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Abstract

This brief is devoted to the study of behavior of the solution of certain diffrence
equations, more precisely the equation with the rational diffrence of order two.

We study the local and global stability of equilibruim points, and the invariant
intervals. We also present the necessary and sufficient conditions for the boundness
of the solution of these equations. And we justify these results by numerical tests
using Matlab.

Introduction

Difference equation or discrete dynamical system is a diverse field wich impacts
almost every branch of pure and applied mathematics. Also,they are the basis of
applicable analysis according to L. Fuler, P. L. Tchebyheff and A, A. Markov. Every
dynamical system z,.; = f(x,) determines a difference equation and vice versa.
Recently, there has been a great interest in studying difference equation systems.
One of the reasons for this is the necessity for some techniques which can be used in
investigating equations arising in mathematical models describing real life situations

in population biology, economics, probability theory, genetics, psychology, and so forth.

Theory of difference equations plays an inportant role in mathematics. Nonlin-
ear difference equation of order greater than one are of paramount importance in
applications . Such equations also appear naturally as discrete analogues and as

numerical solutions of differential and delay difference equations which model various



diverse phenomena in biology, ecology, physiology, physics, engineering.and economics.
Many researchers have investigated the behavior of solutions of a system of nonlinear
difference equations for example in [4] Beso et al. investigated the boundedness and

global asymptotic stability of solution of the folowing difference equation

T

Tpy1 =7 +90

B )
Tn-1

where v and § are positive real numbers and the initial conditions x_;, and z( are

positive real numbers.




Also, in [19] Tasdemir studied the periodicity, boundedness, semi-cycles, global
asymptotic stability and rate of convergence of solutions of the following higher order

difference equation

‘,'Un
2 ?

n—m

Q:n+1:A+B

In this study, we will focus on the dynamics of certain difference equations especially
of difference equations of a second order. The propose of this study is to present
the necessary and sufficient conditions of local and global stability, boundedness of
solution of this equation .

This work is devided into three chapters :

o In the first chapter, we present some definitions and theorems that we will use

throughout study.

e In the second chapter, we study the local and the global stability for the
following second order rational difference equation
bz’ + crpa, g +da?

Tpy1 = ATp + — , n=0,1,...,
axy + anxn—l + YV Tp—12

where a, b, ¢, d, o, (3, v are positive numbers and the initiale values x_1, zg

are positive numbers.

Furthermore, we study the boundedness od solutions.

o In the last chapter, we investigate invariant interval and global stability of all

positive solutions of the equation

a+ fx,
A+ Bx, + Cx,_4

Tptl = , n=20,1,2....

Where parameters a, 5, A, B and C are positive, and the initial conditions
r_1, xg are positive real numbers.

We give a detailed description of the semi cycles of solution which the equilibrium

points are globaly asymptotically stable.
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Chapter 1
Preliminaries

In this preliminary chapter, we recall some general notions about difference equations
and the stability with the linearization method. As well as some theorems that proved

to be useful to our memoir. For more details, we refer readers to ([5],[8],[14], ...)

Definition 1.1 (Difference equations). A difference equation of order (k + 1) is an

equation of the form

Tpt+1 = f(xnuxn—la"-vxn—k>> n Z 07 (11)

where f : I¥*' — I be a continuously differentiable function.The set I is usually an
interval of real numbers, or union of intervals. The solution of equation (1.1) obtained
from initial point (xg,z_1,...,x_x) ia a sequence {x,} € I such that x,, satisfies (1.1)
for all n > 0. An initial point (zg,z_1,...,z_;) generates a (forward) solution {z,}

by iteration of the function
(:Cnu Tp—1, -y xn7k> — f(xn, Tp—1y eeey xnfk) . Ik+1 =T

So long as each iterate x,, stays in I. Solutions of (1.1) are called orbits or trajectories.

Remark: A difference equation of order two is an equation of the form

Tpt+1 = f(xnaxn—l)a n Z 07 (12)

3



CHAPTER 1. PRELIMINARIES

Where f € CYI x I,I] and z_1, zg are initial values.

Now we give example for second order equation

Example 1.1. Solve the equation representing the Fibonacci numbers

Yntl = Yn + Yn—1

where

Y =0 and y_,=1.

1. Solve the characteristic equation

The characteristic equation is:

has solutions

2. The general solution is therefore

a5 (57

3. Set the values of the constants C and (5 from the initial values
Yo=0and y_, =1

Ch+Cy=0 Cr=-
O848 =1 Cy=—2L

4. The solution that satisfies the two initial conditions is therefore

s(57) (5

yn:\/g 5 % 5




CHAPTER 1. PRELIMINARIES

Definition 1.2 (Equilibrium Point ). A point T € [ such that 7 = f(7, ) for all

n > 0, is called an equilibrium point of equation (1.2).

Example 1.2. There are two equilibrium points for the equation
Tpyl = xi + 22,

where f(z) = 2* + 22.To find these equilibrium points, we let x* + 2z = x, and solve

for x. Hence there are two equilibrium points, -1, 0.

Definition 1.3 (Stability). An equilibrium point Z of equation (1.2) is said to be :
1.Locally stable if, for every e > 0, there exists ¢ > 0 such that for all xq, x_1 € I,
with

lz_1 — T+ |xg — T| < 6,
then
|z, —T| <e, forall n>-1.

Otherwise, the equilibrium 7 is called unstable.

2. Attractive if there exists p > 0 such that for all zg,x_; € I, with
[z_1 = 2|+ 2o — T[] <,

then

lim z, =T.
n—o0

If p = o0, T is called globally attractive .
3.Locally asymptotically stable if it is stable and attractive.
4.Globally asymptotically stable if it is stable and globally attractive.

Definition 1.4 (Periodicity). A solution {z, },~_1 of equation (1.2) is called periodic
with period p if there exists an integer p > 1 such that

Tpip = Ty, forall n>-—1. (1.3)
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A solution is called periodic with prime period p if p is the smallest positive integer
for which equation (1.3) holds.

The two following definitions give the notion of semi-cycle analysis :

Definition 1.5 (A positive semi-cycle). Let {z,}>° ; be a solution to equation (1.2).

A positive semi-cycle of the solution {z,}>° _; of equation (1.2) consists of a ”chain”

of terms {x;, r41, ..., Ty}, all greater than or equal to the equilibrium point Z, with
[ > —1 and m < oo such that

either [ =—1, or [>—-1 and x;,_;<7,
and
either m =00, or m<oo and =z, <T7T.

Definition 1.6 (A negative semi-cycle). Let {x,}°° | be a solution to equation
(1.2). A negative semi-cycle of the solution {z,}>2 ; of equation (1.2) consists of

a "chain” of terms {x;, x;41, ..., T }, all less than Z, with [ > —1 and m < oo such that

either [=—1, or [>—-1 and z,,2>T7,
either m =00, or m<oo and x,.1 >7T.

Definition 1.7 (Linearized stability analysis). The linearized equation of equation

(1.2) about the equilibrium point 7 is

Yn+1 = DYn + q@Yn—1 n €N, (1.4)
where
= 8—f(f 7) = g(f 7)
p - 8” 9 ) q - av )

the characteristic equation of equation (1.4) is

M —p\—q=0, (1.5)

6
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Next, we set the theorem about linearized stability.

Theorem 1.1. [1}] Let T be an equilibrium point of equation (1.2) then the following

statements are true

1.

If all roots of equation (1.5) lie inside the open unit disk |A\| < 1. Then T is
locally asympotically stable.

If at least one root of equation (1.5) has absolute value greater than one, then T

s unstable.

3. A necessary and sufficient condition for the two roots of equation (1.5) to be

located inside the open unit disk |\ <1 is
Ip| <1—¢<2.

In this case, the equilibrium point is locally asymptotically stable equilibrium.

A necessary and sufficient condition for the roots of polynomial (1,10) to have

a modulus greater than one is

lgl > 1 and p < |1 —q].

Definition 1.8. The equilibrium point  of equation is called

1.

sink if, no root of equation (1.5) has absolute value equal to one. If there exists
a root of equation (1.5) with absolute value equal to one, then the equilibrium

point T is called non-sink.

A saddle point if, it is sink and if there exists a root of equation (1.5) with
absolute value less than one and another root of equation (1.5) with absolute

value greater than one.

3. source if all root of equation (1.5) have absolute value greater than one.

The following theorem provides a sufficient condition for the global asymptotic

stability of equation (1.5).




CHAPTER 1. PRELIMINARIES

Theorem 1.2. [10] Consider the following difference equation
Tp = foln, xn_1)xn + fi(xn, xn_1)rn_1, n=0,1,.. (1.6)
with non-negative initial conditions and
o, fi € C[0,00) x (0,00, [0,1)].

Suppose the following assumptions are satisfied:
i) fo and fi are decreasing for each x,y € (0, 00);
it) fo(z,x) >0 for all x > 0;

iii) fo(z,y) + fr(z,y) <1 for all z,y € (0,00).

Then the zero equilibrium of equation (1.6) is globally asymptotically stable.

Now we give some convergence theorems [5], [11] for second-order difference

equations, useful for proving results.

Theorem 1.3. [13] Consider the difference equation defined by [5], [11]
Tn+1 = g(xnwxnfl)? n= 07 17 (17)

with
g:la,b] x[a,b] — [a,b] a,b€R.
Suppose that g is a continuous function such that

1. g(z,y) is increasing with respect to x € |a,b] for each y € [a,b] and g(x,y) is
decreasing with respect to y € [a,b] for each x € |a,b].

2. If (m, M) is a solution of the system

m=g(m, M), M =g(M,m).

8
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Then
m = M.

Then the equation (1.7) has a unique equilibrium point T and every solution of the

equation (1.7) converges to T.

Theorem 1.4. [13] Let’s consider the difference equation defined by
Tpt1 = 9(Tp,Tp—1), n=0,1.. (1.8)
with
g :la,b] x [a,b] — [a,b] a,b€ R.
Suppose that g is a continuous function such that

1. g(z,y) is decreasing with respect to x € [a,b] for each y € [a,b] and g(x,y) is

increasing with respect to y € |a,b] for each x € [a, b].

2. If (m, M) is a solution of the system
m=g(M,m), M = g(m,M),

Then
m = M.

Then equation (1.8) has a unique equilibrium point T and every solution of

equation (1.8) converges to T.

Theorem 1.5. [13] Let [a, b] be an interval of real numbers and suppose that
f:la,b] x [a,b] — [a,b] a,beR

is a continuous function satisfying the following properties :
1. f(x,y) is decreasing with respect to x € |a,b] for each y € |a,b] and

2. f(z,y) is increasing with respect to y € [a,b] for each x € |a,b).

9
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The difference equation of equation (1.2) has no two-periodic solutions in |a, b].
Then, equation (1.2) has a unique equilibrium T € [a,b] and every solution of

equation (1.2) converges to 7.

Theorem 1.6. [12] Let [a,b] be an interval of real numbers and suppose that
f:la,b] x [a,b] — [a,b] a,b€R,

is a continuous function such that :
1. f(x,y) is decreasing or increasing for each z,y € [a,b].

2. If (m, M) € |a,b] X [a,b] is a solution of the system

m:f(M7M>’ M:f(m,m),

then
m = M.

Therefore, equation (1.2) has a unique equilibrium point T € [a, b] and any solution

of equation (1.2) converges to .

Theorem 1.7. [8] Let [a,b] an interval of real numbers and suppose that
f:la,b] x [a,b] — [a,b] a,b€ER,

is a continuous function satisfying the following properties :
1. f(x,y) is increasing for each z,y € [a,b].

2. The equation
f(x7 m) = :L‘7

has a unique positive solution.
Then the equation has a unique equilibrium point in T € [a,b] and any solution of

the equation converges to T.

10
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Theorem 1.8. [10] Let I C [0,400) and suppose that
feC{ x1,(0,+00))

is a function satisfying the following conditions :
1. f(z, y) is increasing for each x,y € [a,b].

2. The equation (1.2) has a unique positive equilibrium point T € I and the function

f(x, ) satisfies the condition :

(x —7)(f(x,2) —x) <0 forall xe€l—{T}

Then, every positive solution of the equation (1.2) converges to T.

11



Chapter 2

Qualitative Behavior of a
Second-Order Rational Difference

Equation

Second order rational difference equation with quadratic terms show a wide variety
of dynamic behaviors, It is shown that relying on the parameters and initial values

there can be globally attracting equilibrium points.

In our chapter we investigate the boundedness and local stability of solution, the

global attractivy of the positive equilibrium point for the rational difference equation

br? + cxpr,_ 1 + dr?
2 Y
ax? + BrpXn—1 + vTs_4

Tpy1l = AT, + n=0,1,.., (2.1)
where the constants a, b, ¢, d, «, # and ~ are positive real numbers and the initial
conditions x_; and x( are arbitray non zero real numbers.

There is no doubt that the Theory of difference equations problems occurred in
biology, physics and economies. In fact, the theory of discrete rational diffrence

equations has been greatly analyzed in recent decades.

12



CHAPTER 2. QUALITATIVE BEHAVIOR OF A SECOND-ORDER RATIONAL
DIFFERENCE EQUATION

2.1 Linearized Stability of equation (2.1)

This section proves that equation (2.1) has a unique equilibrium point wihch is
asymptotically stable under a certain condition.

The fixed point of equation (2.1) is given by

bZ2 + cTT + dT?
az? + BTT + T2

then
z2(b+c+d)

a4+ B+7)
(b+c+d)
(a+B+7)

from which we can obtain the following unique equilbium point :

Z(l—a)=

_ (b+c+d) "
=i hini-a “7h

Next, we define a function f : (0,00)* — (0, 00) as follows:

bu? + cuv + dv?
au? + fuv + yv?’

f(u,v) = au+ (2.2)

We now turn to find the following partial derivatives:

Of (u,v) . (2bu + cv)(au? + fuv + yv?) — (bu? + cuv + dv?)(2au + o)

ou (au? 4 fuv + yv?)?

(bB — ca)uv + 2(by — da)uv?® + (cy — dB)v?
(cu? + Puv 4+ yv?)?

:a—|—

Y

13
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DIFFERENCE EQUATION

Of (u,v)  (cu+ 2dv)(avu + fuv + yv?) — (bu? + cuv + dv?)(Bu + 2yv)

v (au? 4+ Buv + yv?)?

_ 2(do = by)uPv + (df — cy)uv® + (ca — bB)u?
B (au? 4 Buv + yv?)? '

Next, evaluating these partial derivatives at the fixed point gives

3 3 3
_ btct+d bt+ct+d b+c+d
of@z) _,  (bF-ca) (ietm) + 207 — do) (ietteg) + (07— 48) (asieiem)
du bretd 2 bretd )2 brerd  \2)
<Gf<uaxa+ﬁ+w) + 8 (r=vethe) + 7 (=5eise) )

(%)3@5 — ca + 2by — 2da+ ey — df)

(st (a + 8 +7))

:a—|—

(b5 — ca+ 2by — 2da + ¢y — df5)
(a+ 05+ 7)2(%)

:a+

(b8 — ca+2by — 2dac+ ¢y — dB)(1 — a)
(a+B+7)(b+c+d)

(b= d)B — (2d + c)a + (2b + c)4](1 — a)
(a+5+7)(b+c+d)

of (@, @)  2(da — by)T® + (dB — ¢7)T* + (ca — bfB)T?
o (az? + 072 + vx?)?

T (da — by 4+ df — ey 4 ca — bp)
N THa+ B +7)?

14
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DIFFERENCE EQUATION

_da—by+dB —cy+ca—0b3

btct+d
(a+ B+ (e sry)

~(da—by+dB —cy+ca—bB)(1—a)
B (@+B+7)(b+c+d)

[(d=b)B+ (2d+c)a — (2b+ ¢)y](1 — a)
a (a+B+7)(b+c+d)

= —P2

The corresponding linearized diffference equation of (2.1) about the equilibrium point
is give by:
Ynt1 T P1Yn + P2yn—1 =0

Theorem 2.1. Suppose that
24| < (a+ B +7)(b+c+d) a<],
where
A=(0b—-d)p— (2d+c)a+ (2b+ c)y.
Then, the equilibrium point of equation (2.1) is locally asymptically stable.

Proof. Asstarted in Theorem (1.1) the fixed point of equation (2.1) is asymptotically
stable if

Ip1| + |p2| < 1.

This can be written as

Al
|a+ (a+B+7) l()z+c+d |+ ‘ a+5+7)(b+c+d | <1

which can be rearranged as follows:

la(a+ B4+ )b+ c+d) +24(1 —a)| < (a+ B+7)(b+c+ d).

15
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Thus,
2A1—a)| < (1 —a)(a+ B+ )b+ c+4d).

If a < 1, we have
201A| < (a+ B+7)(b+c+d),

The proof is complete.

2.2 Global Attractivity Results

In this section, the global stability of the equilibrium point will be pointed out.

There are different cases for equation (2.2) to be increasing or decreasing in the
first and second variables. Four cases will be explained and proved in details in the
following theorems. It should be noted that each case will be introduced in a specific

theorem.

Theorem 2.2. Let equation (2.2) be increasing in the first and the second variable.
Then, the fized point of equation (2.1) is a global attractor if a # 1.

Proof. Assume that equation (2.2) is increasing in the first and the second variable,

and let (m.M) be a solution of the following system:

bm? + em? + dm?
am? + fm?2 + ym?2’
bM? 4+ ¢cM? + dM?
aM? + fM? +yM?*

m = f(m,m) =am +

M = f(M, M) =aM +

Simplifying this gives

(b+c+dm?>  b+c+d+am(a+p+7)

m =am +

(a4 B+y)m2 (a+ B +~)m?
M —al + (b+c+d)M*  b+c+d+aM(a+[+7)
B (a+B+~y)M2 a+ B+

16
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yileds
m(a+B+v)=am(la++7y)+b+c+d (2.3)

Ma+pB+7y)=aM(a+B+7)+b+c+d (2.4)

Substracting equation (2.4) from equation (2.3) yields.
(M —m)(a+B+7)=aM-—m)(a+B+7)+(b+c+d)+(b—c—d), (2.5)

implies that
(M —m) =a(M —m)

(1—a)(M —m) = 0.

If a # 1, we have
M=m

As claimed by Theorem (1.6), the equilibrium point of equation (2.1) is a global

attractor.

Theorem 2.3. Let equation (2.2) be decreasing in the first and the second vari-

able. Then, the equilibruim point of equation (2.1) is a global attractor.
Proof. The proof is similar to the previous one and it will be omitted.

Theorem 2.4. Let equation (2.2) be increasing in the first variable and decreasing in
the second variable. Then the equilibruim point of equation (2.1) is global attractor if
a<l,y<a+pandb<d.

Proof. Let equation (2.2) be increasing in u and decreasing in v, and assume that

(m.M) is a solution of the system.

17



CHAPTER 2. QUALITATIVE BEHAVIOR OF A SECOND-ORDER RATIONAL
DIFFERENCE EQUATION

bm? + emM + dM>
am? + BMm + yM?’

m= f(m,M)=am+

bM? + cMm + dm?

M = M =aM
f(M;m) = a +aM2+5Mm—|—7m2’

Yields
am(am? + fmM + yM?) + bm? + cMm + dM?
m =
am? + fmM + yM?
M= aM (aM? + bMm + ym?) + bM? + cMm + dm?
B aM? + SMm + ym?

From which we obtain:

am® + pm*M + ymM? = aam® + apm*M + aymM? + bm? + emM + dM?, (2.6)

aM?® + BM*m +yMm? = aaM? + aBM*m + ayMm? +bM? + cMm + dm?. (2.7)
Subtracting equation (2.7) from equation (2.6) and simplifying the result give
(m — M){(1 — a)[a(m® + M?) + (a + By)mM] + (d — b)(m + M)} = 0.
Hence, if a < 1, v < a4+ f and b < d, then
m = M.

As stated by Theorem (1.5), the equilbrium point of equation (2.1) is a global attractor.

Theorem 2.5. Let equation (2.2) be decreasing in the first variables u and inceasing

in the second variables v. Then, the equilibrium point of equation (2.1) is a global

18
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attractor if a < 1, a <~y and d < b.

Proof. Suppose that equation (2.2) is decreasing in u and inceasing in v, and let (m,

M) be a solution of the following system:

bM? + cMm + dm?
aM? + Mm + ym?’
bm? + emM + dM?
am? + fmM + ~yM?’

m = f(M,m) =aM +

M= f(m,M)=am+

Yields
aM(aM? + BmM + ym?) + bM? + cMm + dm?

aM? + fMm + ym?

m = >

am(am? + BmM + yM?) + bm? + emM + dM?

M =
am? + pmM + yM?

Which can be written as:

amM? 4+ BMm? +ym® = aaM?® + aBM>*m + ayMm? + bM?* + cMm + dm?, (2.8)

am?M + BmM? +yM? = aam® + apm*M + aymM? + bm* + emM + dM?, (2.9)

Substract equation (2.9) from equation (2.8) and simplify the result to have
(m—M){[B—a+a(B—7)+vy+aa)mM + (y+aa)(m®+M?*)+(b—d)(m-+M)} = 0.
Or,

(m, MY{(B(1+a) + (1= a)(y — a)]mM + (3 + aa)(m® + M2) + (b d)(m+ M)} = 0.
Hence, if a < 1, a < v and d < b, then

m = M.
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Therefore, Theorem (1.4) assures that the fixed point of equation (2.1) is a global

attractor.

2.3 Existence of Bounded Solution
Here, we will study the existence of bounded solution of equation (2.1).
Theorem 2.6. Every solution of equation (2.1) is bounded if a < 1.

Proof. Let {z,}°° ; be a solution of equation (2.1).Then, it follows from equation
(2.1) that

ba? + crpx,_ 1 +da?_,
2 2
awy, + ﬁxnxnfl + Ylh—1

Tpy1 = ATy +

B ba? CTnTr—1 dr?
=aTp + —5 Tt ——> 7T 2
ar? + Brnxn_1 +yTn_1 x4 Brare—1 +yrn_ x4+ Brar,1 + T
bx? CTpnTm_1 dz?
= ax, + n nn n—1

+ +
ax? + Brarn 1 +yri_,  ax? + Brar, oy +yrio,  ax? + Bz, )+,

ba? cwpw,y  dri o
< azx, + 2 + 5
ar?  Brar,-1 YTL_4
b c d
<arp,+—+ -+ —.
a B 7

by using compraison, we have

b c d
Yot = QY+ — + o+
a [y

This difference equation has the following solution:
Yn = @Yo + constant,

which is asymptotically stable if a < 1, and converges to the equilibrium point
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vbB + cay + da
afy(1—a)

y:

Therefore,
. vbB + cya + dafs
lim supzx, <
n—o0 afy(1l —a)

Theorem 2.7. Fvery solution of equation (2.1) is unbounded if a > 1.

Proof. Let {z,}°2 _, be a solution of equation (2.1).Then it follows from equation
(2.1) that
ba? + cxpr,_ + dr?

5 =l > az,, foralln> 1.
ar? + Br,r, 1+ yxL

Tpi1 = AT, +

Hence, the right hand side can be written as follows y,.1 = ay,, which has the
following solution

Yn = @Yo + constant.

Since a > 1, lim y, = co. Then, by using ratio test {z,}52 _, is unbounded from
n—oo

above.

2.4 Numerical Examples

For confirming the theoretical results ,we consider some numerical examples which

represent different types of solutions to equation (2.1) as follows:
Example 2.1. Consider the equation

222 + 3w, + x§_1 (2.6)
31‘% + TpTp—1 + 4xn—1

Lp+1 = 041'” +

with initial conditions x_y = 0.1, x9=0.2.
In this case, the conditions a < 1, a < 7, d < b hold.
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Then, form theorem (2.7) the equilibrium point T of equation is globally asymptoti-
cally stable. See figure (2.1).
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X(n) figure 1

14

12

7’

0.6 |

04

0.2

Figure 2.1: Plot of the solution {x,}, n > 0 of equation (2.4) with the initial values
T_1 = 01, Ty = 0.2.
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Example 2.2. Consider the equation

202 + w1 + 3224
522 + Twpxn_1 + 422 1’

ZTpt1 = 0.01x, + (2.7)
with the initial condition x_; = 0.5, o = 0.85.

In this case, the conditions a < 1, v < o+ 3, b < d hold. Then from Theorem (2.4)
the equilibrium point Z of equation (2.7) is global attractor. See figure (2.2)
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X(n) figure 2

09

0.8

0.7

06

0.3

0.2

0.1

Figure 2.2: Plot of the solution {z,}, n > 0 of equation (2.7) with the initial values
r_1 = 05, g — 0.85.
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Example 2.3. Consider the equation

().lef1 + 8x,Th_1 + 7:17,%_1
0.922 + 6.35x,2, 1 + 222 _,

Zpt1 = 0.006z,, + (2.8)
with the initial values x_; = —4, x¢y = 5.
In this case, the conditions of theorems (2.3) are verifie. Then every solution of

equation (2.8) converges to the equilibrium point .
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X(n)

fi 3
45 igure

3571

1.5

05

0 50 100 150 200 250 300

Figure 2.3: Plot the solution {z,},>0, of equation with the initial values
T_1 = —4, Ty = 5.
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Chapter 3

Dynamics of Second Order

Rational Difference Equation

Our goal in this chapter is to study the local and global stability of equilibrium points,

as well as the boundedness of solutions of the following rational difference equation:

a+ P,
A+ Bx, +Cx,_4

Tpil = , n=0,1,2,.., (3.1)
where the parameters «, 3, A, B, C are positive, and the initial conditions x_; and x
are arbitrary non-negative real numbers. We give detailed description of the semi
cycles of solutions and determine conditions under which the equilibrium points are

glolabally stable.

3.1 Equilibrium Points

First, note that the equilibrium points of equation (3.1) are the non-negative solutions

of the equation

. a+fzT
T A+ B+ Oz (3:2)
Equivalent to
(B+0O)2* — (- AT —a=0. (3.3)
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Z = 0 is an equilibrium point of equation (3.1) if and only if
a=0 and A>0, (3.4)

when (3.4) is satisfied, in addition to the zero equilibrium, The equation (3.1) has a
positive equilibrium if and only if

B> A,
In fact, in this case, the positive equilibrium of equation (3.1) is unique and given by

B—A
B+C

T =

In the case
a=0and A =0,

the only equilibrium point of equation (3.1) is positive and given by

B
B+C’

T =

Finally, in the case where o > 0, the only positive equilibrium point of equation (3.1)

is given by

B—A+/(B—A)?+4a(B+C)

2(B+C) ’ (8:5)

€T =

of the quadratic equation (3.3).

In summary, it is interesting to note that when equation (3.1) has a positive
equilibrium point 7, then T is unique, it satisfies Equations (3.2) and (3.3), and it is
given by (3.1). This observation simplifies the study of the stability of the positive

equilibrium point of equation (3.1).
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3.2 Stability of equilibrium points

3.2.1 Stability of Zero Equilibrium

Consider the function f : [0, 00[x[0, co[— [0, oo[ the function defined by

_a+pu
flu,v) = A+ Bu+Cv’
the derivatives
fuluv) = B(A+ Bu+ Cv) — Bfu
e (A+ Bu+Cv)?
and cp
—CBu
folu,v) = (A+ Bu+ Cv)?’

If 7 denotes an equilibrium point of equation (3.1), then the associated linearized

equation to equation (3.1) around T is:

Ynt1 — PYn — QYn-1 =0,

with
p= fu(uav) and q = fv(u, U).
The local stability of Z is described by the Linearization Stability Theorem (1.1).

For the zero equilibrium of equation (3.1), we have

p:éandq:()

A

and thus the linearized equation associated with equation (3.1) around the zero
equilibrium point is :

Ynt+1 — iyn =0 ,n=0,1,..,
For the stability of the zero equilibrium of equation (3.1), in addition to the Local
Stability Theorem (1.3), we have the Global Stability Theorem (1.1). Therefore, from

these two theorems, we obtain the following global result:
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Theorem 3.1. [5] Suppose A > (. Then, the zero equilibrium point of the equation

_ B,
A+ Bz, +Cxpy’

n=20,1,..

Tn+1

is globally asymptotically stable if
B<A

and unstable if
g > A.

Furthermore, the zero equilibrium point is :
o a sinkif A> [,
e a saddle point if A < B < A+ 20,

e a source if > A+ 20.

3.2.2 Stability at the positive Equilibrium

As mentioned in the previous section, equation (3.1) has a positive equilibrium when

a=0and > A, or a>0.

In these cases, by using the change variable

A
Tn = 5 Yn,
By
then
A
Tn+1 = Eynﬂ
and
A
Lp—1 = Eyn—l
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By subtituing into the equation (3.1) we get :

A
Eyn+1 = A A ) n:()717"'
A+ B(—=y, — Y
By + Clpn)
A A
a _ B _ B _
Byn+1— A = C , n=0,1,..
A+ A — T A(l — Y
+ Ay + Y ( +Ynt S 1)
BA Ba
Bt g Azt
Yn+1 = — = .
A C C
A(l — Yy 1 n+ —=Yp_
( +Yn + ZYn 1) + Yo+ SYn-1
Finally, we obtain
P+ qyn
] = , =0,1,... 3.6
Yot 1+yn+ryn—1 " ( )
such as
_aB B e
p_ AQ? q_ A’ r= B

Which p, ¢, € (0,00) and y_1,yo € (0,00).
The equation (3.6) has a unique equilibrium point 7 given by

7= P+aqy
1+7+17y
this equilibrium point is the non-negative solution of this equation

7(r+1)—(¢g—1)y—p=0,

and given by:

q—1+\/(q—1)2+4p(r+1)
2(r+1) ’

and according to stability Theorem (1.1), we have the following result :

g:

Theorem 3.2. The equilibrium point § of equation (3.6) is locally asymptotically
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stable for all values of p, q and r.
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3.3 The boundedness of solutions

The main result of this section is the following theorem, which establishes the
boundedness of the solutions of equation (3.1).

Theorem 3.3. Fvery solution of equation (3.6) is bounded.

Proof. For n > 0, we have

PHayn Pty _ maz{p,q}(1+ yn)

Yot 1+yn+rynfl N 1+yn N (1+yn) ’
If the solution {y,} is bounded then y,, y,—1 < M
+ qYn
pos = PO p - p o

Tty +7Una 1A yn+7Yn1 1+ (1 +1)M

Therefore, each solution is bounded.

3.4 Invariant intervals

Definition 3.1. [ is an invariant interval for equation (3.6) if it satisfies
yn, yny1 €I, N>0=y, €l for n>N.

The following results give the invariant intervals for equation (3.6).

Lemma 3.1. Equation (3.6) has the following invariant intervals

, ifp<q.

q—1+4/(g—1)2+4p
@) [o, :

(b) [q_p;Q] if ¢ <p<q(rg+1).

(@[%q_pk if p> q(rq+1).
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Proof. Let
-1+ —1)2+4
g(x):erqx and b:q (g ) P7
1+« 2
and
/ . g—=p
g(l‘)— (1+[E)2’

as p < q we have ¢'(z) > 0, so ¢ is an increasing and also continuous function on
q—1+4/(¢g—1)*+4p
2

the closed bounded interval |0, thus it reaches its bounds,

i.e.,g(b) <b.
Next, we use (3.6) and see that if yx_1,yx € [0,b] then

P+ qyk <p+qyk
L+yr+7ye—1 — 1+

Yes1 = = g(yr) < g(b) < 0.

Hence the result (a).

(b) Let the function
p+qr

e =y

and its derivative

oy aptmy o=
T (14+z+ry)?2 (14+z+ry)?

as y > P79 we have fz(z,y) > 0, therefore f it is an increasing function with
qr

respect to T using equation (3.6) and we see that if y._1,y, € [u,p] SO
qr

P+ qUk
1+ +ryp—

= (U, Yr-1)

p—q
Sf(qvi)ZQJ
qr

Ye+1 =
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and also by using the condition p < ¢(rq+ 1) , we obtain

P+ qUk
T+ yr +ryp—

:f(yku yk—l)
p—yq
>
_f(w,w
q(pr+p—q) P
(rg)’ +rq+p—q qr

Yk+1 =

hence the result (b)

(c) It is clear that the function

. ptar

is decreasing with respect to z for y < b= q) using the equation and we see that if
r

pP—q

Ye—1, Yk € [, ] then
q’r‘
s =P
Ty Ty
pP—q p—(g
= (W, yr—1) > f( ) ) =4q,

qr qr
and also by using the condition p > ¢(rq + 1), we obtain

P+ qUk
14+ yr + ryp—1

=f Yk, ye—1) < flg,q) =

Yk+1 =
p+q° P4
1+ (r+1)q qr

hence the result (c).
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3.5 Analysis of the semi-cycles

Let {yn}>>_; be a solution of equation (3.6). Then the following identities are true

for n > 0.
PHay.
1 +yn + TYn—1

Ynt1 — q = (3.7)

P+ @yn — a4y + Y0 )
1+ Yn + TYn—1
D=4 — @Y1
1+ Yn + TYn_1
_qr<}7(1;rq - yn—l)
1 Yn Y
p—q (ptay)gr —(p—a)d+yn+7Yn1)

Ynt1 = qr - (14 yn + 7Yn_1)qr

Car(a = E )+ ar(Yn-1 — 51) +0r(q — Yo-1)
qr(L 4+ yp + ryn_1)

(3.8)

ar(Yn — PV Yni1 + (Un — O (Yns1Ynts + Yz T Ynr1 + 1YnYnra) + Yo + 15 — P

Yn—Yntqa =
i (14 Ynrs) (L + Y1 + 79n) + 70 + qYni1)
(3.9)
Yn+1 — Y = DT BYn -y
" 1 + Yn + T"Yn—1 (3 10)
P+ ayn =YL+ Yo+ TYn-1) '
1 + yn + Tyn—l
Pt W =T~ Yo — YY1 (3.11)
1 + yn + ryn—l

And 7 is an equilibrium point of equation (3.1), so we have

7= p+qy
1+ (r+ 1y

equivalent to

7r+1)+ (1 —qy=p

37
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Replacing p in equation (3.1), we obtain:

7 — TP G QY YT T
yn+1 y 1+yn+ryn—1

(3.12)

— (y_Q) @—yn)‘@?’(?—ynfl)
1+yn +Tyn—1 ?

the proofs of the following two lemmas are consequences of identities (3.7) and
(3.12)

Lemma 3.2. Suppose
p>qlgr+1)

and let {y,}>° | be a solution of equation (3.6). Then the following results are true :

(i) YN >0, g > 2 then yyio < g
qr

pP—q

(ii) FVN >0, y, = ——, then yny2 = ¢;
qr

(iii) VYN >0, y, < u, then ynio > q;
qr

(iv) If‘v’NEO,q<yn<u,thenq<y]v+2<p_q;
qr qr

(v) IfYN > 0,7 > yp—1 and § > yy, then yyio > 7;

(vi) If VN > 0,7 < y,—1 and § < yy, then yy o < 7;

(vii) g <7< 2—1.
q7’

Proof. We will prove (i) by induction, according to (3.6) we have :

p—q
qr
1+yn+ryn—1 ’

qr( — Yn—1)

Yn+1 — 4 =
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FoerOwehave:yo>u:>y2<q,
qr

b—q
C]T( p —yo)
_g= : 3.13
b2 1+ y1 + 7190 ( )

_ q) and identity (3.13), it is clear that
qr

According to the assumption (y, > b

Y2 <gq.
for N = n, we have : yn>u:>yn+2<q,
qr

p—q
q’l"
L4 Yny1 + 7Yn

q?“( - yn)

Ynt2 — 4 =

According to the assumption (y, > b= q) it is clear that y,12 < q.

The same reasoning for (ii) and (iii).

q, using identity (3.8) and by

For (iv) remains to be proven if yy > ¢ = ynio < b
induction we have :

For N = 0 (the same reasoning as (i)),

ForN:nzwehaveyn>q:>yn+2<M
qr
p—q p—yq
B qr(q — ——)Yns1 + qr(yn — ——) + pr(q — yn)
Yoo — 1 = r ar (3.14)
qr qr(1 + yni1 +ryn)

According to the assumption (¢ < yp < b q) and identity(1.4), it is clear that

qr
Yn+2 < b= q-
qr
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Lemma 3.3. We suppose that

q<p<gqlqgr+1)

and let {y,}>2_, be a solution of equation (3.6). Then the following results are true :

pP—q

(i) HVYN >0, y, < , then yn1o > ¢;
r

(i) TV N >0, g = 2 then yysn = ¢;
qr

(iii) fV N >0, y, > M, then yyio < q;
qr
(iv) f VN >0, yn>p_q and yy < ¢, then ¢ > yyyo > p—q;
qr
p—q _
(v) <y <q
qr
Suppose that
p=q(qr+1)
and let {y,}°° _, be a solution of equation (3.6). Then
qr(q - yn71>
il — q = 3.15
Yn+1 — ¢ 1+ Un + 7Y 1 ( )
and when qr < 1, then
lim y, =7, (3.16)

Identity (3.15) is obtained by a simple calculation, the limit (3.16) is a consequence
obtained in the case ¢r € (0,00) and equation (3.6) has no two-periodic solution.
Here we present an analysis of the semi-cycle of solutions of equation (3.6) when
p = q(1 + rq), in this case the equation (3.6) will be :

¢+ ¢+ qyn

h1=—-—95 " n=0,1,... 3.17
Yn+1 1+ Yo + 7, ( )
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And the unique equilibrium point is 7 = q.

o0

o _, be a non-trivial solution of the equation

Assuming that p = ¢ + rq¢? and let {y,}
(3.6). Then this solution is oscillatory and the sum of the lengths of two consecutive
semi-cycles, excluding the first one, is equal to four. More precisely, the following

results are true for any K > 0.

(i) y-1 >qand yo < ¢ = Yar—1 > ¢, Yar <1, Yap1 < ¢ and yapi2 > ¢;
(i) y-1 <gand yo > ¢ = Yar—1 < ¢, Yar =1, Yars1 > q and yayi2 < q;
(ili) y-1 >qand yo > ¢ = Yak—1 > ¢, Y <1, Yapy1 < g and yapqo < ¢

(iv) yo1 <gand 9o < ¢ = Yap-1 < ¢, Yar <1, Yapg1 > q and Yagro > ¢

3.6 Global Asymptotic Stability

The following lemma establishes when p # g(gr + 1) each solution of equation (3.6) is
eventually trapped in one of the three invariant intervals of equation (3.6) described

in lemma 3.1 More precisely, we have :

Lemma 3.4. Let I be the interval defined as follows:

q—1+/(¢g—1)>+4p

1[0, . . ifp<q
p—q .
IZ[QT,q], if ¢ <p<qlgr+1);
p—q, .
I =g, p” ], ifp>qlgr+1);

then every solution of equation (3.6) is in 1.

Proof. Let {y,}5° _, be a solution of equation (3.6)
First, suppose that p < ¢, then it is clear that 7 € I let

; g—14++/(¢g—1)2+4p
B 2
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And observe that

(@=P)(Wn—b) —7(P+ QYn

> ()
(1 4+ yn +7Yn_1)(1 + ) "

) -

Yn+1 —b=

Therefore, if for a certain N, vy, <b.

Then yny41 < b. Now we assume the opposite that
Yo >b for n>0
Then, y, > 7 for n > 0 and therefore
Jim =7 1

Which is a contradiction.

Next, suppose that

q<p<qgr+1),
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and, we prove by contradiction if the solution {y,}5 ; is not in the interval I.
Then by lemma (3.2), there exists N > 0 such that, one of the following three cases

is true:

; b—q
(1) YN > q, YN+1 > q, and YN+2 < qT,

(i) yv > ¢, yny1 <——, and yyio < —;
qr qr

pP—4q b—q
(iii) yn > ¢, —— <ynt1, and ynyo < —;
qr qr

It is also observed that:

if yn > q, then yy +7ry% —p > 0, and if yy < p;rq then yx + ry2 —p < 0.

The desired contradiction is now obtained using ci]dentity (3.9) from which it follows
that for j € {0, 1,2, 3}, each subsequence {y,+ax;}7>, with all its terms outside of

the interval I converges monotonically and enters the interval I. Similarly for

p>qgr+1).

Using the monotonicity of the function

P +qx

ey =y

In each of the intervals in lemma (3.1), with the properties of the convergence
Theorems (1.8) and (1.5), we can obtain results of global asymptotic stability for the
solutions of equation (3.6). For example, the following results are true for equation
(3.6):

Theorem 3.4.

(a) If
P> q+ ¢
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Or
q

1+7r
Then the equilibrium § of equation (3.6) is globally asymptotically stable.

p <

(b) If
P<q

Or
q<p<q+g¢r

And one of the following conditions is also satisfied
(i) g<1
(ii) r <1
(iii) r>1 and (q—1)*(r —1) < 4p.
Then the equilibrium 7§ of equation (3.6) is globally asymptotically stable.
Proof.

(a) The proof follows from lemma (3.1) and Theorem (1.5) and Theorem (1.8)

q—1+,/(g—1)*+4p

(b) From lemma (3.1), we see that when y_1,yo € [0,

2 )
-1+ —1)2+4
then y, € [0, ! (;] ) p] for all n > 0.
-1+ —1)2+4 — 14+ —1)244
It is easy to verify that g € [0, 1 (g ) p] and that [0, q (Z ) D

the function f is increasing in x and decreasing in y in this interval.

We use Theorem (1.3), so it remains to be shown that if

m= f(m,M) and M = f(M,m).
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Then
M=m
This system is written as:
_ ptagm
S l+m+rM
and
_ ptgM
S l+m4+rM
Yileds
m+m?+1rMm =p+ qm (3.18)
and
M+ M*+rMm=p+qM (3.19)

Substracting equation (3.19) from equation (3.18) we get
(M —m)+ M? —m? = q(M —m),
if M # m we have :
(M —m)(1+M+m)=q(M—m),

implies that
M+m=q—1.
Then, by multiplying equation (3.18) by M, and equation (3.19) by m, we get :

mM(M —m) +rmM(m — M) =p(m — M)
(m — M)[—mM + rmM] = p(m — M)
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Since m # M implies that

Yileds

Therefore m and M are the solutions of the equation

2 p
m” — (q )m—l—r_1

where well

(r—1m*+@r—-1D1—-¢m+p=0

Clearly now, if condition (ii) or (iii) is satisfied, m = M, hence the result.

For the proof when ¢ < p < q + ¢r?, using lemma (3.1) and Theorem (1.3).

3.7 Numerical applications

To confirm the results of this part, we consider the following two numerical examples

First, we have the equation

o+ Py
n - s = ,]_ 2
Tl =T Bz, + Cx, n=0 (3:20)

Example 3.1. If we take (o, 5, A, B,C) = (1,1,2,1.1), the equation (3.20) takes the

form

1+,
il = ———————, 3.21
o e+ s (3:21)
by the change of variables
LTy = 2ym
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we obtain L
kL (3.22)

Yn+1 = 1+yn+yn_17 -

The equilibrium points of equation (3.22) are the non-negative solutions of the

equation
1, 1
g=1t3Y
1+ 2y

or equivalent
8y +7—1=0

The equation (3.22) has a unique positive equilibrium point :

.
=

(3.14), with the initial values z_; = 0,1,z = 0, 9.
The positive equilibrium of this equation is locally and globally asymptotically

stable.(see figure (3.1))
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Figure 3.1

This graph represents the behavior of the solution of equation (3.22), with the

initial values y_1 =0, 129=20.9.
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Example 3.2. If we take (o, 3, A, B,C) = (2,3,1,1,2), the equation (3.20) takes

the form

24 3z,
B 3.23
Ln+1 1+ 2, + 22, 4 ( )
by change of variable
Tn = Yn,
we obtain 5.3
+ oYn
1l = , n=0,1.. 3.24
Yntd 1 + Yn + 2yn71 ( )

The equilibrium points of equation (3.24) are the non-negative solutions of the

equation
243y
14 3y

g:

where equivalent
377 — 25 — 2 =0.

The equation (3.24) has a unique positive equilibrium :

7 =121

But the positive equilibrium of this equation is locally and globally asymptotically
Stable.(see figure (3.2))

49



CHAPTER 3. DYNAMICS OF SECOND ORDER RATIONAL DIFFERENCE
EQUATION
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figure 2
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Figure 3.2

This graph represents the behavior of the solution of equation (3.23), with the
initial values y_; = 0.7, yo = 0.5.
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Conclusion

This study is related to convergence result of second order rational diffrence equation.
Firstly, we investigate the unique positive equilibrium point of this equation (2.1),
then we analyse the boundedness of solution of this equation. Secondly, we analyzed
the dynamics of equation (3.1), we also study the invariant intervales and the semi
cycles. As a result of this, we obtained that the equilibrium points are globaly
asymptotically stable.In addition we presented some numerical examples to verify

our theoritical results.
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