (Ptx 2dt Pxx lpx M 0 Pix
! n P1 »n H1 d n\2
+92/() Pitx (?qotttx qotxxx + = (Pttx> dx + bZdt (lpxx) dx

1 1
+p32 - / "2dx 4 ky / (@l )2dx + A /O (wW!Pdx = 0,
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again by using integrating by parts with respect to x, we obtain
d 1 d 1
Prage J, (Wb / (gl + 92 dx -+ [ (gl dx

i d
szm 2 ((Pttx)zdx‘FPZ@?Lf%/o ((Pttx)zdx

d d ! n\2 ! n \2
+ @/ (wxx) +P32dt/ ( x) dx+k1/() (wxx) dx

1 2
+A/ (W dx = 0,
0

which implies

e [ o (92 + K (g + 920 + 222 (9l 2 () + b (9

+o3 (w)?)dx
(2.1.40)

! 2
—A/ (W) dx
0

then, we obtain

an integration over (0,1), we get

0 < E} (t) < EZ(0), Vt > 0. (2.1.41)
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where

1 r1
Ef (5) =75 [ (01 (91 + K (0t 9207 + 22 (glh)? + 2 () + 0 (91)?

+p3 (wy) > dx.
Similarly to a priori estimates I and II, there exists a positive constant C, independent on n such that
E} () < Cp, YVt > 0. (2.1.42)

A priori estimate IV:

Differentiating the first, second and third equations of with respect to x, we obtain

quoitth —k ((PZ + lpn)xx + )ul(P?x - 0/
—02@xx — Dy + k(@7 +9"), + ywyy =0, (2.1.43)
p3w§clt - klw;clxx + /\wg + ')’lp?xx = 0.

Now, multiplying 1 by —¢f s 2 by =9} and 3 by —w!,, and integrating

over (0,1), we get

;

1 1 1
P1 /O (P?tx (_(P?xxx) dx — k/() ((Pz + lpn)xx (_(P?xxx) dx + H1 /0 (P?x (_(P?xxx) dx = 0,
_P2/ q)ttxx qjtxxx b/ lpxxx( ¢txxx dx+k/ ((Px +¢ ) ( wfxxx) dx
1
+7/0 wzx (_w?xxx) dx = O/

1 1
103/0 th( xxx kl/ wxxx xxx) dx+)\/0 w? (_w;cixx) dx

+’)’/ lptxx xxx) dx =0,
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by using integrating by parts with respect to x, we obtain

(4 ! 1 1
pl@/o (@?xxﬁdx—l—k/o (QOZ—l—lpn)xx (P?xxxdx+lfll/0 (qp?xx)zdx —0,

1 i 1
02 / go?txxlp?xxxdx + bﬁ / (lparclxx)zdx + k/ (QDZ + ’Pn)xx lp?xxdx
0 0 0
1
< +7/0 waxlp?xxdx =0, (2.1.44)

d rl 1 1
pa5gp o (@t Pdx k[ (@t 2dx 44 [ (i)

1
_7/0 lp?xxw;z:cxdx =0.

\

summing (2.1.44)1, (2.1.44), and (2.1.44)3, we get

d 1 " 2 d 1 " 2 1 , )
Plﬁ/o ((Ptxx) dx_’_kﬁ/o ((PX+1P )xxdx+]’l1/() ((Ptxx) dx (2.1.45)

1 d 1 1
92/0 (P?txxlp?xxxdx—i_bﬁ/o (¢Zxx)2dx+7/0 waxlp?xxdx

d 1 1 1 1
+p35 /O (" )2dx + Ky /0 (wlee)?dx + A /O (! )2dx — /O Pl Wl dx — 0,

By differentiating the equation 1 with respect to t and x, we obtain

w?xxx = p_lcl(P?ttxx - (P?xxxx + %(P?txx/ (2.1.46)

and by substituting (2.1.46)) in (2.1.45)), we get

i/l(n)zdx_i_ki/l( ny n)2 dx + /1(”)2dx
plZdt 0 Pixx 2dt 0 Px 1P xx H1 0 Pixx

1 i 1
1 1
pZ/O qo?txx (%@?ttxx - q’?xxxx + ]/t?q)?txx) dx + bZdt 0 (ll);clxx)zdx




2.1 Global well-posedness 45

d 1 1 1
+p32dt/ (w Zx)zdx—i—kl/o (wzxx)zdx—l—)\/o (w;lx)zdx =0,
again by using integrating by parts with respect to x, we get
d 1 " 2 d , 2 1 Lo
plﬁ/o (@her) dx—i_kﬁ/ (% + ¢ )xxdx+]’ll/() (Phxx ) dx

+‘[% ((Pttxx) dx+p22dt/ (Ptxxx dx+‘u1kp2/0 ((P?txx)zdx

d d 1 1
oot [t s [ @l Ptk [ ()P

1
+A / (! )2dx = 0,
0
which implies
d n P201 no\2 noN2
Zdt/ (Pl (qotxx) +k(§0x+¢ )xx k ((Pttxx) + 02 ((Ptxxx) +b(lpxxx)

+p3 (why)?)dx (2.1.47)

Since

Cixx = )\3]'/
Uixx = (0,
then, we get
1 n 2 2 1 n\2
| (@he?dx =22 [ (g dx, (2.1.48)

and

1 n \2 42 1 n\2
/0 (9 )2 dx = A /0 ()2 dx. (2.1.49)
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Substituting and (2.1.49) in (2.1.47), we obtain

d

1
Zdt / (Pl ((Ptnxx) + k (g(Px + lpxx) Pkal (q)ttxx) —J’_ngz (qotx) + /\2 (ll]x)

+p3 (why)?)dx (2.1.50)

1 1 1
=~ || (pr)ax =2 [ (gh?ax—k [ (@l ax = A [ (@l dx.

then, we obtain

an integration over (0,1), we get
0 < EI(t) < EZ(0), Vt >0, (2.1.51)

where

B = 2 [ (o1 (oha)? +k (00 920+ P22 (gl 4 022 (91

+3 (9) + ps (wl)?) dix.
Finally, using and , we deduce that there exists a positive constant C3 independent on n

such that
E! (t) < C3, Vt > 0. (2.1.52)

Step 3: Passage to the limit:

By using compactness results, we extract a converging subsequence and by passing to the limit in the

equations yields a strong solution to the original infinite-dimensional problem (0.0.1).

From (2.1.31), (2.1.36), (2.1.42)), (2.1.52) and Poincaré inequality, we conclude that

(¢"),en- is bounded in L (o, T; H2 (0,1) N HY (0,1)) )

n

(¢
(4")sen- is bounded in L* (0, T; H2 (0,1) N H{ (0,1)),

)uen- is bounded in L (0, T;L2 (0, 1)),
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($1"), - is bounded in L™ (o, T; 12 (0, 1)) ) (2.1.53)
(w"),en+ is bounded in L™ (0, T; H2(0,1) N H! (O,1)> ,

(w]'), e+ is bounded in L™ (0, T; 12 (0,1)),
By using Aubin-Lions—Simon theorem, since

The embedding of H! (0,1) in L?(0,1) is continuous.

The embedding of H}

(
The embedding of H? (

(0,1) in L2 (0,1) is continuous.

(

0,1)
0,1) N H! (0,1) in H. (0,1) is compact.
0,1)
The embedding of H? (0,1) N H} (0,1) in H} (0,1) is compact.
Then, we get the embedding of Eeeo in C(0,T; H. (0,1)) is compact where

Ecooo = {qo"/ o" € L (0, T; H2 (0,1) N H (0,1))

n
and ¢ = d;; € L™ (o, T; 12 (0,1)) }

also, the embedding of Eey o in C(0,T; Hj (0,1)) is compact where

Foooo = {¢”/¢" e L™ (0, T; H2 (0,1) N H} (0,1))

n
and g = d;i € L™ (0, T. L2 (0,1)) }

by (2.1.53), we have (¢"), .+ bounded in Eq o and (@") e

exist (¢m)m21 subsequence Of (lpn)n21 and ((Pm)m21 ’ (wm)mZI

subsequences of (¢"),~; and (w"), >, respectively, such that

(¢"),en+ bounded in Ecoco. Then, there

3
3

—

— ¢ strongly in C(0, T; H! (0,1)), VT >0,

—

¢
" "% strongly in C(0, T; H} (0,1)), VT > 0, (2.1.54)

m%OO

w™ "5 w strongly in C(0, T; H! (0,1)). VT > 0,

m

3
3

3
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3
Through (2.1.5)), because (y] ,h?,R”) , € [CZ (0, T)} , VT > 0, and
j=1,.n

(e]-)].zl C C(O,L),
(97);51 € C(O,L),

then
o" € C? (o, T; H2(0,1) N H: (0,1)), Vn € N*,

" e C (0, T; H?(0,1) N H} (0,1)) Vn € N*, (2.1.55)
w" € C (0, T; H2(0,1) N H1 (0,1)) Vn € N¥,

As H! (0,1) < C(0,1), H} (0,1) <> C(0,1), where (<) represent the continuous embedding, then we

have the convergence in Hy (0,1) and H} (0,1) implies the uniform convergence in C (0,1), hence we have

9" (x,1) = ¢ (x,)] < sup |@" (x,1) — ¢ (x,1)] "=70,¥t € [0, T],
x€(0,1)
Y =9 (xS sup (97 (x0) =y (1) "=Toveeo,T), (2.1.56)
xe(0,
W™ (x,t) —w (x,1)| < sup |w™ (x,t) —w (x,t)] "= 0,Vt € [0,T],
\ x€(0,1)

Through (2.1.56) we obtain {¢™ }, -, simply converges to ¢ and {¢™ },, -, simply converges to i, {w™ } -1
simply converges to w for any t € [0, T|. Also by have previous simply converges and dominated convergence

theorem, we obtain for any t € [0, T| and Vk € N*

;

2
n%l—r&H(P’tn(x’t - ’t) 12(0,1) nll—rgo/ ’q)t (x1) m+k(x’t)‘ ax
1
— ; m m+k —
_/0 Wlllg;o‘got (x,1) — @} (x,t)‘ dx =0,
2
li H t) — i E (x,t li /‘ t) — gtk ,t’ d
lim g (x, (x ) ron i (x, fo(xt)| dx (2157
_ : m _ ,m+k —
_/0 1%1_1}150‘% (x,1) — i (x,t)‘ dx =0,
2
n%grgon?’ CORC A (x,t) 12(0,1) n%l—rgo/ ’wt (e, 1) — ™ (x,t)‘ ax
1
_ : m _ . m+k —
_/0 7’11_1{}110‘% (x,t) — w; (x,t)‘ dx =0,
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also
( k k 2
tim (ot e = gttt [, = i [ ot (0 — ot (0
: k
=/0 Tim [gft (x,0) — gt (1) dx = 0,
2
li H m 1) — m—+k ot li / ‘ t m+k t‘ d
tim, o 1) 457 Wi = i [ o wofae
, k
= [ Jim ot ety — g )| = o,
2
n%l_rgon;’; (x,t) — itk (x,t) 200 %1_1%0/ )th (x,t) — itk (x,t)’ dx
1
, k
\ :/0 Tim el (x, ) — wpt* (x,t)} dx =0,
Using (2.1.57), (2.1.58), we get
( 2
I ot () = g1 (x,1) —0,
e P or (v ) — e (| o
2
lim su H (x,t) mk (¢ ) =0,
m%oote OI:; lPt t ( ) H(%(O,l)
2
lim su Hw (x, ) — W (x, ¢ ‘ =0,
\ m—)oote[opl] f ) —w () H1(0,1)

e (¢f),>1 and (P )n>1, ('), Cauchy sequences in X = C (O, T; H! (0,1)), Y = C(0,T; Hj (0,1))
and X = C <0, T; H! (0, 1)) by the same order, implies

\

[ llgllx = sup [l¢ (x1)

+(0,1) 7

te[0,1]

l#lly = sup [l$ (x, )l g2 0,
te[0,1]

lwllx = sup [[w (%, )]l g1
te[0,1]

as (X, ||-|x) and (Y, ||-||y) is a Banach spaces, then there exists a unique g and h in X and a unique f in
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Y, means that
g "= g strongly in X = C (0, T; H1 (0,1)),

P "3 fstronglyin Y = C <0, T; HL (0, 1)) , (2.1.59)
w" "3 j strongly in X = C (O, T; H! (0, 1)) ,

We prove that ¢ = ¢ and w; = h, as the operator A define as follows
A:D(A) =C! (0, T; H! (0,1)) ccC (0, T; H! (0,1)) ~C (o, T; H! (0,1)) ,
P — Pt
is closed i.e if (¢")y>1 C D (A) converges strongly to ¢ € C (0, T; H! (0,1)) and (¢f")m>1 = Ap™

converges strongly to g € C (0, T; Hi (O,l)) , then we get ¢ € c! (O, T; Hi (O,l)) and g = Ap = ¢y,
using (2.1.54) and (2.1.59), we directly obtain.

o mose ¢¢ strongly in X = C(0, T; H! (0,1)),

and by using same method, we conclude that

m m—»o0
t

wi' — wy strongly in X = C(0, T; H! (0,1)),

Also, we define the operator B as follows to prove f = i

B:D(B)=C! (0, T; H] (0,1)) ccC (0, T; H] (0,1)) ~C (o, T; H] (0,1)) ,
Y= P
is closed i.e if (¢"),>1 C D (B) converges strongly to i € C (0, T; H} (O,l)) and (P{")y>1 = AP™

converges strongly to f € C (0, T; H} (0,1)) , then we get ¢ € C! <0, T; H} (O,l)) and g = Ay = ¢
using (2.1.54) and (2.1.59), We directly obtain

m—00

Pt =%y strongly in Y = C(0, T; Hi (0,1)),
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we named
ke @O ¢; strongly in X = C(0, T; H. (0,1)),

1
m 7S gy strongly in Y = C(0, T; Hf (0,1)), (2.1.60)
wy' M strongly in X = C(0, T; Hi (0,1)),

Again, by using the previous simply converges and dominated convergence theorem and (2.1.55)), (2.1.60),

we get
( 2
Tim H% o) = ol 0Ty = lim [ foft () — gl ) ax
— ; m m—+k —
/ nyg;o‘qvtt (x,1) = @l (x,t)] dx =0,
2
li H t) — i E (x,t li /‘ t) — gtk ,t’ d
Tim [y ) [y = i, [ ot o
_ : m _,m+k —
—/0 nll_I}(}o“Ptt (x,£) — it (x,t)‘ dx =0,
2
Tim [l (x, 1) — wpi+* 8| oy = Jim, / Wl (2, 1) — @i (x,1)|
1
— ; m m+k —
_/0 ,%l_rféo‘wtf (x,t) — wif (x,t)‘ dx =0,
implies
( 2
lim su H i (x, 1) mk (o t =0,
m_mte[opl] i ( — @ (x )L2(0,1)
2
li H t) — R (x =0,
T S || (o 0] 20)
lim sup Hw” x,t) — wh K (x,1) ’ =0
[ %0, i L2(0,1)

e (@it)>1 and (Y1) n>1, (wit),>1 Cauchy sequences in Z = C(0, T; L?(0,1)), equipped by this norm

( lollz = sup [l@ (x,t)[l12001)
te[0,T]

19l = sup [[¢ (x,£)]| 1201y
te[0,T]

|wllz = sup [lw(x,t)]l12001)
\ te[0,T]

As ((Z = C(0,T;L*(0,1)), -]l ) is a Banach space, then there exists a unique J, L and S € C(0, T;L? (0,1))
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such that
Pt noe ] strongly in C(0, T; L2 (0,1)),

Vi iy ) strongly in C(0, T; L2 (0,1)), (2.1.62)
wit "% S strongly in C(0, T; L? (0,1)).

Notice through (2.1.54) and (2.1.60), we get

- ¢ strongly in C1(0, T; H! (0,1)),
" "% strongly in C1(0, T; H} (0,1)), (2.1.63)
W™ " W strongly in C1(0, T; H; (0,1)),

As the the operator G define as follows

G:D(G) = C> (o, T; L2 (0,1)) c C! (o, T; L2 (0,1)) = C (0, T; L2 (0,1)) ,
U— Uy

is closed, then using and , we directly obtain

L = Gy =1y,
S = Gw= Wtt,

implies
Pl noe @ strongly in C(0, T; H! (0,1)),

P "%y strongly in C(0, T; HY (0,1)),

wit ™8 wy strongly in C(0, T; H! (0,1)).

From the estimates E" (t) and E% (t), we have
ol € L (o, T; H2 (0,1) N H1 (0,1)) ,
and because ¢" € L (O, T; H2(0,1) N H. (0, 1)), then

qon E Wl,OO
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since, the embedding of W% in C <O, T; H?(0,1) N H. (O,l)> is compact ([[13]]). Then, there exists

(¢™) 1 Subsequence of (¢"),~;, such that

¢" — ¢ strongly in C (0, T; H? (0,1) N H} (0,1)) .

Since, H* (0,1) N H} (0,1) € L2(0,1), then
y" €17 (0,T;12(0,1)),
and because ;' € L (O, T; L2 (0, 1)) , therefore
P e W,
by using ([13]]), there exists a subsequence (1//”)"121 of (¢")y>1, such that

" — ¢ strongly in C (O, T; L2 (0, 1)) .

Since, H2 (0,1) N H! (0,1) € L?(0,1), then
w" € L® (o, T; L2 (0,1)),
and because w} € L™ (0, T; L? (0, 1)) , therefore
w" e Wh>,
by using ([131), there exists a subsequence (w”’)le of (w")y>1, such that

w™ — w strongly in C (0, T;L? (0, 1)) .

By passing to the limit in (2.1.6)-(2.1.7), then, we conclude that the problem - admits a

global strong solution satisfies (2.1.1)).

O
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Continuous dependence and uniqueness
Uniqueness of solution

Let us assume that <A1,Y1,F1) and (AZ,YQ,IQ) are two global solutions of system-data. Then,
(0 E©) = (A' =A% Y = Y2 T — %) satisfies

pixe —k(xx+8), +pmx: =0, in (0,1) x (0, +c0),
—p2xttx — bExx + k(xx + &) + 70, =0, in (0,1) x (0, +00), (2.1.65)
P30 — k1Oyx +AO + Y& =0, in (0,1) x (0, +c0),

with the following initial and boundary conditions

X (x,0) = xt (x,0) = xtt (x,0) = xut (x,0) =0, x€(0,1),
2 (x,0) = & (x,0) =0, x € (0,1),
O (x,0) =0 (x,0) =0, x€(0,1), (2.1.66)
Xx(0,1) = xx(1,t) =E(0,t) = E(1,t) =0, t € (0,4+),
| ©x(0,t) =@ (1,t) =0, t € (0, +0c0)

Multiplying (2.1.65)1 by x+ (2.1.65), by E; and (2.1.65)3 by ©, and integrating over (0,1), we get

(
Pl/ Xtt)(tdx—k/ Xx T )ctdx+y1/ X3 2dx = 0,
1 1 1
—.02/0 Xtthth—b/O ExxEtdx+k/0 (xx + E) Eedx

1
+’y/ O,Edx =0,
0

1 1 1 1
03 / ©:0dx — ki / O Odx + A / @%dx + / E,@dx = 0,
0 0 0 0
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by using integrating by parts with respect to x, we get

plzdt/xdx—k/ Xx + )(tdx—i—m/)(dx—()

1 1 1
Pz/o XttBpdx — b/o ExxBrdx +k/0 (xx+ E) Eedx

(2.1.67)
1
0
PSZdt/ ® dx+k1/ ®2dx+A/ G)zdx—'y/ ©,Zidx = 0,
by differentiating the equation (2.1.66)), with respect to t, we obtain
By = p_kl)(ttt — Xtxx T+ %Xtt- (2.1.68)

And by substituting (2.1.68) in (2.1.67), we get

/

p12dt/de k/ Xx + Xtdx+y1/xdx—0
1 01 H1 1 -
Pz/o Xtt (?Xttt — Xtxx + ?Xtt) dx —b ; ExxErdx

p32dt/ ®2dx—|—k1/ ®2dx—|—/\/ ®2dx—fy/ O.Edx =0,
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again by using integrating by parts with respect to x, we get

d
plpzzdt/ Kindx +‘022dt/ (Xxt) dx+02#1/ Kidx = 0,

(

(2.1.69)
1 1
Zdtb/ ?Cdx—l—k/o (Xx—i—E)Etdx—l—'y/o O Eidx =0,
\ p32dt/ @dx+k1/ ®2dx+/\/ G)zdx—'y/ O, Eedx = 0,
summing (2.1.69)1, (2.1.69), and (2.1.69)3, we obtain
/ dx+ki/1( E)dx + / dx+p1p2 / dx
‘012dt At 2dt Jo Xt MLy X 2dt Jo X
+ d/l( )dx+pzm/ 2dx 4+ — b/ E2dx +
P2oar Jy ‘A ko Jo XU T ogp” Jo e
i/1®2dx+k /1®2dx+)t/1®2dx — 0
‘032dt 0 1 e 0 =y
implies
d 1 —
> /0 (178 + K (e +2)° + B2+ 0o () + b2
+p3®2> dx = —yl/ X; dx—pzyl/ Xdx — kl/ O%dx (2.1.70)

1
—A / ©2dx.
0
Then, we get
1 /1 .
5 /O (Pl?c? +k(xe +E)7+ pl—,fzx?t + 02 (xaut)? +bE2 + p3®2) dx <0,

which implies that (x,E,®) = (0,0,0) . Therefore, the problem system has a unique global solution.
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Continuous dependence

Let (¢, 1, w) be a global solution of (0.0.1)-(0.0.2), we have

E(t) >0, forallt > 0.

Assume from the a priori estimates that the energy derivative satisfies

TEW <E®,

A simple integration over (0,1), we get

t

/Ot%E(s)dxg/ E (s)dx,

0

implies t
E() < 5(0)+/0 E(s)ds.

Applying Gronwall’s inequality, we obtain

Vt >0, E(t) <E(0)e".

This shows that the solution of problem (0.0.1)- depends continuously on the initial data.




CHAPTER

Exponential stability for a Bresse-Timoshenko system

In this chapter, we establish an exponential stability result of solutions of the considered problem by
using the energy method which based on the multiplication method to construct a suitable Lyapunov
functional which is equivalent to the energy of this system. Furthermore, we present the energy decay

and some technical lemmas that are necessary to achieve our goal.

3.1 Energy decay

In this section, we define an energy functional associated with the Bresse-Timoshenko system and show
that it decreases over time ¢. For that, we need the following lemma to achieve our goal.
Lemma 3.1.1. Let (¢, 1, w) be the solution of system (0.0.1)-(0.0.2). Then, the energy associated to the

system -(0.0.2) defined by

1 /1
E(t) = 5/0 (197 +k (gr+ )+ EE 0k + 020k + by + p3?) dx, (3.1.1)
satisfies
d 1 1 1 1
%E (1) = —k1/0 widx — )L/O wrdx — %/0 @Hdx — yl/o @rdx < 0. (3.1.2)

Proof. Multiplying (0.0.1))1, (0.0.1),, (0.0.1)3, respectively, by ¢;, {+, w and integrating over (0,1), we
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get
d (1 1 1
Pla/o §0tt§0dx—k/0 (§0x+l/J)xq)tdx—|—yl/O @*dx =0,

1 il 1 1
—p2 /O Puctprdx — b2 /O Yratprdx + k /O (93 + ) Prdx + /O wyprdx = 0,

1 1 1 1
—p3% / wrwdx — kq / Wyywdx + /\/ w?dx + ’y/ Prrwdx = 0.
0 0 0 0

by using integration by parts, we obtain

\

Zdt/ go%dx+k/ q0x+1,b)q0txdx+y1/ godx—O

1 bd ! 1 1
02 /0 Qs + 5 /0 p2dx +k /0 (px + ) rdx+7 /O wepdx =0, (3.1.3)

Zdt/ dex—{—kl/ w2dx+)\/ wzdx—'y/ Prwydx = 0.

\

By differentiating (0.0.1)); with respect to t, we obtain

lIth— (tht) (¢xx)t+%q0tt- (3.1.4)

Replacing (3.1.4)) in (3.1.3)),, we arrive at

;

2dt/ qv?dXJrk/ ¢x+¢)¢txdx+m/ grdx =0,

d
p_éila/ ghdx + = 5 dt/ (Ptxdx+p2y1/ Phdx

+§E/ 1p§dx+k/ (px + 1) wtdx—l—’y/ wyprdx = 0,

(3.1.5)

2dt/ wzdx—i—kl/ wzdx-l—)\/ w2dx—'y/ Prwrdx = 0.

\
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Summing (8.1.5);, (8-1.5)), and (3.1.5),, we get

P1d/ kd p201 d. __/

>ty Pt o | (ot g+ P21 2k dt X5 P
e ro " 2

+2dt/1’bx +2dt/“’dx

1 1 1 1
= —k1/0 wjzcdx—/\/o wzdx_P2_kP‘1/O qo%tdx—yl/o @rdx,

implies

d (1
5(5/0 (p197 + (92 + ) + EEL9 + pgh + by + psce?) dx>

1 1 1 1
= —k1/0 w%dx—)\/o wzdx—{%/o qo%tdx—yl/o prdx,

Hence, the energy functional E (t) is given by

1 r1
EM) =3 [ (10} +k(pet )" + 220k + pag + by + psco?) dx.

and ) . . .
"(t) = —kl/o w%dx—)x/o wzdx—pz%/o go%tdx—yl/o @rdx < 0.

3.2 Lyapunov functional

In this section, we construct suitable Lyapunov functionals that strengthen our energy-decay. For that,
we need the following lemmas.
Lemma 3.2.1. let (¢, {, w) be the solution of the system -(0.0.2) then, the functional

ot !
F (t) = —7/0 (Pth—k/O PrxPrdx,
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satisfies
1 1 1
F (t) = pl/o pHdx — k/o Py @rdx — k/o ¢Fdx. (3.2.6)

Proof. Multiplying (0.0.1)4, by ¢ and integrating over (0,1), we get

1 1 1
—p1 /0 gidx +k /0 (¢x + P)x@rdx — jin /0 Prudx =0,

Then 1 1 1 1
_pl/o (P%tdx"‘k/o (Pxx(PttdeFk/O P pprdx — P‘l/o Proudx =0,
Satisfies
1 1 1 1 )
_‘ul/() (Ptgotth—k/O PxPrixdx = _k/O ¢x¢ttdx+p1/0 Prdx,
Then

1 1 1 1 1 1
—t /O roudx — k /O Pxrexdx — k /O gredx + k /O grdx = —k /0 Proudx + p1 /0 ghdx,
by using integrating by part, we get

—ud 1, d 1 1, 1 LI
o ar ), P kg /0 PrxPxdXx = p1 /0 Pipdx — k /0 P prdx —k /O PixdX,

implies

pr T/o (ptdx—k/o PrxPxdx :Pl/o (pttdx—k/o be@ttdx_k/o Piedx.

Hence, the functional Fy (t) is given by

moft oo !
F(t) = —?/0 q)tdx—k/o PrrPxax.

and . . .
Fi(t) = .01/0 Phdx —k/o lpx(Pttdx_k/O PFdx.
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Lemma 3.2.2. Let (¢, 1, w) be the solution of (0.0.1)-(0.0.2). Then, the functional
F(t) = —% /01 (p%dx — k/o1 PrxPrdx,
satisfies, for any g1 > 0,
/ v T k b
F(t) < —k/O (Ptxdx+€1k/0 Prdx + (pl + E) /0 Pidx.
Proof. By differentiating , we obtain

1 1 1
F (t) = —;41/0 Prpdx — k/o Prex Prxdx — k/o @rdx.

From (0.0.1);, we have

—m1@r = p1¢1 — k (@x + ),

by substituting (3.2.10) in (3.2.9), we get

1 1
F(t) = /0 (P19 — Kk (px + 1)) €0ttdx—k/0 Prex Pxdx
1 2
_k/() q)txdx
1 1 5 1
= —k/o @it (Px + ), dx+/0 p1(@tt) dx—k/o Prx Pxdx

1
_k/o (p%xdx,

using integrating by parts, we obtain

1 1 1
F(t) = k/o (Pttx(dex+k/O <Pttx¢dx+/0 o1 (i) ?dx
1 1 5
—k/o qottxq)xdx—k/o Prax

1 1 1
= /O p1 (@) dx —k/o Prprdx —k/o Prdx,

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)

(3.2.11)
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Now using Young’s inequality, for any €1 > 0

1 K 1
—k/ PrPxdx < —/ (q)tt)zdx—l—slk/ (1px)2dx. (3.2.12)
0 4e1 Jo 0

Replacing (3.2.12) in (3.2.11)), we get

/ plgottder / gottderelk/ wxdx—k/ gotxdx

implies

1 1 k 1
Fl’ (1) < —k/O (p%xdx—i-slk/o 1p§dx+ (p1 + E) /o goftdx.

Lemma 3.2.3. Let (¢, P, w) be the solution of (0.0.1)- . Then, the functional

F (t) =—p2/ (ptxtpdx+p1/ Perdx + = / qozdx+pp3/ prwdx,

satisfies

A 1 1
E(t) = pl/ qo%dx— 1{52/0 (pxthdx—%/o (ptwdx—k/o (q0x+lp)2dx

1 1 1
b /O ldx +% /0 Prwdx + 7 /0 Prwdx.

Proof. Multiplying (10.0.1)1, (0.0.1),, (0.0.1)3, respectively, by ¢, ¥, %3% and integrating over (0,1), we

get
( 1 1 1
Pl/o Prepdx — k/O (¢x + ) pdx + ”1/0 rpdx = 0,

1 1 1 1
_0 /0 Proxtpdx — b /0 Pratpdx + k /0 (@x + ) pdx + /0 wspdx = 0,

k A 1 1
p3‘02/ wr@rdx — 1;)2/0 xxgotder%/o wgotderpz/O Pieprdx =0,
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by using integrating by part, we get

— 2 J—
p1/ prdx k/ gox—l—l/J qodx—{—zdt/qo

(

d 1 1 1 1
_PZE/O (PtxllJtJlx~|—b/0 tpﬁdx—i—k/o (px + ) gbdx—'y/O Prwdx = 0, (3.2.13)

d 1
92,;)3 dt/ prwdx — k102 / Wy Prdx + —/ wrdx +Pz/ Yreprdx = 0,
\

summing (3.2.13)1, (3.2.13)), and (3.2.13)),, we get

d sl d sl wd 1, 0203 d (1
_pzd_t/o CPthIdeWLPlE/O (pgotdxﬁ—?% ; ) dx—i_TE/o Qrwdx
1 1 1
= Pl/ @rdx — k102 / Pxrwrdx — AP / Pprwdx — k/ (x4 ) dx
0 0 0

1 1 1
_b/o Pp2dx —|—%/0 (ptta)dx—i—')//o Prwdx,

implies
d 2., P2P3
at Pz/ q)txl/de—l—Pl/ PPrdx + — / pdx +—— / Qrwdx
v, kyp2
= pl/o prdx — —= / qoxthdx——/ gotwdx—k/ gox+¢

—b/ Pprdx + ,Ong/ gotwdx+’y/ Prwdx,

Hence, the functional F, (t) is given by

F(t) = —pz/ (ptxtpderpl/ Perdx + — / (pzdx+p2p3/ prwdx.
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and

1
E(t) = P1/O QD%dx—T ;

1 1 1
b /0 ldx +% /0 Prwdx + 7 /0 Prwdx.

Lemma 3.2.4. Let (¢, 1, w) be the solution of (0.0.1)- . Then, the functional

1 1 1 1
_p2/0 ¢tx¢dx+p1/() (p(pde—{—%/o ¢2dx+%/o prwdx,

F (t) =
satisfies
1 b /1 A 1
B <—k [ (prryPax—3 [ lpgdﬁ(z%zwl) " gias
+@/1 2d+1p2/ 2 4 +k192/ 24y
2 t 27 xt 2y x

Proof. By differentiating F, (t), we get

1 1 1 1
F(t) = —p2 /0 Prexpdx — 02 /0 Prxprdx + oy /0 @rdx + py /0 PPrrix

1 1 1
£203 0203
+ /go(pd +—/(pwd +—/ Pprwdx.
231 0 tax ’)’ 0 t X v A rwrdXx

From (0.0.1)); and ((0.0.1)),, we have
—0191 =k (@x + ), — H191,

and
—P2@ttx = bl/]xx —k (QDx + 1,0) — YWy,

k 1 A 1 1
102 / Prrwydx — %/0 Prwdx — k/o (ox + 47)2 dx

(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)
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Exploiting (3.2.17), (3.2.18) in (3.2.16)), we obtain

1 1 1
F(t) = /O (brx — k (px + ) — ywx) Pdx — p2 /O Prxprdx + p1 /0 prdx
1 1
—/0 ¢ (—k(px+ ) — p1gt) dx + m/o Pprdx
p2p3 / prwdx +—— Paps / Pprwedx
1 1 1 1
= b [ puapx =k [ (gt 9)pdr—7 [ oxpdr—p2 [ gutpdz
0203
+‘01 / q)l’ dx + k/ q)x + l/J q)dx + / q)ttCde

1
+% / prwydx,
v Jo

using integrating by parts, we get

1
E(t) = pl/ gotdx—b/ 1p2dx—k/0 Y (px + ) dx (3.2.19)
1 1
+’Y/O Pywdx + pa Pt (rﬂpxt;_ p3wt)dx)

1 1
_k/o (px(gox—i—lp)dx%—%/o prwdx.

From ((0.0.1))3, we have

YPxt + p3wr = kjwyy — Aw. (3.2.20)

By substituting (3.2.20) in (3.2.19), we get

1 1 1 1
() = pl/o fp?dx—b/o tpidx—k/o ¢((Px+t/ﬂ)dx+v/0 Prwdx
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Loy (kqwyy — Aw 1
qvt(l xx )dX)—k/ ¢x(¢x+¢)dx
Y 0
p2p3/ prwdx,
and by using integrating by parts, we obtain
/ 2, kipo Ap2
E(t) = p1 (ptdx— (pxta)xdx— (ptwdx (3.2.21)
Y Jo Y
—k/l(q) +1,D)2dx—b/1lp2dx+%/lq) wdx
0o o " v Jo
1
+’y/0 Pywdx.
Now using Young’s inequality, we have
k 1 k k
_17'02/0 Prrwrdx < 21‘02/0 @2dx + 2122/0 wdx. (3.2.22)
)\Pz/ Pz/ Aoz (15
dx < 2 +—/ dx. 3.2.23
prodx < 52 | gidv+ 92 | oty (3223)
1
png/ orwdx < ’)2‘03/ hdx p2p3/ w2dx (3.2.24)
Y 2y 2y Jo
/1 d—/l(\/E ) (Lw)d <?/1 2 +l/1 2 (3.2.25)
’YOlwax—O Py \/Ew x_zotpxx 2b0wx 2.

by substituting ([3.2.22), (3.2.23)), (3.2.24), and (3.2.25)) in (3.2.21)), we get

k102 k1pz/ 2 )\Pz/ 2 Ap2
<
B (1) pl/(pdx+27/0(pxtd+270 R

1
/ w?dx
Y JO

1 1 1 1
—k/o ((Px+l/1)2dx—b/0 widx—kpzz—f;g/o go?tdx—k%/o w?dx

b 12 Y 12
+§/0 1/dex+%/0wdx
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implies

2 2 2b
0
Now, we define a Lyapunov functional L by
L(t) = NE(t) + NiFy () + NoF> (1), (3.2.26)

where N, Ny, N, are positive constants.

3.3 Properties of Lyapunov functional

In this section, we study the Lyapunov functional associated to the system (0.0.1)-(0.0.2). We show
that this functional is equivalent to the system’s total energy. For that, we state and prove the following

lemma.
Lemma 3.3.1. Let (¢, §, w) be the solution of (0.0.1)-(0.0.2). Then, there exist two positive constants c;

and cy, such that the Lyapunov functional (3.2.26|) satisfies
c1E(t) < L(t) <cE(t), YVt >0, (3.3.27)

and

/

L'(t) < —aE (1), ¥t >0, (3.3.28)

where « is a positive constant.
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Proof. From (|3.2.26)), we can write

IL(t) = NE(t)] = [NiF(t) 4+ NoFo (1)]
< Ni|F (8] + N2 |2 (8)]

1
N1%/O (p?dx+N1k

1
d
/OGDG[’tx

Integrating by parts the second term in the right hand side of (3.3.29), we get

IN

1
xPxd
/O(Pt(P X

+ Nop2

oo, 0203
+N- + N —/ dx + N,—==
2,01 22 0 (P 2 v

1 1
/0 gotxq)xdx = _/0 §0t§0xxdx,

From (10.0.1)4, we get
Pxx = %q)tt — Py + %q)h

by substituting ({3.3.31)) in ([3.3.30), we get

1 o1 [1 1 w1l
/0 PrxPxdx = —?/0 (ptgottdx—f—/o (pttpxdx—?/o prdx.

Inserting (8.3.32)) in (8.3.29)), we obtain

1 1 1
IL(t) — NE ()| gNl%/O ¢$dx+N1p1/O |¢t¢tt|dx+N1k/0 |@rpx| dx

1 1
pd / d
/OfPthx , PPax

1
d
/Ogoth

1
+ Ny /O go%dx + N2 + Napq

1
+ sz / qozdx + Nz—p2p3
2 Jo 0%

By applying Young’s, Poincaré’s inequalities, we have

1 1 1 ” 1 1 5
/0 |prpse| dx < 5/0 thdx+§/0 Prdx,

1
/0 Prxpdx

1
d
/Oqota)x

(3.3.29)

(3.3.30)

(3.3.31)

(3.3.32)

(3.3.33)

(3.3.34)
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/01 | peips| dx < %/01 (p%dx+%/01 pidx, (3.3.35)
1 1!, 1!,

‘ /O Prepdx| < 5 /0 Pidx + 5 /O Podx, (3.3.36)
1 1!, 1!,

’/0 perdx| < 5/0 @ dx+§/0 prdx, (3.3.37)
1 1!, 1!,

/0 prwdx| < 5/0 gotdx+§/0 w<dx, (3.3.38)

and using the following inequality

1 1 1
/0 @dx < 2/0 (qox+l/))2dx—|—2/0 P2dx, (3.3.39)

by substituting (3.3.34), (3.3.35), (3.3.36)), (3.3.37), (3.3.38) and ([3.3.39), we directly obtain

IL(t) — NE (t)| < yE (t), with yy > 0.

Therefore
(N=m)E(t) <L(t) <(N+n)E().

By choosing N sufficiently large and depending of Ny, N, such that
c1E(t) < L(t) < cE (1),

withco =n+N, c¢1=—-n+N.

1
Now, by differentiating L (t), exploiting (3.1.2)), (3.2.8)), (3.2.15|) and setting e1 = N e get
1

L' (t) = NE'(t)+ NiF{ (t) + NoF5 ()

T b p2i1 [t 5 b
< N —k1/0 wxdx—)\/owdx—T/O q’tth—P‘l/O @rdx

1 1 k 1
N (—k /0 ¢$xdx+ﬁ1k /0 W2dx + (p1 n ZN1> /0 go%tdx>
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! 2 P203 2

+N, _k/o (px+ 1) dx——/ Prdx + +P1 /qodx+ /fPttdx

kipz [ 5 192/ W2 Ap2 P2P3 /1 2
+27/oq)d+270 vt 2'r+2'r+2b i
(N N, (222 - k102 / 2

(MN Nz(27 +Pl>>/ @rdx (le Ny—— 27 > A Prdx

1 k 1

—Nzk/ (gx +9)*dx — (N% - N; (P1 + ZN1> - szzz—ff>/0 Phdx

(Nz——k> / W2dx — <Nk1— klpz) / wldx
—(NA =N, /\p2+P293+ / >

2y 2y ' 2b

First, we choose N, large enough such that

IN

b

We take Ny large enough so that

Nk — NP2 <
2y

Finally, we pick N large enough (even larger so that remains valid) such that
r /\pz
]/llN—Nz (E +p1) >0
P2M1 k 0203
N . Ny (p1+4N1> Ny—/—/—= 2 >0,

Nk, — N,F1P2 <
2’y 2

_ AP2 | P2P3
NA N2<27+27+2b> > 0.

\

All these choices leads to the desired result. O

We are now ready to state and prove the following exponential stability result.

3.4 Main stability result

In this section, we state and prove the theorem needed for the proof of stability result.
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Theorem 3.4.1. Let (¢, {, w) be the solution of -(0.0.2)). Then, there exist two positive constants
Ao and A4, such that
E(t) < Age™ M, Wt > 0. (3.4.40)

Proof. By using the estimation and having in mind the equivalence of E (t) and L (t), we conclude
that

/

L' (t) < —aL(t), ¥Vt >0,

And by using (3.3.27), we get

L'(t) < —nL(t), Vt >0, (3.4.41)

where v| = cﬁ > 0. A simple integration of ([3.4.41)) over (0,t), we get
2

t 1! t
%dt < —/ vidt, Yt >0,
0 0
implies
In(L (t)) —In(L(0)) < —wqt, Vt >0,
we obtain
L(t) <L(0)e ™, Vt>0,
we get
E(t) < Age™™!, ¥t > 0.
where Ay = E (0)
2

By using the other side of the equivalence relation (3.3.27)) and using ([3.3.28) again, we get

!

L (t) < —wnpL(t), Vt >0, (3.4.42)
where v, = cﬁ' A simple integration of ({3.4.42)) over (0,1), we get
1

L(t) <L(0)e ", Vvt >0,
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implies
E(t) < Age M, Wt > 0.
E
where Ay = (O) The proof is complete. O]

1




CHAPTER

Numerical simulation

In this section, we will solve numerically the system ({0.0.1)) — (0.0.2)) in the one-dimension domain. For

that, we used the Euler scheme for discretization of temporal variable and the classic finite difference
method for discretization of spatial variable. Furthermore, in order to verify the asymptotic behavior of
the solution of discretize problem, we give some examples in which the numerical experiments show
that the discrete energy E" decays exponentially for different choices of the system parameters.

4.1 Discretization of the continuous problem
Let us introduce the functions ¢ = ¢, { = ¢; and for any M, N € IN, we introduce the nets

QN: {xi :lh, iZO,---,N"‘lWhereh: N—_H}’

T
FM = {tn = nAt, n = O,...,M+1Where At = M——i—l}

Taking a backward Euler scheme in time and finite differences in space, our problem consists to find

(¢, ¥, w) satisfying the following numerical scheme

(

P91 = 9t7) = 5 (g — 201 +gf) + %(wal—w?_l)—m@?,
tht (¢ — 9iLq) = 2th (qﬁ?ﬂl P 1) h2 (gl — 297 + 9 )

" 2h (9 — o) —kyf' — ( i1 —wity),

&<wf—wf_1) ::;( Wiy — 2w} + Wi ) Awj' — (lpz+1 @?—1)/

4.1.1)
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where ¢f = @ (xita), ¢} = @t (xita), ¥ = 9 (i k), B = P (i ta) , @} = @ (xi, 1), for all
i=1,..,Nand n =1,.., M. To simplicity our numerical calculations in our scheme, we consider the

discrete boundary conditions given by

lpg = l/]?\]+1 = 0/
Pl = 9N, 91 = 9, (4.1.2)

n _ n n __ n
WN41 = WN, W1 = Wy,

and initial conditions

P =0 (xi), 90 =1 (xi), @) = @0 (xi), ¢} = p1(x:),

0 (4.1.3)
w; = Wo (xi) ,

where
-1 an Y- ?_1

foralli=1,..,Nandn =1,..., M.

Note that to find (¢, {,w). we need to solve three coupled systems of algebraic equations. So, to

solve the problem (4.1.1) — (4.1.3)) at each time step, we propose to consider the following fixed-point

algorithm

/

k k
an,l J—1 11 1-1 1—1 J—1 01 n—1
4’? A +<"?1 ) o (W =)+ e
1 I _ —P2 (nl Ny P2 (1] an—1)
hz’v”z+1 <h2+k) i +h2’7b m<(l’7+1 i 1) hAL <(P?+1 _(P?1>
Y 1-1 1-1
2h <4’z+1 901 1)"’%( ?H — Wy ))

ki wi Y (sl anl 03 p-1]-1
Wity + e +h2 ?1:ﬂ<¢?+1_¢?—1)_gwn '

4.1.4)

\hz

b 2k
where ¢] = % + Uy, 0 = (ZW + k) — (h—; + A+ Zi) , with

0 —1 0 -1 0 -1 An,l
o0 =l L, 0 =y, W =W, @l = i 4 ALl
p =gl A,

foralli=1,..,Nandn=1,..,M,and [ = 1,2...
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4.2 Matrix form of the discretized problem

The system (4.1.4)) can be rewritten as follows

R k k _ 01
ch,l — A cpi’ll 1 C Tn,l 1 B q)n 1
c1h? ot Ry
k v
A‘Fnl szanl P2 Bq)n 1,1 qu’ll CYVll 1’
At Y *on *on
nl _ PS n—1,1—1 Y nl
| AsY Attty — g B
with
-1 1 o . . . 0 -1 1 0 . . . 0
-2 . . -1 0
0 . .. . 0
A= , Bi=1d, C; =
. 0 . ... 0
-2 1 . . 0
0 . .. 01 -1 0 .. .. .0 =10

Ay = Tridiag (%, —Cy, %) , By = Tridiag (—1,0,1), A3 = Tridiag (:Z,C3, :;)

At each time step, we solve the scheme (4.1.4) by an iterative procedure that was stopped when the

difference between two successive iterations becomes smaller than a given tolerance «.

4.3 Approximation of the discrete energy

To approximate the continuous energy (3.1.1), we use the trapezoidal quadrature formula to compute
1
the integral [ = / f(x)dx
0

= Z 1f(x1) I,
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h
where the weights {ai}fil are given by 4 = ay = 5 and fori = 2,3,...,N — 1, a; = h. Therefore, the

discrete energy formula is given by

N

1 A n A n
E(t) ~ J"= 3 Y ailon (91 +K (@) +9)" + P22 (90))’ (43.5)
i=1
n\ 2 n\ 2 n
+02 ((@x)7)” + b ((¥2)])” + p3 (] )],
with
ATl A 1 ATl ATl
P = @1 (xi,tn), (Pr)] = A <(Pi H_ (Pi) :
n_ P~ Piq n_ Vi — ¥ n_ Piv1 — Piq
(px); = — o (Pr); = — o and (@i); = — o5

4.4 Numerical illustration

In the next, we describe some numerical examples.
Example 4.4.1. For this numerical test, we choose the following different values for the coefficients of the

system

o1 = 11, pp =10, k=001, j = 10, b = 1.5,
Y = 05/ ,03 - 02; kl = 20, A =2.

We run our code for the following discretization parameters: N = 200, M = 300, T = 1 and take
¢ = 107°. With the following initial conditions

_ 1_72—2x _1 3_%2
@ (x) = 2Oxe ,q)l(x)—4(x 3x

o (x) = x3(1—x)2, wp (x) = x> — Zx2,

Here are the evolution in time of the solutions ¢, 1, w and of the discrete energy.




78 Numerical simulation

Psi(x,t)

Figure 4.1: Evolution in time of the func- Figure 4.2: Evolution in time of the func-
tion ¢ (Examplel) tion 1 (Examplel)

The energy
T

0 50 100 150 200 250 300
t

Figure 4.3: Evolution in time of the func- Figure 4.4: Evolution in time of the dis-
tion w (Examplel) crete energy (Examplel)

Example 4.4.2. For this numerical test, we choose the following different values for the coefficients

p1 = 08, 00=7, k=004, yy =12, b =25,
v = 35 p3=28,k =15 A =45

We run our code for the following discretization parameters: N = 300, M = 500, T = 1 and take
¢ = 107°. With the following initial conditions

1
po(x) = gx?’e_%x, P1 (x) = 3x° (1— x)3

W) = 1gein(e(x+5), wlx) =0
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Here are the evolution in time of the solutions ¢, , w and of the discrete energy in this case.

Psi(x,t)

Figure 4.5: Evolution in time of the func- Figure 4.6: Evolution in time of the func-
tion ¢ (Example2) tion ¢ (Example2)

The energy

0 100 200 300 400 500
t

Figure 4.7: Evolution in time of the func- Figure 4.8: Evolution in time of the dis-
tion w (Example2) crete energy (Example2)

In each above numerical example, the graphics presented in the Figures 4.1-4.3, 4.5-4.7 show the
evolution in time of the approximations solutions ¢, ¢ and w on the interval [0, T|, for different choices
of the system parameters and of the initial data. Furthermore, the Figures 4.4 and 4.8 show that the
approximate energy decays in an exponential manner which confirms the main theoretical

result obtained.




CONCLUSION

The Bresse-Timoshenko system, especially in the presence of thermal effects, has emerged as a
compelling subject of research due to its rich mathematical structure and practical relevance in
structural dynamics. In recent years, considerable attention has been devoted to analyzing its stability
properties, particularly in the context of thermoelastic and viscoelastic effects. This work has focused
on the theoretical analysis and numerical simulation of a heat Bresse-Timoshenko system, highlighting
both the existence and uniqueness of solutions as well as the long-term behavior of the system
through energy decay analysis. By constructing suitable Lyapunov functionals and employing rigorous

mathematical tools, we established conditions for exponential decay of the system’s energy.

Beyond the scope of this study, other variants of the Bresse-Timoshenko model—such as those with
memory effects, time delays, or diffusion phenomena—offer further opportunities for exploration.
These systems may exhibit different types of stability behavior (exponential, polynomial, or general)

depending on their structural parameters and the nature of the dissipative mechanisms involved.

Future work may extend these results by incorporating more complex physical effects, refining nu-
merical schemes, or developing control strategies to optimize stability and response in practical

applications.
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