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General Introduction

Differential equations represent one of the cornerstones of applied mathematics, providing
a powerful framework for expressing the relationship between a function and its deriva-
tives. This allows for the modeling and analysis of a wide range of dynamic phenomena
across physics, biology, and engineering. Since the era of Newton and Euler, differential
equations have played a pivotal role in understanding motion, heat conduction, wave
propagation, and other time-dependent processes. Broadly speaking, differential equa-
tions are classified into two main types: Ordinary Differential Equations (ODEs), which
involve derivatives with respect to a single independent variable, and Partial Differen-
tial Equations (PDEs), which involve derivatives with respect to multiple independent
variables.

This study explores both the theoretical and numerical aspects of differential equations
and is structured into four main chapters. The first chapter addresses ordinary differential
equations, introducing fundamental definitions, classifications, and the most prominent
analytical techniques used to solve them. The second chapter focuses on first-order linear
partial differential equations, presenting their general form, the method of characteristics,
and practical applications such as modeling transport phenomena and wave behavior.
The third chapter delves into second-order partial differential equations, discussing key
equations like the heat equation, wave equation, and Laplaces equation. It emphasizes
the classification of these equations into elliptic, parabolic, and hyperbolic types, and
presents solution methods such as separation of variables and mathematical transforms.
Finally, the fourth chapter is devoted to the practical applications of partial differential
equations, where theoretical knowledge is combined with numerical methods to tackle
real-world problems. MATLAB is used to perform numerical simulations and obtain
approximate solutions to boundary value and eigenvalue problems using tools such as
Fourier series and integral transforms.

Through this integrated approach, the study aims to equip the reader with a solid and
practical understanding of differential equations, bridging abstract mathematical theory

with computational techniques and real-life applications in science and engineering.



Chapter 1

Ordinary differential equations

Introduction

It can be said that the differential equation into all branches of science as most of the

governing relation in physics and engineering that appear in differential equation.

Generalities

Definition 1.1.1. A differential equation is a relationship between an independent vari-

able x and dependent variable y,the general form of a differential equation can be expressed

dy d*y d™y
F(y,a,@,...,% (11)

as follows

1.1.1 The order of a differential equation

Definition 1.1.2. The order of a differential equation is the order of highest derivative

(also known as differential coefficient) present in the equation.

Example. in the equation

y" + 2xy" + 22y = 0.

the order of this equation is 3

1.1.2 The degree of a differential equation

Definition 1.1.3. The degree of a differential equation is defined as the power of high-

est derivative that appears in the equation ,provided the equation is a polynomial in the

derivatives




3 Chapter 1. Ordinary differential equations

Example.

y" 4 23:(3/’)4 + 22y = 0.

the degree of this equation is 4.

1.1.3 The Cauchy problem

In the first order or higher accompanied by initial condition for example if the differential

equation:

y(wo) = Yo

{ % :f(as,y), (1.2)

The first order differential equation are a type of equation that involves first. While
there are multiple methods to solve certain types of these equation, there is no single

comprehensive methods than can be applied to solve all first order differential equation

1.1.4 General, Particular, and Singular Solutions

To solve or integrate a differential equation on an interval I C R or over all of R means
to determine the set of all its solutions.

The set of solutions for an n the order differential equation

F(z,y,9,y",...,y™) = 0. (1.3)

generally depends on n arbitrary constants Aj, Ao, ..., A,.

Definition (General and Particular Solutions)

I The family of solutions (y,), indexed by A = (A, Xa, ..., \y), is called the general

solution (or integral).
. A particular solution is obtained by imposing an initial condition on .

In some cases, besides the general solution, there exist particular solutions y = ¢o(z) , y =

¢1(x), ... that cannot be derived from any choice of . These are called singular solutions.

Example. Consider the equation y? + (yy')? = 1. It can be verified that the general

solutions are:
y)\::t\/l—(l’—)\)2, A eR,

along with two additional functions ¢; = —1 and g, = 1. The solutions ¥; and s,

which do not belong to the family y,, are singular solutions.

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA



Chapter 1. Ordinary differential equations 4

1.1.5 Maximal Solutions

Definition 1.1.4. Lety : I — R and § : I — R be two functions where I C I. Then §
is said to be a prolongation of y if §lr =y

Definition 1.1.5 (Maximal Solution). A solution y : I — R of the equation (1.3) is said

to be a mazximal solution if dose not able any prolongation.

Example. The function y :  — - defined on ]0, +oo[ is a maximal solution of the

following equation

Yy +y*=0.

Theorem 1.1.1. Fvery solution y of (1.3) can be prolonged into a mazximal solution

not necessary unique.

1.1.6 Global solutions

Definition 1.1.6. Let (I, y) be a solution of the equation (1.3). Then (I, y) is said to

be a global solution in I if it is defined on whole interval I.

I
I

Figure 1.1: Graphs of global solutions

First order and first degree differential equations

The first order and first degree differential equation take the general form

pi F(x,y). (1.4)

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA




5 Chapter 1. Ordinary differential equations

1.2.1 Types of first order differential equations

Separable differential equations

Separable differential equation are types of first order differential equation that can be
expressed :

dy

- = f@)a(y).
The condition for this method : continuity f(z) and g(y) must be continuous in their re-

spective domaine and initial condition for use the integration of their solving the equation,
the solution to this method :

W _ t(o)gty),
(

dx
1

Example. Suppose the following equation

dy

— = 1.5
Equivalent

d

&Y _ xdr,

Y

Now, by the integration the two members, we obtain

d
/—y:/xdx,
Y
72
=K — .
Y exp{Q}

1.2.2 Exact ordinary differential equations

Thus

An exact ordinary differential equation is of the form
M(x, y)dz + N(z, y)dy = 0. (1.6)

We say about (1.6) it is exact ordinary differential equation (x,y) € D if the condition

holds
oM B ON

or oy
Example. Let the following equation

2zydr + 2*dy = 0. (1.7)

we have
M(x,y)=2xy , N(z,y)=axa

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA



Chapter 1. Ordinary differential equations 6

Then we obtain a1 .
%(l‘ay)ZQQj ) a—y(l’,y)ZQZU

Since 2 (z, y) = oY , (7, y) = 2, thus, the differential equation (1.7) is exact D

Example.
2zydx + r*dy = 0. (1.8)
M(z,y) = 2zy N(z,y) = 2*
M, =2z N, =2z

The differential equation (1.8) is exact in D

1.2.3 The solution of exact ordinary differential equations

Now that we have a test with which to determine exactness let us proceed to solve exact

differential equation if (1.3) exact in a domain D, them exists a function U such that

M(x,y):%i’y) and N(x,y):%j’y), V(xz,y) €D
Then the equation may be written
oU(z,y) oU(z,y)
——d ————=dy = 0. 1.9
ox T oy Y (1.9)
this last equation equivalent
M(z,y)dz+ N(z,y)dy=0 < dU(z,y)=0. (1.10)

The relation U(z,y) = c is obviously a solution of (1.9), where ¢ is a arbitrary constant

we summarize this observation in the following
Standard method

In this method we must find U(z,y) such that

oU(z,y)
ox

oU(z,y)

M(z,y) = T

and N(z,y) =
Example. Solving the following equation Solve the following equation
vy*dr + (2*y — cos(y))dy = 0. (1.11)

We have

/aU * y /M z,y)d y* and /%‘Z’y) :/N(x,y)dy:ny—cos(y),

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA




7 Chapter 1. Ordinary differential equations

Then

Uz,y) = /M(I,y)dw = /xyZdw = %ﬁ?ﬁ + o(y),

Hence we obtain
U (x,y)

— 2 /
Y +¢'(y),
But also
oU
P — Nay) = 2y — cosly),
And so
¢'(y) = — cos(y)
¢(y) = —sin(y) + co,
Thus

1 ‘
Ulx,y) = 7x2y2 —sin(y) + co.

Method of grouping

We shall now solve the differential equation of last example by grouping the terms in
such way that it’s left member appears as the sum of certain exact differential, we write
(1.11) as

dU (x,y) = xy*dz + (2°y — cos(y))dy = 0, (1.12)

In the form
dU (z,y) = (zy*dx 4 x*y)dy — cos(y)dy,

we now recognize this as

AU () = d(52*") — d(sin(y)) = dA

1
form this we have Ulz,y) = §x2y2 —sin(y) = A AeR.

Method of comparison

We must find the function U once of integral M (x,y) with respect to z and another one

integral N(z,y) with respect to y.

Example. We have
dU (z,y) = xy*dr + (z*y — cos(y))dy = 0.

Then
M(z,y) = 2zy* and N(z,y) = 2’y — cos(y),

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA



Chapter 1. Ordinary differential equations 8

Integral M (x,y) with respect z, we obtain

U(z,y) /Mxy :/xy

_ix v+ o(y) = A (1.13)

Now we Integral N(z,y) with respect to y we get

Ul(z,y) /N ,y)d /(ﬂfy2 — cos(y))dy,

_51‘ e —sin(y) + ¢(z) = (1.14)

Let us compare the two statements (1.13) and (1.14) we find

p(y) = —sin(y) and o(x) =0,

Thus .
Ulx,y) = §x2y2 —sin(y) = A A eR

1.2.4 Integrating Factors

Given the differential equation
M (z,y)dx + N(z,y) = 0. (1.15)

it’s not exact that is
OM(x,y) , ON(z,y)

dy 7 ox

We can transform it (1.15) into an essentially equivalent if so we can proceed to solve

the resulting exact equation by one of above produces I(x,y). Then I(x,y) is called an

integrating factor of the differential equation (1.15)
I(a,y)M (2, y)dx + I(z,y)N(z, y)dy = 0. (1.16)
is exact that is

Oz, y)M(x,y) _ 9l(z,y)N(z,y)
dy ox '

How find the integrating factor I(z,y)?

1
If the function in z <= (I, = 0) than mine I(z) = I(x,y) and [d (z,9) _

0; I'(z) = 1]

I(I,y)My = I/(LL’) + I(‘T?y)Nx?

there so ) (M, — N,)
/ o z,y y T
I (I’) - N(ZE, y) )

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA




9 Chapter 1. Ordinary differential equations

and
Pa) _ Iwy)(M, - N)
I(z,y) N(z,y)
I(x) = exp{ %} . (1.17)

but if the function iny <= [, =0 and I(y) = I(z,y).
The integrating factor I(y) be

f(y)zeXp{ M}

M(z,y

Example. consider the differential equation
(3y + 4ay?)dr + (2 + 32y)dy = 0.

This equation take a form

M(x,y) =3y +4ay* N(z,y) = 2z + 32%y
M N
m=3+890y ; ON(,y) (x’y)=2+6xy
dy dx
Since
OM (z,y) 2 ON(z,y)
y ox

Let I(z,y) = %y them the corresponding differential equation of the form (1.16)
(32%y* + 42®y®)dx + (22%y + 32'y*)dy = 0.

The equation is exact because

ol (z,y)M(z,y)
dy

OI(x,y)N(z,y)

= 6%y + 120%y° = 3
x

We can find the integrating factor , we use (1.17)

Linear Equations

Definition 1.3.1. A first-order linear differential equation is an equation that is linear

with respect to the unknown function and its derivative. It has the form
a(z)y’ +b(x)y = c(x). (1.18)

where a,b and ¢ are given functions of x continuous in the domain where the equation
(1.18) is to be solved

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA



Chapter 1. Ordinary differential equations 10

Comment. The function c is called the source term of the differential equation, while a

and b are called the coefficients.
If ¢(z) = 0, the equation (1.18) is called a linear homogeneous equation or an
equation without a source term. that is

a(z)y + b(z)y = 0. (1.19)

The zero function is always a solution. Other solutions can be found by writing

Yo W) dy M)

y  a(z) y  alx)

and integrating both sides. This yields:

In|y(z)] :—/g(x)d:c—l—K, where g(x) = %, K eR

For each value of K, this gives two solutions. One always positive

o e [aorac)

and the other always negative

y = —eKeXp{—/g(:C) dx}.

All these solutions, including the zero solution, can be combined by stating that

the general
solution of (1.19) is

Y = C’exp{—/g(x) da:} where g(t) = % CeR.

If the value of the solution at x = 0 is given, it is often written as

o) = 0o { - [ gte) s}

Remark. The function (z,y) — u(z,y) = exp{[ g(t)dt}, where g(z) = ? is an
integrating factor for the differential equation 3’ + g(z)y = 0.

Suppose x — y,(z) is a particular solution of (1.18). By substituting y = y, + u
into (1.18), we obtain

a(z)y, + b(x)y, + a(z)u’ + b(x)u = c(x).

Since a(x)y, + b(x)y, = c(x), it follows that a(z)u’ + b(r)u = 0, meaning u is a

solution of the homogeneous equation (1.19).

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA
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Therefore, the general solution of the non-homogeneous equation (1.18) is the sum

of a particular solution of (1.18) and the general solution of the associated homo-

geneous equation (1.18):

— [ g(@)de b(x)
y(z) = Yp() + Yn(T) = yp(z) + Ce Jot)d , g(x) a(z)
Particular solution Solution of the
of (51) homogeneous equation (5.2)

1.3.1 Integration factor

The linear differential equation :

dy + [P(z)y — Q(z)]dx =0 (1.20)
we have
Then
My(x,y)=P(z) and N,(z,y)=0.
the integrating factor is
M, — N,
I(z —exp{ M} 1.21
@ N(w) 20
Multiplying the equation (1.20) though by this integrating factor
I(x)dy + I(z)(P(z)y — Q(z))dxz = 0.
it is exact.
Example. Solve the differential equation
y —y = e*. (1.22)

here we have P(z) = —1

and hence an integrating factor is:

I(z) = exp { / P(:c)dyc} ,
I(x) :exp{/—ldx},

I(z) =e".

hence

Hence

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA



Chapter 1. Ordinary differential equations 12

Multiplying the equation (1.22) though by this integrating factor I(x)
e dy — (ye " + e *)dx = 0. (1.23)
here we have M (z,y) = —ye ™ — e ® and N(z,y) = e * Thus

—T

OM(z.y) _ . _ ON(z,y)
oy - O
Now (1.23) exact. the solution is

d(ye™™) +d(e¥) = dA,

So
ye et = A,

Thus
y = Ae” —e**. AeR.

Nonlinear Differential Equations

1.4.1 Bernoulli Equation

Definition 1.4.1. An equation of the form

% + P(z)y = Q(x)y". (1.24)

is called a Bernoulli differential equation

1

And it leads to a linear differential equation transformation v = y™ " reduces the

Bernoulli equation (1.24) to a linear equation in v

Proof. we first multiply equation (1.24) by y~" there by expressing it in the equation

from

v Py = Q). (1.25)

if we let v = '™ the equation (1.25) transforms into

1 dv
1—ndzx

P(r)v = Q(x)

the equation it’s a linear [ |

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA



13 Chapter 1. Ordinary differential equations

1.4.2 Equation of the form

F'Wy' + f(y)P(x) = Q(x).

Where P(x),Q(x) and f(y) are a continuous function
if let

the equation (1.26) transform into

d
=+ Px)o = Q)
the equation (1.27) is a linear
1.4.3 Biccard’s method
Let the Cauchy problem
dy
% - (Z’, y)a
y(xo) = yo.

It has a solution in domain D

(1.26)

(1.27)

(1.28)

The basic idea of Riccard is that by integrating equation (1.28) we obtain the following

integral equation.

mwzmw+/ﬁ@mmw

(1.29)

to obtain approximate solution y(x) for the integral equation we follow the following

steps

B we put yo(z) = yo and substitute y(s) of the first condition yq it is the integral

equation (1.29)

2 let

y1(r) = yo + /x f(s,y0(s)ds

Yo () = yo + /x f(s,y1(s)ds

yww—m+/7@%4@ws

4tme Maths 2024,/2025
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Chapter 1. Ordinary differential equations 14

1.4.4 Existence and uniqueness theorem in differential equa-

tions

The existence and uniqueness theorem in differential equation addresses the condition
under which a differential equation has a unique this is particularly relevant in the context
of initial value problems ,often referred to as the Cauchy problem , the Cauchy problem

is

of (z,y)

Theorem 1.4.1. if f(x,y) and ————= continuous and bounded in the rectangular D:

dy

D = {(z,y) € R* |z — x| < a; |y — yo| < b}

If we have
a = min (a, %) A M =max f(x,y)

Then, the Cauchy problem has a unique solution on a given interval I, defined by

I, = [z — ap; x + ayg

Example. In the rectangular D:

D:{(z,y)ER2;O<x< Dyl < 1}

N | —

prove this problem

(P)

Yy =24y
y(0) =1.

[ 1t has a unique solution in domaine D

2! Using the Riccard method , find the three first approximation for the following

Y =v,
{ y(0) = 1. (S)

Solution. [l prove (P) it have a unique solution in domain D

problem.

we have

flay) =ateyr n 08y

y
of (z,y)

the function f(x,y) and a0

are continuous and bounded that’s mine (P)

has a unique solution
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15 Chapter 1. Ordinary differential equations

. find three approximation with using Riccard method

we have

Yy =y z9=0

y(0) =1 yo =1

me) =+ [ Flsna(sds, neN
zo
for the first approximation n = 1
y1(z) = yo—l—/ f(s,y0(s))ds <= yi(x) = 1—|—/ ds <= yi(z) = 1+[s]; <= wi(z) =14z
x0 0

the second approximation n = 2

ya(2) = o + [ f(s,01(5))ds <= ya(x) =1+ foxgl + 5)ds 2
— plr) =1+ l%Jrs] — plr)=1+"—+=x

T T S
ys(v) = yo + [, f(s,52(5))ds <= ys(x) =1+ [ (1+E+s)ds
3% 2
= y3(ﬁ£)-1+{s+%+%}
3 2P ’
= yg(x)—€+§+m+1

hence the first three approximation are

;

yi(z)=1+z
yo(w) =1+ +%
{ Bl =l+o+5+5

yn(r) =14+ +Z 4.+ 2

So

Second order differential equations

These equations can be reduced to first-order equations.

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA



Chapter 1. Ordinary differential equations 16

1.5.1 Linear second-order differential equations

Consider the linear second-order differential equations

Y +alx)y + ba)y = clx). (1.30)

Definition 1.5.1. Two solutions y; and ys of equation (1.30) are called independent on
an interval I if there does not exist a real constant k such that ys(x) = kyi(x) for all

zel.

Remark. The functions y; and y, being independent here means they are linearly inde-

pendent in the context of vector spaces.

Homogeneous linear second-order equations

If ¢(t) = 0, the equation (1.31) is called a homogeneous linear equation or an equation
without a right-hand side:
Y +a(z)y + b(z)y = 0. (1.31)

Case where two independent particular solutions are known
If y; and y, are two independent solutions of the differential equation

y" + a(x)y’ + b(x)y = 0, then the general solution of this differential equation is:

Y = \y1 + Y2,

where A and p are arbitrary constants.
Case where a particular solution is known

Consider the homogeneous differential equation:
y' +al@)y +b(x)y =0

for which a particular solution y; is known. The method to find the general solution
involves performing a change of function by setting y(z) = y;(z)v(z), where v is the new

unknown function. Substituting this into the equation gives:
yiv + 290" + 0"y + a(z) (Yo + o) + b(x)yv = 0.
Since 1 is a solution of the differential equation, we simplify to:
v + (29 + a(t)yr) v = 0.

Let w = v’. Then w satisfies a first-order linear differential equation:

/

Y —2y/1<$) —a(x).

w y1(x)

The general solution for w is:

w(z) = Ay (z) e @ N eR.
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17 Chapter 1. Ordinary differential equations

Integrating w, we find v:

v(x):/w(x)d:v—i—,u, we R

Thus, the general solution of y” + a(z)y’ + b(z)y = 0 is:

v =) (A [w@ie @) ). ek

that mine

o) =) (A [l 2T dt 4 (o))

Nonhomogeneous linear second-Order equations

If e(xz) # 0, the equation y” + a(x)y’ + b(z)y = c(x) is called a nonhomogeneous lin-
ear second-order differential equation or an equation with a forcing term. The equation
y" +a(z)y + b(x)y = 0 is its associated homogeneous equation.

As with first-order linear differential equations, the general solution of the nonhomoge-
neous equation y” + a(z)y’ + b(x)y = ¢(z) is equal to the sum of the general solution of
the associated homogeneous equation and a particular solution of the nonhomogeneous

equation.

1.5.2 Variation of Constants

Suppose we know the general solution y = Ay; + pye, A, ¢ € R of the homogeneous
equation y” +a(x)y’ +b(x)y = 0. We can then seek the general solution using the method
of variation of constants.

The principle of this method is to treat A and p as functions of the variable x. We
look for solutions in the form y(x) = A(z)y1(x) + p(z)y2(z). Substituting this function

into the nonhomogeneous equation and simplifying, we obtain:

2Nyy +20"ys + N'yn + p"y2 + a(z)(Nyn + p'ye) = ().

By imposing the additional condition ANy; + p'ys = 0,
we observe that Ny, + pyo = —(Ny] + p'yh). Consequently, the derivatives A" and p/

must satisfy the system:

Ny + p'ye = 0,
Nyh + 1y, = o).

Solving this system yields:
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Chapter 1. Ordinary differential equations 18

v @)y S COL T
YiYs =~ Yiye’ Yo — Y
Hence, the general solution of the nonhomogeneous equation
Yy +alc)y + b(z)y = c(x) is:

—c(z c(x
y_yl/#@ﬂ*—lﬁ/%dx‘i‘ayl*‘ﬁyz, a, B eR.
Y1Ys — Y2 Y1Ys — Y2

1.5.3 Linear second-order equations with constant coefficients

A linear second-order differential equation with constant coefficients is an equation of the

form

Y+ ay + by = c(x),

where a and b are real constants, and ¢(z) is a given continuous function on an interval
I CcR.
As in the case of non-constant coefficients, we begin by solving the associated homo-

geneous equation (or the equation without a forcing term):
y' +ay + by =0.

We seek solutions of the form y = e, where A € R. Substituting this into the homoge-

neous equation, we obtain:
(A 4 a4+ b)er = 0.

Since the exponential function is never zero, a non-trivial solution requires:
M +al+b=0.

This is called the **characteristic equation™* (or auxiliary equation) of the homogeneous

equation. The roots r are found using the quadratic formula:

—a £+ +b? — 4dac
5 )

A:

Three cases may arise based on the discriminant A = b? — 4ac:

Case 1: If A > 0, there are two distinct real roots A\; and \,. The functions y; = e*'®
and y» = e*® form a fundamental set of linearly independent solutions. The general

solution of the homogeneous equation y” + ay’ + by = 0 is:

Y = ae™M® 4+ Be’® o, f € R.
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19 Chapter 1. Ordinary differential equations

Ao

Case 2: If A =0, there is one repeated real root \g. In this case, y; = €"°% is a solution.

A second linearly independent solution is y, = xe**. Thus, the general solution of

the homogeneous equation becomes:

yn = (az + B)e™”, a,B eR.

Case 3: If A < 0, there are two distinct complex conjugate roots of the general form
z1 = a—if and zo = a + i3, where «, 3 € R. In this case, the functions y; =
e cos(ft) and yo = e*sin(St) form a fundamental set of linearly independent
solutions to the homogeneous equation. The general solution of the homogeneous
equation is:
yn = € (¢ cos(Bx) + casin(fx)), c1,c0 € R

This can also be expressed in the alternative forms:

yp = c1e® cos(Br 4+ ca) or y, = c1e*sin(fr + ¢z), c¢1,02 €R.

Example. (a) Solve y” + 4y’ + 3y = 0.
The characteristic equation is A2 +4X+3 = 0. The roots are \; = —3 and \y = —1.

Thus, the general solution is:

y=ae 4+ e, o,BER.

(b) Solve y" + 4y' + 9y = 0.

The characteristic equation is z? + 4z +9 = 0. The roots are z; = —2 — iv/5 and
z2=-2+4+i/5. T herefore, the general solution is:

y=e <01 cos(V5z) + ¢, sin(ﬁx)) , c1,c €R.

(c) Solve y" + 6y’ + 9y = 0.
The characteristic equation is A2 + 6\ + 9 = 0, which has a repeated real root

A1 = —3. The general solution is:

y=(ax+B)e ™ a,BER.

Finding a particular solution

To solve the nonhomogeneous equation y” + ay’ + by = ¢(x), we first find a particular

solution y,. The general solution is then:

y:yp+yha

where ¥, is the general solution of the associated homogeneous equation.
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Chapter 1. Ordinary differential equations 20

1.5.4 Particular solution by the method of variation of con-
stants
As seen in the general case of linear second-order equations, a particular solution to the

equation y” 4+ ay’ + by = ¢(x) can be obtained using the method of variation of constants

(see page 10):

—c(z)y c(r)y
Yo — Y1Y2 Yo — Y1Y2

where y; and s are two independent particular solutions of the homogeneous equation
y"+ay +by = 0. If \; and \, are distinct roots of the characteristic polynomial A>+a\+b,
then y; = eM? and 3, = 2. In this case, using integration by parts, the general solution

of the nonhomogeneous equation can be written in a single formula:

y = eM® / (ew—*ﬂx ( / e (x) d:v)) dx.

Example. Let us find a solution to the equation y” — 3’ — 2y = e~®. The characteristic
equation A — X\ — 2 = 0 has roots A\; = —1 and A\, = 2. The general solution is

therefore:

e (o (e
()

1 1
=e 7 <§)\€3x - gflf + CQ)

1 1
= 5016% + <02 - gx) e, a,q€eR

Higher order differential equations

The order differential equation take a form

dy\
f(%%%) =0

_dy _

If the degree p is greater than 1 the equation (1.32) called higher order differential equation

then

Example.
(p)+2p+1=0
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21 Chapter 1. Ordinary differential equations

independent variable x is an equation ,on can be expressed in the form :

p™ + filz, y)p™ ™V + fo(z, )PP + .. + fulz,y) =0 (1.33)

Definition 1.6.1. An ordinary equation of order n in the dependent variable y and the

Definition 1.6.2. (Wronskian:) Let y,(x) and ys(x) be two differentiable functions on
an interval I.

The Wronskian of these two functions is defined using a determinant:

yi(z) y2(v)
(@) yh(x)
The two differentiable functions yi(x) and ys(x) are linearly independent if and only if
their Wronskian W (y1,yz) is not identically zero.

Wy (x), ya(x)) = = y1(2)y5(7) — v (2)ga ().

Example. The functions x + sinz and = + e* are independent.

The functions f : x +— 3e *sinx and ¢ : © — be *sintx are not linearly indepen-
dent, since g = 2 f.
1.6.1 The equation solve in p

To analyze the expression (1.33) which is considered p polynomial of degree n, in terms

of linear factors, it take a form :

[p - Fl(x7y)Hp - F2(x7y>][p - Fn(ﬂi,yﬂ =0

4 @ _ F
p_F1<x7y):0 Célzy 1(.’]5,?/)
_ — — = F
]'9 Fy(xz,y)=0 _ dx 2(7,y)
: .d
p—Fu(z,y) =0 YW _
| 7, = Fal@y)

we get a n the first order and first degree differential equation ,you can use various method
and the solution be

yl(xayac) =0
yQ(xvyuc) =0
Yn(2,y,0) =0

we write the solution

(1 (x,y, 0)][y2(z, y, ©)]...[yn(z,y,c] =0

Example. solve this equation
PP =2 —p=0 (S)

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA



Chapter 1. Ordinary differential equations 22

We can write (S) whit this form

p—2=0 = W — 9 = y=2r+c
p—1= = =1 y=x+c
the solution is
(y—o)ly—2z—c)ly—z—¢c)=0

Secondly: If differential equation can be written in the form:

y = f(z,p) (1.34)
By differentiating both sides of the equation with respect to x, we obtain:

_dy _9f  Ofdp
P= e~ Jr Opdx
The last relation can be expressed as:

¢>(g§,p,x> =0 (1.35)

By solving this, we can obtain p as a function of x. Subsequently, by eliminating p
from (1.34) and solving (1.35) (if possible), we derive y as a function of z.
This covers the solution process for first-order differential equations using substitution

and elimination methods.
p=g(z,c) (1.36)
from (1.34) and (1.36) we have
y = f(z,g(z,c))

Example. we have

y=z+np (T)
we derivative in x
0 1d
oy _ . ldp
ox pd
d
dr = P
(p—1p
-1
z+c=1In
p
-1
ket =2~ k=ef
p
o p
1
1 —ke* = -
p
1
— 1
D=1 o (1)
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23 Chapter 1. Ordinary differential equations

from (T) and (1)

= 1
Y=+ nl—kew

Thirdly: If differential equation can be written in the form:

x = f(y,p)
By differentiating with respect to y, we obtain:
L df Ofdp

p 9y dpdy
The last relation can be written as:
dp
_— — 0
¢ ( dy,p, y)

Solving the differential equation yields:

p=9(y,c)

This relation, together with the original differential equation, forms the parametric
equations of the general solution. By eliminating p from one of them (if possible), we can

derive:
r=vy(z,c)

which represents the general solution of the differential equation.

Example. Find the general solution and the singular solution of the equation:
p* —2xyp +4y* =0
Solution. Rewrite the equation as:

2
4
2x:p——|——y
y p

Differentiate both sides with respect to y:
Simplifying, we obtain:

This gives two cases:

2" —p* =0 (1)
dp

oy =0 2

p=2g, (2)
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24

Integrating case (2)

Integrate equation (2):

This yields:

1
lnpzélny—i—lnc = pP=cy

Substitute p? = cy into the original equation:

(cy)*? — 2zy(ey)? + 44> = 0

Simplify to obtain the general solution:
c(c— 21)* = 16y

Singular solution from case (1)

From equation (1):

pP=2y" = p= /22

Substitute p = {/2y? into the original equation:

2y — 2wy /292 + 4y* = 0

Simplify to find:
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Chapter

Linear First-Order PDEs

Introduction

The general first-order partial differential equation (PDE) for a two-variables function,

denoted as u = u(z,y), can be expressed in the form:
F(z,y,u,uz, uy) =0 (2.1)

Here, u, and u, represent the partial derivatives of u with respect to x and y, respectively.
The function F' establishes a functional relationship between u and its partial derivatives,
and the independent variables z and y. The general first-order partial differential equation
for a function u = u(xy,...,z,) of n independent variables, denoted as x1,...,z,, can

be represented as:

F(zx,u,Vu) =0 (2.2)
Here, Vu is a vector denoted as Vu = (0yu, . .., d,u), which comprises the partial deriva-
tives of u with respect to each independent variable xy,.. ., x,.
Definition 2.0.1. A classical solution of the equation F(x,u,Vu) = 0, for x € R,
Vu = (Ou,...,00u), is a smooth function u = u(zx) defined on an open set Q@ C R"™ such
that F(x,u(z), Vu(z)) = 0 is an identity for all x € Q.

For example, it is possible to verify that functions of the form u = h(z? + y?) for

arbitrary smooth functions h is the classical solution of the equation
YUy — TUy = 0.

For example, the function u = 2% 4 3% is a classical solution to the equation for all
(z,y) € R? while u = \/x? 4+ y? is a solution only on R* — {(0,0)}. The graph of these
two solutions shown below. Observe that the graph of a classical solution of a first-order

PDE in two variables z, y is a smooth surface:

25
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u= /22 + 32

2.1 Classification of first-order PDEs

In this chapter, we will exclusively focus on the study of first-order PDEs falling within

the categories of linear, semi-linear, and quasi-linear equations.

2.1.1 Linear equations.

The general form of a linear first-order PDE for a function u(z) = u(zy, ..., x,) is given
by:

Z v;(x) Ou(z) 4 vo(x)u(x) = r(x) (2.3)

for some (usually) continuous functions v;(x) and r(x).

2.1.2 Semi-linear equations.

A semi-linear equation is characterized by the general form:
S uy(@) dyule) = r(z,u) (24)
j=1

The difference between a linear and semi-linear equation is that a semi-linear equation

can be nonlinear with respect to u (and not with the partial derivatives u, and u,).

2.1.3 Quasi-linear equations.

A quasi-linear equation assumes the general form:
Z vj(x,u) dju(x) = r(z,u) (2.5)
j=1

The difference between a quasi-linear and semi-linear equation is that in the former case,

the coefficients of partial derivatives are functions of u as well.
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2.1.4 Fully-nonlinear equations.

A fully nonlinear equation is an equation where one or all of the partial derivatives are

nonlinear. For example, the equation:
Jusl® + [y |* = 1,
is a fully nonlinear first-order equation for u = u(z,y).

Example. We can classify the following first-order equations according to their linearity:

. Uy + Uy = €U
It is classified as semi-linear, since all derivatives and the unknown function

appear linearly, and the coefficients depend only on the independent variables.

. TUy + YU, = e
It is classified as semi-linear, as the highest-order derivatives appear linearly,

but the right-hand side is a nonlinear function of the unknown

B u.(In(u,))=1+u
It is classified as fully nonlinear, because the derivative appears inside a non-

linear function (the logarithm).

. Uy + Uy + Uty =1
It is classified as quasi-linear, since the derivatives appear linearly, but the

coefficients depend on the unknown function itself.

Example. Consider the following first-order partial differential equation:

Uy + Uy = —U.

We can classify this equation as linear, since the unknown function and its deriva-

tives appear linearly, and the coefficients depend only on the independent variables.

We write the characteristic system:

dr dy  du
11w
Frodex:d—f’,weget:
T —y=c.
From dT”: = %’ we solve:
du
—=—dr = hu=-2r+4+c = u=Ce".
u

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA



Chapter 2. Linear First-Order PDEs 28

Since C'is constant along the characteristic x — y = ¢, we write:

x

u(x,y) = f(iU - y)e_ )
where f is an arbitrary function.

We can verify that this function satisfies the PDE

upg = —f(@—y)e " + fllw—y)e™, uy=—f(z-y)e™"

Adding
Uy +uy = —f(x —y)le " = —u.
So

—x

u(w,y) = flr —y)e

Characteristic method and ODEs along curves

The characteristic method is a powerful technique for solving first-order partial differential
equations, and it is especially useful for semi-linear and quasi-linear equations. By using
this method, one can derive the general solution to such equations. Furthermore, the
characteristic method has a geometric interpretation that can be illustrated through the

Cauchy problem.

2.2.1 Introductory remark: ODE along a curve

In our study of ordinary differential equations (ODEs), we explored equations of the form:

d_u
dx

Here, u = u(z) represents a single-variable function. Geometrically, we interpret the

= f(z,u).

x-variable as the z-axis in the standard direction. The solution to this equation consists
of a one-parameter family of functions v = u(z,c), where ¢ € R, such that for any x

within the domain of u, the following relation holds:

d
%U(ZL’, C) - f(l’, U(ZL‘, C))
Now, lets shift our focus to a parametric curve «(¢) in the zy-plane. An ordinary
differential equation (first-order) along v(¢) takes the form:

d
Suwoy = f(t,uon).

Here, u o v is defined at any t as (uo )(t) = u(y(t)). If we denote w = w oy, we

arrive at the equation:
dw
— = f(t,w).
= fltw)
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For instance, consider () given by ~(t) = [t,t*], a parabola in the xy-plane along

which the differential equation
dw

— =W
dt ’
is defined. Suppose u at the point (0,0) is 1, corresponding to v(0). Then, we obtain w

as

10

Remark. Solving differential equations along curves can sometimes result in non-valid
solutions. For instance, lets consider the circle C represented by the parametric
curve

7(t) = (cos(t),sin(t)),
for ¢ in the interval [0, 27, along with the initial value problem
dw
dt
defined for w(t) = u(y(t)). The solution to this equation is w(t) = €' for t € [0, 27].

However, the function v is not continuous on the circle because

u(7(0)) = u(1,0) = 1,

=w, w(0)=1,

and

u <lim 7(15)) =u(y(0)) =1 # lim u(y(1)).

t—2m t—2m
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2.2.2 A simple type of equations
Lets begin with the following simple equation
y + 0z, )y =0, (2.6)

where u is a smooth two-variable function, u = u(x,y). Well relate the independent

variable y to x through the equation

d
%Zv(%y)

and assume that the solution to this equation is expressed as y = Y (z, ¢), where ¢ is
a parameter of the solution to this ordinary differential equation (ODE). This family
of curves is known as the characteristic curves of the given partial differential equation
(PDE). The reason is that along each curve y = Y (z, ¢), the PDE reads as an ODE

d

%u(x, Y(z, ) =0. (2.7)
Note that, by the chain rule, we have

Lule, Vi, o) =l )+ Py, y) = wale, ) + oz, Pnlr, 9).

Equation (2.7) can be simply solved for the constant function
u(z,Y(z, ) =C,

where C' is constant along the characteristic curve y = Y (z, ¢) for a fixed ¢. Therefore,

C' is a function of ¢, written as C' = h(c), where h is an arbitrary function.

u=0C3

y=Y(z;c3)

y=Y(z;c2)
yi=Y1{xsei)
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Let us assume that the equation y = y(x,,c) can be solved for ¢ as ¢ = g(z, y).

Then, we can express u(z, y) as

u(z,y) = h(g(z,y)). (2.8)

for an arbitrary smooth function h. Now, lets verify that the solution (2.8) satisfies

equation (2.6)

This implies
Uy +v(z,y)uy = B (g9(2,y)) (9= +v(x,y)gy)

Utilizing the relation ¢ = g(z,y), we have

d
0= g.,dx + g,dy, = g+ ﬁgy = 0.

Substituting this into our previous equation

(h(g(x,y)))e + v(2,y)(h(9(x,y)))y = 0.

This confirms that the solution (2.8) satisfies equation (2.6).

Example. Consider the partial differential equation

Uy +uy = 0.

To apply the characteristic method, we begin by finding the characteristic equation

dy _

1.
dx

This equation has the solution y = x+ ¢, where c is a parameter. Now, lets consider
the characteristic family, denoted as {¢ = y—x, ¢ € R}. Along each characteristic
du

curve, u remains constant due to the equation §* = 0. Thus, we can express u as

u = C along each line ¢ = y — x, where C' depends on c¢. Consequently, we have

Here, h is an arbitrary smooth function. The characteristic curves in this case are

straight lines with a slope of 1.
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g O
tt=U.i =h{c.i) u=Co=h(co) u=Ci=h(c1)

2 (z,y)

/ 0 -y

Remark. In the example we solved earlier, we obtained the solution v in terms of an
arbitrary function h(y — x). Consequently, any function of the form u = sin(y — z),
u=e 2 y= (y — 2)® + 2 — y, and so on, satisfies the given partial differential

equation u, + u, = 0. This type of solution is known as a general solution.

The concept of a general solution here is akin to the concept of the general solution
for a first-order ordinary differential equation that typically contains a constant
parameter rather than an arbitrary function. In subsequent discussions, we will
explore how to determine the specific form of the arbitrary function h with the help

of auxiliary conditions for the problem.

2.2.3 Characteristic method for semi-linear PDEs

Lets consider the following equation:

Ul('I? y)um + ’U2<LU, y)uy = Ug(Q?, y7 U), (29)

where v, vo, and v3 are smooth functions. The objective is to transform this partial differ-
ential equation into a set of first-order ordinary differential equations along characteristic
curves.
Recall the differential of a two-variable function u = u(x,y) as du = u,dx + u,dy.
Comparing the expression of du with equation (2.9) implies the following system:
du dx dy

— — ) 2.10
ey nlwy) ) 210
By relating x to y through the characteristic equation:
d
= = v(x,y), (2.11)

dx
where v = 72, we obtain a family of curves 7. : ¢ = g(z,y), where ¢ is an arbitrary
constant. The given PDE reduces to the following equation along each ~.:

du  v3

— = 2.12
de v ( )
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Suppose this equation is solved for u = U(x, ¢, C), where C' depends on +, and thus
can be expressed as C' = h(c) for an arbitrary smooth function h. Hence, the general

solution can be expressed as:
u="U(z, g(z,y), hg(z,y))).
Example. Lets solve the following partial differential equation:
LUy + YUy = TY.

The characteristic equation is given by:

@ dy du

Hence
dy _y
dr  z’

which we can solve to obtain y = cz. The ordinary differential equation for ucomes:
du
a7

Substituting y = cx into this equation, we have:

d—u—cx
de

This ordinary differential equation can be solved to find:

L,
= — C.
U 20:B +

Here, C' be expressed as an arbitrary smooth function in terms of ¢. Therefore, the

general solution can be written as:

u(z,y) = %—i—h(%)

Theorem 2.2.1. The general solution of equation (2.9) is

u="Ul(z, g(z,y), hg(z, y))), (2.13)

where h an arbitrary smooth function, ¢ = g(x, y) is the equation of characteristic curves
solution of the equation (2.11), and U the solution of the equation (2.12).

Proof. We have
{ux =U, + chx + UCh/(g)ga:a

uy = Uegy + Uch'(9)gy-
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Multiplying the first equation by v; and the second one by v, we obtain
ViU + Voty = 01Uy + Up(v195 + v2gy) + Uch'(9) (V19 + v2g,).
By the equation ¢ = g(x,y) ,we have
0 = gudz + g,dy,

and by the equality
dr dy

U1 V2

we obtain
V19x + V2gy = 0.

Hence, we obtain the equality
V1Ug + Vauy = 01U,

On the other hand, from the equation u = U(x, ¢, C), we have du = U,dx. Utilizing the

equation

du  v3
de v
yields v,U, = v3 ,that proves the equation viu, + vou, = vs.
[ |

Definition 2.2.1. Given a fized value of ¢ in the real numbers, the curve ., which is
the solution of equation (2.11), is referred to as a characteristic curve of the differential
equation (2.9). Since equation (2.9) reduces to an ordinary differential equation when
evaluated along . for any fized c, we obtain an infinite system of ordinary differential
equations for the family of characteristic curves {7.,c € R}. The system (2.10) is known

as the characteristic system of the associated partial differential equation.

Example. The existence of a general solution, even for linear first-order PDEs, is not

always a trivial question. Consider the equation
TUy + YUy = QU,

where « is a constant. We will examine three cases: a =0, —1 and 1.
For a = 0, the characteristic system is

dr dy du
r y 0’

and the equation for the characteristic curves in the xy-plane is
ydr +xdy = 0.

The general solution of this simple ODE is y = cz, which is shown in the following

figure
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U
Along the characteristic line ., we have i 0, and thus w is constant along
x
v.. Furthermore, all characteristic lines intersect at the origin, sov. carries the
information of u at the origin. This implies that u(z,y) = u(0,0) = C, a constant

for all (z,y). There is no other solution of the equation in this case.

Now, consider a« = —1. We will show that the only possible solution is v = 0. In

this case, the solution u along 7, satisfies the ODE

du 1

e~z
C .
and therefore, u = — along 7, : y = cx with respect to . On the other hand, the
x
PDE implies u(0,0) = 0 and thus C' = 0, implying that u(x,y)is identically zero in

this case.
For a = 1, the solution u satisfies the ODE

du 1
- = _u’

drv =

with the solution u = C'z for a constant C'. The general solution in this case is

u(z,y) = f (E) x.

X

The form of the solution imposes a restriction on the form of the function f if u is
assumed to be smooth inside the unit disk. For example, for f(z) = 22, the solution

is not even continuous at the origin.
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Semi-Linear equation in general dimension

Now, we generalize the method for semi-linear PDEs in general dimension. Consider the

following equation

- 0
Zvj(x)a—u =r(z,u), zeR" (2.14)
=1 K
where v;(x) are smooth functions of x = (x1,...,z,). To solve this equation, we first

consider the characteristic system

dry _dr,  du
vl va(2) (o)
The characteristic equation in the space (z1,...,x,) is
dry _dzy,
u@ @)

By taking z; as the independent variable, we can write the system as

(s _ w0
dry  vi(x)

(2.15)
dx,  vy(x)
[ dr1 — vi(2)
We can solve system (2.15) for a given parameter co = (ca,...,¢,) as the implicit

system
c2=g2(), ..., cn=gnlx).
We assume that the above implicit solutions are solvable for x in terms of x; and c,
so we can write

To = xo(w1;0), ..., Typ=x,(T1;0).

The intersection of surfaces

o =go(x), ..., cn=gn(z),
reduces to a smooth curve 7., ¢ = (¢, ..., ¢,), which is the same as the parametric curves
Ve {xa = xo(150)y ...y y = xp (215 0) )

Next, we consider the derivative of u along the curve ., which is given by

du _ r(z,u)
e (2.16)

By solving this equation, we obtain a function = U(xq,cs,...,c,, C). Therefore,
taking C' = h(c), for an arbitrary smooth function f, the general solution to equation

(2.14) can be expressed as

u=U(z1,95(%), -, gn(x), h(ga2(2), - .-, gn(2)))-
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Example. Lets solve the partial differential equation

Uy + Uy +u, = 0.

The characteristic equations in the space (x,y, 2) is given by

d dz

_y - 17 -5 = ]-a

dx dz

which is solved for ¢ = y — x, c3 = 2z — x. The characteristic curves parameterized
by x is

Yo = (T, 2+ o, 2 + ¢3)
for ¢ = (¢, ¢3). The given PDE along 7. becomes
du

=Y

which implies u = C'. Replacing C' by h(cy, ¢2) for an arbitrary smooth function h,

we obtain the general solution

’lL(iE,y,Z) = h<y — &%= [L’)

Characteristic method for quasi-linear equations

The method of characteristics for quasi-linear partial differential equations may lead to
the emergence of new phenomena, such as shocks, which we will discuss later. Let’s

consider the following equation
vz, y, u)u, +ve(z, y, , w)u, =vs(x, , vy, , u). (2.17)

The coefficients of the quasi-linear equations depend on u. The characteristic system

of the PDE is
dx

U1 U2 U3

dy _ du

(2.18)

Let ¢; = ¢(z, y, u) and co = ¥(x,y,u) be implicit solutions of the characteristic

system. We have the following theorem

Theorem 2.4.1. Let vy, vy, and v be smooth functions in equation (2.17), and let

for any smooth function f satisfying f, # 0.

¢ = ¢(z,y,u) and co = Y(x,y,u) be implicit solutions of its associated characteristic

system. Then, the general solution of the equation in implicit form is given by f(¢, 1) =0

Example. Let’s consider the following equation called the Burgers equation

Uy + Uty = 0.
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The characteristic system is given by

By taking x as the independent variable and setting y = y(z), we obtain

b,
de 7 dx

This system is solved for ¢; = u and ¢; = y—xu. The general implicit solution of the
equation is derived by f(cy, c2) = 0, for arbitrary smooth function f, or equivalently
f(u,y — zu) = 0. Alternatively, we can write the solution as u = g(y — zu) for

arbitrary smooth function g. Note that u in both cases is in implicit form.

Example. Consider the equation

Uy + YUty +2zuu, =0.

To solve this equation, we need to determine the characteristic system, which is
given by
dy dz du

= yu, =zu, — =
dz 4 dx

— = 0.
dx

xT

Solving this system of differential equations, we obtain ciu = e ™y, cou = e 2,

and ¢ = u, where c¢,c; and ¢y are arbitrary constants. Substituting these values

into the equation, we get the general implicit solution as

1 1
f (u,emy c—e Tz —) =0.
u u

Alternatively, the solution can be expressed as

ye * ze™*
u=g i .

Proof. Since f(¢(x,y,u(x,y)), ¥ (z,y,u(z,y))) is identically zero, taking derivatives with

respect to z and y gives
f¢<¢y + uy(bu) + fdJ(wy + in/Ju) =0.

Note that f, # 0 implies that f, and f, cannot both be identically zero. This in turn

implies that the following determinant is zero

Oy +uydy Yy + uythy
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Expanding the determinant and simplifying, we get

(¢uwy - wu¢y)ux + (¢x¢u - %%)Uy = ¢ywm - %% (219)
On the other hand, we have

{wzm%+w%+wm:a
d@ZJ = U1¢z + U2wy + U3¢u = 0.

that gives
U1 U2 U3

%% - ¢u¢y B %% - ¢xwu B %% - ¢ywx
Matching relations (2.19) and (2.20) gives v u, + vou, = vz, which completes the

(2.20)

proof.
[
Theoretical aspects
2.5.1 The geometrical interpretation of a first-order PDE
Consider the partial differential equation
v1(2, Y, w)uy + Vo, Y, u)u, = vs(x, Y, u). (2.21)

Here, vy,vq, and vz are functions of z,y, and u. Let z = u(x,y) be a solution to this

equation. This function defines a surface in the space (z,y, 2)

S (z,y,u(z,y)).

Recall that the vector @ = (—u,, —u,, 1) is perpendicular to S at any point (z,y, 2)
on S. Now, assume that the vector field V : (x,y,2) — (v1,v2,v3) is given in the space.
The partial differential equation (2.21) can then be stated from the geometrical point of

view as follows

2.5.2 Geometrical interpretation of a first-order PDE

Given a vector field V : (x,y,z) = (v1,v9,v3), the equation of a tangent surface

z =u(x,y) to Vis given by the partial differential equation
Ul(m7 Y, ’LL) Uy + Ug(l’, Y, U) uy = 1)3(1'7 Y, u)

Conversely, the solution of the above partial differential equation defines a surface

z = u(x,y) that is locally tangent to the vector field V.
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For example, consider the equation: wu, + u, = 0. The vector field is
v (x,y,2) — (1,1,0).

The figure below shows two different surfaces that are tangent to this vector field at

all points of the surfaces

f =14z —y)sin(z—y)

Y

e

- i

W

In fact, it can be seen that all surfaces generated by the function v = f(y — z) for

arbitrary smooth f have this tangent property since

Vit =(1,1,0)- (fs,—fl,1) = 0.

2.5.3 Parametric Solution Surfaces

Now, consider a curve 7(t) on the solution surface (yet unknown) S. This curve is
tangent to the vector field V' at any point on the curve. Therefore, the equation of ()

is determined by the following system of ordinary differential equations
dr
&
g—i/ = va( (), y(1), 2(1)) (2.22)
= = y(a(t), y(t), 2(1))
This first-order system of ordinary differential equations has a unique solution if an

initial condition is set for the system. Let’s assume that we know a point py on S. We

can set the initial condition as

z(0) = x¢
7(0) = po : y(0) = 1o
2(0) = 2o

With this initial condition, a curve 7, (t) is obtained on S. In this way, to determine

S, we need a family of curves {v,(¢)} where p lies on a curve on S as shown below
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For example, assume the curve p(s) = (s,0,ssins) lies on S of the solution of the
equation u, + u, = 0. The solution surface is spanned by the curves determined by the

following system of ODEs

dx
— =1
4y
_tzl
£
E_

accompanied with the conditions z(0) = s, y(0) = 0, 2(0) = ssins. This system is solved
as
x(t,s) =t+s, y(t,s)=t, z(t,s)=ssins.

In this way, we obtain a parametric surface
D (t,s) = (t+s,t,ssin(s)).
It is simply seen that this parametric surface is algebraically represented as
u(z,y) = (y — x)sin(y — x).

The figure below depicts the data line p(s) in black and the space characteristic curves

Y, () in red.
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Remark. The advantage of using parametric form for representing solutions is that it
can represent very complicated surfaces, whereas explicit functions z = wu(z,y)
represent only restricted classes of surfaces. The example below further clarifies

this point.
Example. Consider the following problem

0.2zu; —uy =y

u|x:y2 =35

Here u is given along the curve x = 2 in the xy-plane. This data can be param-
eterized in terms of s as: p(s) = (s2,s,s). The system of characteristic equations

is

dr __
dt—O.Qx
dy _ _
dt — 1
du __

a Y

with the initial conditions zq = s2, yy = s, and 2y = s. The parametric representa-

tion of the integral surface is obtained as

S(t,5) = (57", s(cost — sint), s(sint + cost)) .

As shown in the figure below, the solution of the equation represents a complicated

surface which cannot be expressed by an explicit function z = u(z,y).

o M

Even though this surface is not associated with an explicit function, it is possi-
ble to define an explicit function that locally coincides with this surface. Thus,
classical solutions of partial differential equations can only be defined locally in a

neighborhood of the data curve.
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2.5.4 Cauchy Problem

In this section, we demonstrate how to obtain the particular solution of a given first-order
PDE from the general solution, using an auxiliary condition or additional information
about the solution. This process is similar to deriving particular solutions from the
general solutions of ODEs using initial conditions.

Definition 2.5.1. A problem of the form

v1(z,y, w)u, + vz, y, w)u, = vs(x,y,u),

(2.23)
u]c =4d.

where C' is a curve in an open set Q C R? in the xy-plane, is called a Cauchy problem.
Let’s consider the following problem

Uy + Uy =0
ul =L
{y=0} = 13222

The general solution to the equation is u = h(y — x) for an arbitrary smooth function

h. Utilizing the initial condition u(z, 0) = {4z, We get
1
(=
T2 o)
and thus h(y — x) = m Therefore, the particular solution to the given Cauchy
problem is
(2.1) 1
ulz,y) = ————.
T 2(y — x)?

Examples below highlight some of the issues that can arise when attempting to extract

a particular solution from a general solution.
Example. Consider the Cauchy problem:

Uy — 22Uy =0

u‘{y:mz} =T

The general solution of the PDE is u = f(y + %) for an arbitrary smooth function
f. We can use the auxiliary condition u = z on the curve C: y = 22 to determine
f, which gives

x = f(21%).
However, this equation cannot be solved uniquely because f(2) can have two pos-

sible values, +1, leading to a contradiction.

This problem occurs because the characteristic curves of the PDE, y = —a2 + ¢,

intersect the data curve C: y = 2% at more than one point, resulting in multiple
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possible values for u. To resolve this issue, we can consider only one branch of the
data curve, such as y = 22 for x > 0, to obtain a unique solution

y +a?

u(z,y) = 5 for y> —a?

However, this solution is still not unique in the region y < —x?, where the char-

ity p
¥ W
LS it ™, /
Ay i 4 Wt
i or o NN p
il o - i N\ z
-?}/ F & N\ ¥
/ W
.""If./ f//.-’ 2l b \\\ \\\ %
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acteristic curves do not intersect the data curve. The value of u along these curves

can be chosen arbitrarily. If we change the data curve to y = —a?, which is also

a characteristic curve, there is no unique solution in the regions y > —2? and

y < —z%. In this case, the condition x = f(0) cannot be solved from the general

solution v = f(y + #?) and the data curve y = —x2.

Example. Consider the following equation

—YUy + TUy; = U

ule =z
2024,/2025 HIGHER SCHOOL OF SKIKDA
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where C' is the z-axis for z > 0. To apply the method of characteristics, we first
find the equation of the characteristic curves. Using the characteristic equation
dr  dy

)

we get 22 4+ % = ¢, where c is a positive constant. Thus, the characteristic curves

are circles centered at the origin.

In a previous exercise, we showed that this equation does not have any smooth
solution inside a disk. This can be verified by attempting to solve the equation
explicitly. Taking x as the independent variable, we can rewrite the PDE as

du 1

— = ——u.

dx Y
To solve this equation, we need to express y as a function of . However, this is
not possible using the implicit function 2% 4 3? = c. Parametric Representation An
alternative approach is to use the parametric representation of the characteristic

curves. Let t be a parameter and consider the characteristic system

The solution to this system is

Yp(t) = (scos(t), ssin(t)),

where s is a non-negative parameter. Note that we used the data curve C' to write
the initial point of the characteristic curve as 5(0) = (s,0). Now, we can express

u in terms of ¢ as follows

du
dt
which is a separable ODE with solution

u,

u(ys(t) = u(y:(0))e" = u(s)e’ = se’.
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To determine the domain of ¢, note that v5(0) = vs(27), which implies

u(75(2m)) = u(75(0)) = s.

However, we also have

u(ys(2m)) = se”,

So we conclude that the domain of ¢ can not be [0, 27]. Note that for x = scost,

y = ssint and u = se!, we obtain the integral surface
Y(t,s) = (scost,ssint, se’),

The solution can be put in the algebraic form as:

varel)
atan| —
u(z,y) =22+ 1y%e (x

2.5.5 Well-Posedness and Existence of Integral Surfaces

As we observed in previous examples, if the data curve of a Cauchy problem is not a
characteristic curve, a solution can be extended locally. The figure below illustrates this

schematically. Here, the data curve C' is parametrized by s as C' = C(s), and the planar

msa

\ T

characteristic curves v are parameterized by t. Note that v5(t) is a characteristic curve

passing through C(s) at ¢ = 0. Let so be a point on C(s) in its domain. If v,,(0) and
C"(sp) are non-parallel, then there exists a ¢ty > 0 such that ~, (¢) exists for 0 < ¢ < t.

Theorem 2.5.1. Consider the Cauchy problem

{Ul(wa y) Uy + Ug(l',y) Uy = 03<x7y7u>
ule = f

where vy,vy and vs are smooth functions, and C' is a smooth curve in the xy-plane.

Assume there exists (xo,y0) € C such that

C" (o, 0) I (v1(20, %o), v2(To, %0))- (2.24)

Then there exists an open neighborhood 2 of (xg,yo) and a smooth function u = u(x,y)

on § that solves the given Cauchy problem.
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Proof. The proof of the theorem is based on a standard theorem on the existence and
uniqueness of the solution to ordinary differential equations. Note that if condition (2.24)
holds, then due to the continuity of vy, ve, and C" at (zg,%o), the condition holds for an
open neighborhood of (g, 39). Then, the existence of a domain {2 for the solution u(x, y)

is reduced to the existence and uniqueness of the ordinary differential equation

du
— =uv3(x(t),y(t),u).
= wy(a(t), y(t),u)

However, it is important to note that the theorem only provides a sufficient condition
for the existence of a solution, and there may be cases where the condition is not satisfied

but a solution still exists. For instance, consider the problem

{um +yu, =0
u(z,0) = f(x)

This problem has the solution u(x,y) = f(x — 2,/y) which is defined for y > 0, even

though it is not generally differentiable on the x-axis.
[ |
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Second order PDEs

Introduction

Partial differential equations (PDEs) can be classified in various ways based on their
mathematical properties, structure, and behavior. These classifications are important
because they determine the appropriate methods for solving the equations and provide

insights into the physical phenomena they model.

Linear partial differential equations

Definition 3.1.1. A partial differential equation is called linear if it is linear in the

unknown function and its derivatives. In other words, the unknown function and all its

derivatives appear only to the first power and are not multiplied together.

A partial differential equation is called linear if it is linear in the unknown function and
its derivatives. In other words, the unknown function and all its derivatives appear only
to the first power and are not multiplied together.

The general form of a second-order linear partial differential equation can be written

as:
ap+aeVop+B:V(Ve)=f (3.1)

Where a, a, B and f are coefficients that may depend on the independent variables but

not on the unknown function ¢ or its derivatives.

3.1.1 Properties of linear partial differential equations

The principle of superposition applies

if ¢1 and ¢y are solutions, then any linear combination c1¢; + co¢9 is also a solution -

Methods such as separation of variables, Fourier transforms, and Green’s functions can
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be applied - Well- developed theoretical framework exists for existence, uniqueness, and

regularity of solutions

Examples of linear partial differential equations

Heat equation:

0
Wave equation:
92
S Vo= (3.3)

Laplace equation:  d¢ = 0 Nonlinear partial differential equation

Definition 3.1.2. A partial differential equation is nonlinear if it contains nonlinear
terms involving the unknown function or its derivatives. This could include products of

the function with itself, products of different derivatives, or functions of the unknown or

its derivatives.

3.1.2 Properties of nonlinear partial differential equations

The principle of superposition does not apply - Often exhibit complex behaviors such as
shock formation, solutions, and chaos - Generally more difficult to solve analytically -

May require specialized techniques or numerical methods

Classification by order

The order of a partial differential equation is determined by the highest derivative that

appears in the equation.

3.2.1 First-Order partial differential equations
A first-order partial differential equation involves only first derivatives of the unknown
function. The general form with n independent variables is

(3.4)

F<x1,x2,...,xn,w,aw ow 8—“’):0.

e
0xy Oxs oz,

First-order partial differential equations are often solved using the method of character-
istics, which reduces the partial differential equation to a system of ordinary differential

equations.
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3.2.2 Examples

Transport equation:

ou ou
o + c% =0. (3.5)
Hamilton-Jacobi equation:
Qu + H(z, Vu) = 0. (3.6)

3.2.3 Examples

All the classical equations of mathematical physics (heat, wave, Laplace) - Einstein’s field

equations in general relativity - Schrodinger equation in quantum mechanics

Higher-Order partial differential equations

partial differential equations of order three or higher appear in various specialized appli-

cations.

3.3.1 Examples

Biharmonic equation (fourth-order):
Ay = 0. (3.7)

Used in elasticity theory - Korteweg-de Vries equation (third-order):

ou ou  Ou

used in fluid dynamics - Equation of transverse vibration of elastic rod (fourth-order):

O o _

7t =0 (3.9)

Classification of Second-Order PDEs

Second-order partial differential equations are particularly important in applications and
have a special classification system based on the nature of their characteristics.
For a second-order partial differential equation in two variables of the form:
0%u Pu  O0*u
A + B + + lower order terms = 0. 3.10
0x? Oxdx  Oy? (3.10)
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The classification depends on the discriminant

B? —4AC

I Elliptic partial differential equations (B*—4AC < 0): Elliptic partial differen-

tial equations typically model equilibrium or steady-state phenomena. They have

no real characteristic curves.

Properties: - Solutions tend to be smooth - Boundary value problems are well-
posed - Information propagates in all directions - Often model steady-state or equi-

librium situations

Examples. Laplace equation:

Pu  *u  O%u
Au(z, vy, z) = 52 + A 0. (3.11)
Poisson equation:
Au(z,y, z)=f. (3.12)
Helmholtz equation:
Au + k*u = 0. (3.13)

Physical Applications: - Electrostatic potentials - Steady-state temperature

distributions - Gravitational fields - Steady fluid flow around obstacles

Parabolic partial differential equations (B? — 4AC = () Parabolic partial
differential equations typically model diffusion processes or heat conduction. They

have one repeated real characteristic direction.

Properties: Initial value and boundary value problems - Information propagates
with infinite speed - Smoothing effect on initial data - Often model time-dependent

diffusion processes

Examples. Heat equation:

ou
i pAu = f. (3.14)
Diffusion equation:
ou
T DAu. (3.15)
Fokker-Planck equation:
ou ou 1\ 0*u
Fr —%(MP) + <§> @(02}7) (3.16)

Physical Applications: Heat conduction - Diffusion of substances - Brown-

ian motion - Option pricing in finance (Black-Scholes equation)
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Bl Hyperbolic partial differential equations (B%—4AC > 0): Hyperbolic partial
differential equations typically model wave propagation. They have two distinct real
characteristic directions.

Properties: - Initial value and boundary value problems - Information propagates
along characteristics with finite speed - Can develop discontinuities (shocks) even
from smooth initial data - Often model wave phenomena or transport with finite

propagation speed.

Examples. - Wave equation:

0?%¢
— — Ao = f.
e op=1f
- Transport equation:
ou N ou 0
— +c— =0.
ot ox
- Telegraph equation:
0*u ou
w—FQCLE—C ou = 0.

Physical Applications: - Sound waves - Electromagnetic waves - Seismic waves -
Traffic flow

3.4.1 Other Classification Schemes

Homogeneous and Non-homogeneous

e A partial differential equation is homogeneous if all terms contain the dependent

variable or its derivatives.

e A partial differential equations is non-homogeneous if it contains terms that do not

involve the dependent variable or its derivatives.
Quasi-linear partial differential equations

e A partial differential equation is quasi-linear if all the terms with the highest or-
der derivatives of dependent variables occur linearly, but terms with lower-order

derivatives can occur in any manner.
Systems of partial differential equations

e Many physical phenomena are modeled by systems of coupled partial differential
equations rather than a single equation.

Examples include:

— Maxwell’s equations in electromagnetism
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— Navier-Stokes equations in fluid dynamics

— Einstein’s field equations in general relativity Solution Methods Based on Clas-
sification
The classification of a partial differential equations often determines the ap-

propriate solution methods:

— Elliptic partial differential equations: Finite Elements compatible with LBB

conditions

— Parabolic partial differential equations: Finite difference on the parabolic vari-
able and a time loop on each elliptic subsystem; better stability with implicit

time schemes

— Hyperbolic partial differential equations: Upwinding, Petrov-Galerkin, Characteristics-
Galerkin, Discontinuous-Galerkin, or Finite Volumes methods When a system
changes type (e.g., from subsonic to supersonic flow in aerodynamics), special

care must be taken as difficulties like shock discontinuities may arise.

Sturm Liouville problems and eigenfunction ex-

pansion

Consider the Sturm Liouville eigenvalue problem:

d

da [P(x)@] +[Qa) + Ar(2)]y =0, a<a<b

dx -
ay(a) + By (a) = 0.
vy (b) + 6y'(b) = 0.

The first equation is a linear second-order ordinary differential equation. We assume

that the coefficients of this ordinary differential equation are real functions satisfying

P, P'.Q,r € C(la,b]),
P(z),r(z) > 0,Vx € [a, b

We also assume that

a,B,7,0 €R, ol +[6] >0, [y[+]5] > 0.
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Under these assumptions the eigenvalue problem is called a regular Sturm Liouville
problem . if either of the functions P or r vanishes at least at one end point. or is
discontinuous there, or if the problem is defined on an infinite interval, then the Sturm

Liouville problem is said to be singular.

Remark. It is always possible to transform a general linear second-order ordinary dif-

ferential equation into the Sturm-Liouville form:

d
dx

dy

@]+ Q-1

indeed, suppose that
A(z)y" + B(z)y' + C(a)y = F(z).

Is an arbitrary linear second-order ordinary differential equations such that A is a

positive continuous function. We denote by P the integration factor

P(z) = exp ( / igi dm) .

Multiplying by P(x)/A(z), We obtain

Py + Py + 2 o)y

Where

, and

3.5.1 Regular, periodic and singular Sturm-Liouville problems

In the three problems listed below, the following assumptions are made. Assume that
the functions P(z),P'(z),Q(z) and r(x)are continuous on the interval
a <z <b,and that P(z) > 0 and r(z) > 0 on the bounded interval a <z <.

A regular Sturm-Liouville problem on [a, b]

We further assume that P(z) > 0 and r(x) > 0 at the ends of the interval. find

number for which there is a non-trivial solution to the ordinary differential equations.

% {P(x)z—ﬂ +[Qx)+ A r(z)]y=0, a<z<b
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Regular boundary conditions

ay(a) + By'(a) =0, o+ B°#0
Yy(b) +0y'(b) =0. +*+6°#0

A periodic Sturm-Liouville problem on [a, 0]
We further assume that P(a) = P(b). find number for which there is a non-trivial

solution to the ordinary differential equations.

dx dx -

Regular boundary conditions

d {P(m)@l +[Q) + Ar(z)]y =0, a<az<b

y(a) = y(b).
y'(a) =y (b).
A singular Sturm-Liouville problem on [a, b
An Sturm-Liouville problem is said to be singular if on a finite interval at least one of
the regularity properties fails or on an infinite interval (—oo, +00), (a, +00) and (—o0, ).
Also a singular Sturm-Liouville problem is to find numbers for which there exists a non-

trivial solution of the ordinary differential equation.

dx dx
With one of the following three types of boundary conditions:

d {P(m)@] +[Q(z) + Ar(x)]y=0, a<z<b

e Type 1: P(a)=0 and ~y(b)+ dy'(b) = 0.
e Type 2: P(b)=0 and ay(a)+ By (a) =0.

e Type 3: P(a) = P(b) = 0. Then there are no boundary conditions specified, but

the solutions must be bounded functions on the interval [a, b].

Analytical methods for solving second order par-

tial differential equations

3.6.1 The method of separation of variables

The history of this method is hidden in the fog that inevitably surrounds the past; it was

used by a number of mathematicians, but usually applied only to very specific problems,
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from about the middle of the 18th century. Certainly L’Hospital, d’Alembert, Daniel
Bernoulli and Euler employed the technique, and a case can be made that L’Hospital was
the first. However, it was not until J.B.J. Fourier (1768-1830) that a complete and sys-
tematic development was presented (in about 1807, for the problem of heat conduction);
thereafter it became a standard procedure in the armoury of applied mathematicians, at

least for certain types of partial differential equation.

Introducing the method

we will describe the fundamental principles that underpin the method of separation of
variables by considering the classical wave equation.
0*U ., 9*U

e e

( ¢ > 0,constant ) which is of Hyperbolic type.
The separable solution is written as U(x,t) = X(z) - T'(t), for suitable functions X
and T

The wave equation then becomes
XT" - X"T = 0.

where the primes denote derivatives with respect to the corresponding arguments of the

functions. It is convenient to divide throughout by X7

Tl/ 9 Xl/ B
7 ¢ x =0
or
X// 1 T//
X 2T

And although this manoeuvre requires X7T' # 0, we can dispense with this restriction
when we have seen how the method proceeds.Thus we have
X// 1 T//
— ==-—=\
X & T
But x and t are, by definition, independent variables. They are assigned arbitrarily on
the appropriate domains. it is clear, therefore, that any one of the choices
A is a function of only x; A is a function of only ¢; A is a function of x and ¢.

Leads to an inconsistency. The only possible choice is A=cte, and so we obtain

X//

x =N
and -

? = Cz>\.
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The problem for X (z) now becomes, with suitable boundary conditions, an eigenvalue

problem, which will have appropriate solutions only if:
A=—-w?<0,

X" +wrX =0,

and then
T" 4+ w*T = 0.

For specific values of A, the eigenvalues. The general solution for both X (x) and T'(¢)
involve trigonometric functions. Finally we observe, from the original separation of vari-

ables, namely.

XT" —AX"T =0

and so T” oc T: the equation is separable without the need to require X7 # 0. A
more general solution can now be obtained, in the familiar way, by summing over all the
eigenvalues of the underlying Sturm-Liouville problem (permitted because the partial
differential equation is linear).

This method goes ever directly to the other two elementary, standard equations of

applied mathematics/theoretical physics.

Example. Apply the method of separation of variables to the heat conduction (diffusion)
equation
ou k(??U

ot ox
(k > 0,cte).

Solution. We set U(x,t) = X (z)T'(t), which gives XT" = kX"T and we require for
separability and consistency that X” oc X: Let X” = AX. The Sturm-Liouville
problem, with suitable boundary conditions, then requires that
A= —w? <0 X"+ w?X = 0, which has trigonometric solutions. This leaves
T" = —kw?T, so that

T(t) = Aexp(—kw?t).

Where A is an arbitrary constant: the z dependence is oscillatory, but the ¢t depen-

dence is a decaying exponential (because w # 0 and is real, and k > 0).

Example. Apply the method of separation of variables to the Laplace equation
0*U  0*U
- 4+ — =
ox?  0y?
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Solution. We write U(z,y) = X(2)Y (y), and so obtain X"Y + XY"” = 0, and then with
X" o X (or, indeed, Y < Y). we have X" + AX =0 and Y — \Y =0.

Depending on the boundary conditions, either X (z) or Y (y) will be described by
a Sturm-Liouville problem. If this is X (x),then A = w? > 0 and X (z) is a trigono-
metric function, but then Y (y) is a hyperbolic (exponential) function; on the other
hand, if Y'(y) is the Sturm-Liouville problem, the roles of X (x) and Y (y) are re-
versed. However, there will always be one of this pair of function that is trigono-

metric and the other hyperbolic.

3.6.2 Heat equation

We consider a thin bar of length L, made of a homogeneous material (iron, copper,
aluminum, concrete, glass, etc.), thermally insulated along its length and its right end.
We will first consider the case of an iron bar. We seek to determine how the temperature
U in this bar evolves over time. At the initial time (¢ = 0), the bar is at ambient
temperature T,. The left end, x, is heated to a certain temperature 7, for a determined
duration ..

We want to determine how the temperature is distributed in the bar over time.

Mathematical modeling

We assume that due to the insulation, the temperature is uniform across the cross-section
of the bar.

The function U(x,t) represents the temperature at point  at time ¢. We also denote the
final measurement time by ¢;.

If the bar has a homogeneous thermal conductivity and there are no heat sources, u

satisfies: U P2U
— —k—— =0 0,L t>0
ot 0x? €0, L, =5
A
pc

with x being the thermal conductivity coefficient, p the material’s density, and c its
specific heat capacity.

The first term 2Y represents the evolution of temperature over time, showing that the

ot
temperature at a given moment depends on previous temperatures. The second term
—k% represents heat diffusion or conduction, indicating that the temperature at one

point depends on neighboring points.

At the left end xg, the boundary condition is a Dirichlet condition:

U0, 1)
g(t)
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At the right end z, there is a Neumann condition:

ou
—(L,t) =
&U( ) =0, t>0,

The initial condition is expressed as:

U(x,0)=1T,, Vzel0,L],

Problem statement

We seek a function that provides a unique solution to the following problem:

(OU 0*U

E — kw = O, Xz G]O,L[,t G]O,tf[,
U(z,0) =T, Vzxel0,L],
U(0,1) =g(t), Vte€]o,ty],
oUu
—(L =0. WVt .

| (L) =0 Vel

Heat equation: homogeneous boundary conditions

Consider the following heat conduction problem in a finite interval:

U — kU, =0, O<z<L, t>0, (3.17)
U(0,t) =U(L,t) =0, t >0, (3.18)
U(x,0) = f(x). 0<z<IL, (3.19)

where f is a given initial condition, and k is a positive constant. In order to make

(3.18) consistent with (3.19), we assume the compatibility condition

The problem defined above corresponds to the evolution of the temperature u(z,t) in a
homogeneous one-dimensional heat conducting rod of length L(i.e. the rod is narrow and
is laterally insulated) whose initial temperature (at time ¢ = 0) is known and is such that
its two ends are immersed in a zero temperature bath.

We assume that there is no internal source that heats (or cools) the system. Note that
the problem (3.17) and (3.19) is an initial boundary value problem that is linear and
homogeneous. Recall also that the boundary condition (3.18) is called the Dirichlet con-
dition. At the end of the present section, we shall also discuss other boundary conditions.
We start by looking for solutions of the partial differential equation (3.17) that satisfy

the boundary conditions (3.18), and have the special form

Uz, t) = X(x)T(t).
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Where X and T are functions of the variables x and t, respectively. At this step we do
not take into account the initial condition (3.19). Obviously, we are not interested in
the zero solution U(z,t) = 0. Therefore, we seek functions X and 7" that do not vanish
identically. Differentiate the separated solution (3.20) once with respect to t and twice
with respect to x and substitute these derivatives into the partial differential equation.
We then obtain

XT, = kX, T. (3.20)

Now, we carry out a simple but decisive step the separation of variables step. We move
to one side of the partial differential equation all the functions that depend only on z

and to the other side the functions that depend only on t. We thus write

Ty Xew
— == 21
KT X (3:21)

Since z and t are independent variables, differentiating (3.21) with respect to ¢ implies

that there exists a constant denoted by A (which is called the separation constant) such

that - ¥
t T
B = —\. .22
kT X (3.22)
Equation (3.22) leads to the following system of ordinary differential equation’s:
0?X
o -2\X, O0<z<lL, (3.23)
oT

which are coupled only by the separation constant A\. The function U satisfies the bound-

ary conditions (3.18) if and only if
U(0,t) = X(0)T(t) =0,

U(L,t) = X(L)T(t) = 0.

Since U is not the trivial solution U = 0, it follows that

Therefore, the function X should be a solution of the boundary value problem

?X
0x?

+AX =0, 0<z<lL, (3.25)

X(0) = X(L) = 0. (3.26)
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Consider the system (3.25) (3.26). A nontrivial solution of this system is called an
eigenfunction of the problem with an eigenvalue A\. The problem (3.25)(3.26) is called an
eigenvalue problem. The boundary condition (3.26) is called (as in the partial differential

equation case) the Dirichlet boundary condition.

Note that the problem (3.25) - (3.26) is not an initial boundary problem for an ODE
(for which it is known that there exists a unique solution). Rather, it is a boundary value
problem for an ordinary differential equation. It is not clear a priori that there exists a
solution for any value of \. On the other hand, if we can write the general solution of
the ordinary differential equation for every A, then we need only to check for which A
there exists a solution that also satisfies the boundary conditions. Fortunately, (3.25) is
quite elementary. It is a second-order linear ordinary differential equation with constant

coefficients, and its general solution (which depends on \) has the following form:
Ml if \ <0, then X(z)=aeV 4 ge Ve
B if\=0, then X(z)=a+fz,
Bl if A\>0, then X(z)=acos(vAz)+ fsin(vAzr),

where «,  are arbitrary real numbers.

We implicitly assume that A is real, and we do not consider the complex case (although

this case can, in fact, be treated similarly). We show that the system (3.25) - (3.26) does
not admit a solution with a nonreal \. In other words, all the eigenvalues of the problem
are real numbers.
Negative eigenvalue (A < 0): The general solution can be written in a more convenient
form: instead of choosing the two exponential functions as the fundamental system of
solutions, we use the basis sinh(v/—Az), cosh(v/=Az) In this basis, the general solution
for A < 0 has the form

X(x) = acosh(v—=Az) + fsinh(v—\z). (3.27)

The function sinh s has a unique root at s = 0, while cosh s is a strictly positive function.
Since X (z) should satisfy X (0) = 0, it follows & = 0. The second boundary condition
X(L) = 0 implies that § = 0. Hence, X(z) = 0 is the trivial solution. In other words,
the system (3.25) - (3.26) does not admit a negative eigenvalue.

Zero eigenvalue (A = 0): We claim that A = 0 is also not an eigenvalue. Indeed, in this
case the general solution is a linear function X (z) = o + Sz that (in the nontrivial case
X # 0) vanishes at most at one point; thus it cannot satisfy the boundary conditions
(3.26).
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Positive eigenvalue (A > 0): The general solution for A > 0 is
X(z) = acos(VAz) + Bsin(VAx). (3.28)

Substituting this solution into the boundary condition X (0) = 0, we obtain o« = 0. The
boundary condition X (L) = 0 implies sin(v/AL) = 0. Therefore, VAL = nx, where n a
positive integer. We do not have to consider the case n < 0, since it corresponds to the
same set of eigenvalues and eigenfunctions. Hence, A is an eigenvalue if and only if

2
A:(%)  n=1,2,3,...

The corresponding eigenfunctions are
nwx

X(z) = sin 228
() sin ——,

and they are uniquely defined up to a multiplicative constant.

In conclusion, the set of all solutions of problem (3.25)-(3.26) is an infinite sequence
of eigenfunctions, each associated with a positive eigenvalue. It is convenient to use the
notation ,
. nmx nm
Xn(x):smT, "_<T> , n=123,...

Recall from linear algebra that an eigenvalue has multiplicity m if the space consisting
of its eigenvectors is m-dimensional. An eigenvalue with multiplicity 1 is called simple.
Using the same terminology, we see that the eigenvalues A\, for the eigenvalue problem
(3.25)-(3.26) are all simple. Let us deal now with the ordinary differential equation (3.24).

The general solution has the form

T(t) = Be ™.
Substituting \,, we obtain
2
To(t) = B, exp (—k (%) t) . n=1,23,... (3.29)

From the physical point of view, it is clear that the solution of (3.24) must decay in
time, hence, we must have A > 0. Therefore, we could have guessed a priori that the
problem (3.25) - (3.26) would admit only positive eigenvalues.

We have thus obtained the following sequence of separated solutions

(2, ) =X ()T (1), (3.30)
—B, sin <"lL“T) TNt n=1,2,3. .. (3.31)

The superposition principle implies that any linear combination

u(z,t) = i\f: B, sin (n_zx) eik(%ﬂ)%. (3.32)
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of separated solutions is also a solution of the heat equation that satisfies the Dirichlet
boundary conditions.

Consider now the initial condition. Suppose it has the form

f(z) = iBn sin <?) )

i.e., it is a linear combination of the eigenfunctions. Then a solution of the heat problem
(3.17) (3.19) is given by

N
u(w,t) =Y Bysin (niLx> ),
n=1

Hence, we are able to solve the problem for a certain family of initial conditions. It
is natural to ask at this point how to solve for more general initial conditions?

The brilliant (although not fully justified at that time) idea of Fourier was that it is
possible to represent an arbitrary function f that satisfies the boundary conditions (3.18)
as a unique infinite linear combination of the eigenfunctions sin(nwz/L).

In other words, it is possible to find constants B,such that
- nmx
=3 Busin (U1, 3.33
) =3 Bosin (] (333

Such a series is called a (generalized) Fourier series (or expansion) of the function
f with respect to the eigenfunctions of the problem, and B,,n = 1,2,... are called the
(generalized) Fourier coefficients of the series.

The last ingredient that is needed for solving the problem is called the generalized
superposition principle. We generalize the superposition principle and apply it also to
an infinite series of separated solutions. We call such a series a generalized solution of
the partial differential equation if the series is uniformly converging in every subrectangle
that is contained in the domain where the solution is defined.

In our case, the generalized superposition principle implies that the formal expression
- nwT )2

u(x,t) = B, sin (—) eik(f) k 3.34

@0 =3 - (334)

is a natural candidate for a generalized solution of problem (3.17) (3.19). By a formal
solution we mean that if we ignore questions concerning convergence, continuity, and
smoothness, and carry out term-by-term differentiations and substitutions, then we see
that all the required conditions of the problem (3.17)(3.19) are satisfied.

Before proving that under certain conditions (3.34) is indeed a solution, we need to
explain how to represent an arbitrary function f as a Fourier series. In other words, we

need a method of finding the Fourier coefficients of a given function f.

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA



Chapter 3. Second order PDEs 64

Surprisingly, this question can easily be answered under the assumption that the
Fourier series of f converges uniformly. Fix m € N, multiply the Fourier expansion
(3.33) by the eigenfunction sin(mmx/L), and then integrate the equation term-by-term
over [0, L]. We get

/OL sin (mzx) f(z)dr = g B, /OL sin (mzx) sin (?) dr. (3.35)

It is easily checked that

L 0, m #n,
/ sin (mmc) sin (@) dr = 7 (3.36)
0 L L L/2, m=n.
Therefore, the Fourier coefficients are given by
L .
L d L
B,, = Jo iln(m?mi/ )/ (z)d = g/ sin (mﬁx) f(x)dz, m=1,2,.... (3.37)
Jy sin®(mma/L)dx L Jo L

In particular, it follows that the Fourier coefficients and the Fourier expansion of f are
uniquely determined. Therefore, (3.34) together with (3.37) provides an explicit formula
for a (formal) solution of the heat problem. For a given initial condition f, one only has

to compute the corresponding Fourier coefficients in order to obtain an explicit solution.

Wave equation
Introduction

We motivate the more general analysis of an important class of second order equations

(in two independent variables ) by considering the equation:
Utt - C2Uxx =0.

The classical wave equation, This equation arises in many elementary studies of wave
propagation, it describes the amplitude, U(x,t), of a wave as it propagates in one dimen-
sion, (Because we prefer a natural choice of notation for distance (z) and time (), these
we have been used here, rather than the more conventional x and y, although we shall
revert to these in our analysis of the general equation), The equation contains a positive

constant, ¢ which will play a significant role in the interpretation of the resulting solution

Separation of variables for the wave equation

We now apply the method of separation of variables to solve the problem of a vibrating

string without external forces and with two clamped but free ends. Let U(z,t) be the
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amplitude of the string at the point x and time ¢, and let f and g be the amplitude and
the velocity of the string at time t = 0. We need to solve the problem

Uy — U,y =0, O<z<L, t>0 (3.38)
U.(0,t) =U,(L,t) =0, t>0 (3.39)
U(z,0) =f(z), 0<z<L (3.40)
Ui(z,0) =g(x). 0<z<L (3.41)

where f, g are given functions and c is a positive constant. The compatibility conditions
are given by

f1(0) = f(L) = ¢'(0) = g'(L) = 0.
The problem (3.38) (3.41) is a linear homogeneous initial boundary value problem. As
mentioned above, the conditions (3.39) are called Neumann boundary conditions. Recall

that at the first stage of the method, we compute nontrivial separated solutions of the

partial differential equation (3.38), i.e. solutions of the form
Ux,t) = X(x)T'(t). (3.42)

that also satisfy the boundary conditions (3.39). Here, as usual, X,T" are functions of
the variables x and t respectively. At this stage, we do not take into account the initial
conditions (3.40)(3.41). Differentiating the separated solution (3.42) twice in z and twice

in ¢, and then substituting these derivatives into the wave equation, we infer
XT, = Xy, T.

By separating the variables, we see that

Et Xacz
il ] A
c2T X (3.43)
It follows that there exists a constant A such that
T;ft Xa:x
e = —)\. A4
2T X (3.44)
Equation (3.44) implies
?X
A>T 9

The boundary conditions (3.39) for U imply

U,(0,4) = %(O)T(t) —0, U(L.t) = %(L)T(t) ~0.
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Since U is nontrivial it follows that

dX . dX

=) ="—()=0.

Therefore, the function X should be a solution of the eigenvalue problem

X

w—i-/\X:O. O<ax< L (3.47)
dX dX
— =—(L)=0. 4
o) - 21y~ o (349

This eigenvalue problem is also called the Neumann problem. We have already written

the general solution of the ordinary differential equation (3.47):

i if A <0, then
X(x) = avcosh(v/=\z) + Bsinh(v—\z).

2 if A =0, then
X(z) = a+ fz.

B if A > 0, then
X(z) = acos(VAz) + Bsin(vVAx).

where «, § are arbitrary real numbers.

Negative eigenvalue A < 0 The first boundary condition (dX/dx)(0) = 0 implies that
B = 0. Then (dX/dz)(L) = 0 implies that sinh(v/=AL = 0). Therefore, X(z) = 0 and
the eigenvalue problem (3.47)(3.48) does not admit negative eigenvalues.

Zero eigenvalue A = 0 The general solution is a linear function X(z) = a + fz.
Substituting this solution into the boundary conditions (3.48) implies that A = 0 is an
eigenvalue with a unique eigenfunction Xy(z) = 1 (the eigenfunction is unique up to a
multiplicative factor).

Positive eigenvalue A\ > 0 The general solution for A > 0 has the form
X(z) = acos(VAx) + fsin(V Azx). (3.49)

Substituting it in (dX/dx)(0) = 0, we obtain 8 = 0. The boundary condition (dX/dx)(L) =
0 implies now that sin(vAL) = 0 Thus VAL = nr, where n € N Consequently,A > 0 is

an eigenvalue if and only if:

A:(%)Z n=12,...

The associated eigenfunction is

X(x) = COS(?).
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and it is uniquely determined up to a multiplicative factor. Therefore, the solution of the
eigenvalue problem (3.47)(3.48) is an infinite sequence of nonnegative simple eigenvalues

and their associated eigenfunctions. We use the convenient notation:

Xa() = cos(“),

)\n:(%)Q n=01,2...

Consider now the ordinary differential equation (3.46) for A = X,,. The solutions are

To(t) = 7o + ot (3.50)
To(t) = yncos(V/ Anc?t) + dsin(v/ Ac?t) n=1,23... (3.51)
Thus, the product solutions of the initial boundary value problem are given by
Ao + Byt
Us(, ) = Xo(2)To(t) = % (3.52)
t t
Un(2,t) = Xo(2)Tp(t) = cos(?)(An COS(CTZT )+ B, sm<C”L” ), n=012...
(3.53)

3.6.3 The Fourier transform

Definition 3.6.1. The Fourier transform of the function f(z) for —oo < x < oo is given

by the formula

ﬂﬂzﬂo:7%/fﬂ@amm.

That is, we start with a function f(z) defined on the real x-axis, substitute it into

equation, and arrive at the new function F'(§) for —oo < & < o0o. For example, table lists

some common Fourier transforms.

Function f(z) Fourier Transform F(§)
B e* x>0 . z 3
Jw) = e z<0 o) = Z\/;1 +é
Fa) = 1, -1l<z<l1 Fle) = 2sing
0, elsewhere LS
fla)y=e™ () = %6_(5/2)2

Table 3.1: Some Common Fourier Transforms

The reader can refer to the tables in the appendix for additional transforms. We can
see from the examples that the transformed function F(§) may or may not be a complex-

valued function of . In the first example, the transformed function F(£) contains the
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complex number i, so we call it a complex-valued function of the real variable £ (£
ranges from —oo to o). In other words, the argument ¢ is real, but the value of the
function is complex.

The usefulness of the Fourier transform (as with most integral transforms) comes
from the fact that it changes the operation of differentiation into multiplication; that is,
differential equations are changed into algebraic equations. There are also a host of other
properties that make the Fourier transform a useful operational tool; we list a few of the

more important ones.

Properties of the Fourier transform

[ Property 1 (Fourier Transform Pair) The Fourier transform of f(z),

—00 < x < 00, produces a new function F'(§) defined by the formula

Flf) = F(€) = # / " f@)e i da,

and the inverse Fourier transform of F'(§), —oo < 2 < oo will reproduce the original

function f(z) according to

FUF = f@) = <= [ P e

For example,
ol 7y 2L
T 1+ &2 '

/() () f()
N Y
x £ z

Figure 3.1: Graph of a function and its transform.

2! Property 2 (Linear Transformation)

The Fourier transform is a linear transformations; that is
Flaf + bg] = aF[f] + bFlg].
For example, the Fourier transform of the expression

137",

2+ 1
would be

Fl | + 3F[e ™).

x?+1
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Bl Property 3 (Transformation Of Partial Derivatives)

when we discuss how derivatives transform, we must distinguish partial derivatives
with respect to various variables. For instance, if the Fourier transforms the x-
variable (the variable of integration in the transform) and if the function being
transformed is a partial derivative of a function U(x,t) with respect to x,then the

rules of transformation are:

FlU] e~ds = i€ FIU).

-7 ]

FlU, Upe(z,t)e ™ " dx = —*F[U].

=L

On the other hand, if we transform the partial derivative U(x, t) (and if the variable

of integration in the transform is x), then the transform is given by

1 o , OF|U

FlUy] = Wor / Uz, t)e *de = —855 ]
PF|U

FlUy) = \/ﬂ/ Up(z,t)e A atL ]

Property 4 (Convolution Property)

Every integral transform has what is called a convolution property. The general
idea is that the transform of a product of two function f(z)g(x) is not the product

of the individual transforms; that is,

Flf(@)g(@)] # FIf1Flgl-

However, in transform theory there is something called the convolution (f * g) of
two functions that more or less plays the role of the product. What is true about

this convolution (f % g) is that

FIf =gl = F[f]Flg]-

So what is this mysterious convolution f x g), it’s given by the formula

(f *g)(a m/ f(x — E)g(e)de.

And it can be shown without too much trouble that F[f % g] = F|[f]F[g] holds. We
see from the definition of the convolution that given two functions f(z) and g(z),

the convolution (f * g)(z) is a new function.
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f(z) F(w)
P 1 _w?
e Tmal
of oF
Bt Bt

8 .

% iwF (w)
82

6—90’20 —w?F(w)

§(x — x0) %e‘iw’o
flz—=5) e "I F (w)
2f(z) i3
o
Jo e(t)dt wl (o))
0, |7|<a 1 sin(aw)
1, |z]>a T

Table 3.2: Table of some Fourier transforms

Table of some Fourier transforms
Application

Example.
Upz +Uyy =0, —oc0o<z<+00, 0<z<+00

Taking into account the boundary conditions:

U(z,0) = f(x).
Fourier transform of  and boundary conditions:
Uyy(w,y) = w?U(w,y) = 0.

U(w,0) = F(w).
The solution is:

U(w,y) = A(w)e* + B(w)e Y.
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To ensure the boundary conditions must be:

And the solution is:

We have also:

+00 ) +o0 )
g(z,y) :/ ewy.e“"xdwjt/ e—wy.e"dw.
- 0

o0

1 1
9(z,y) = e ——
2y
Therefore,
) = = [ p©—2——de
’ 21 J e (= &) +y?

3.6.4 The method of D’Alembert

Jean-Baptiste le Rond D’Alembert, a prominent 18th-century French mathematician, in-
troduced a significant method for solving the one-dimensional wave equation, now known
as D’Alembert’s solution, This approach provides a clear and explicit formula for under-
standing wave propagation in various physical contexts, such as vibrating strings and

sound waves. The one-dimensional wave equation is expressed as:
Uy = *U.
tt = C Ugg-

Here U(x,t) represents the displacement at position = and time ¢, while ¢ denotes the
wave propagation speed. D’Alembert insight was to transform this partial differential
equation by introducing new variables: ¢ =z —ct end n =z + ct

This change of variables simplifies the wave equation, allowing it to be solved more

straightforwardly. The general solution, known as D’Alembert formula is

U(z,t) = f(x+ct) + g(x — ct).
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In this formulation, f and g are arbitrary functions determined by initial conditions,
representing waves traveling to the right and left, respectively. This decomposition eluci-
dates how initial disturbances evolve over time as two separate waves moving in opposite
directions without changing shape. D’Alembert first presented this solution in 1747 while
studying the problem of a vibrating string, marking a foundational moment in the math-
ematical analysis of wave phenomena. His method not only offered a practical solution
technique but also enhanced the conceptual understanding of wave propagation, influ-

encing subsequent developments in mathematical physics.

The wave equation

We write the wave equation as
Uy, =c2U,,. —o00<x<400 (3.54)

(Physically, you can imagine a very long string.) This is the simplest second order

equation. The reason is that the operator factors nicely:

o aN[/o 0
J— 2 — _— _— B — _— =
Ut = ¢ Vsa (8t Cm«) (at * Cax) v=0 (3:55)

This means that, starting from a function u(x,t), you compute U+ cU,, call the result V,
then you compute V; — ¢V, and you ought to get the zero function. The general solution
is

U(z,t) = f(x+ct) + glx — ct). (3.56)

where f and g are two arbitrary(twice differentiable) functions of a single variable.

Proof. Because of (3.18), if we let V' = U, + cU,, we must have V; — ¢V, = 0. Thus we
have two first-order equations

Vi—cV,=0. (4a)
and

U, +cU, = V. (4b)

These two first-order equations are equivalent to (3.17) itself. Lets solve them one at a
time. Equation (4a) has the solution V' (z,t) = h(z + ct) , where his any function. So we

must solve the other equation, which now takes the form
Ui + cU, = h(x + ct). (4c)

for the unknown function U(z,t). It is easy to check directly by differentiation that one
solution is U(x,t) = f(x + ct), where f'(s) = h(s)/2c¢ [A prime (') denotes the derivative

of a function of one variable.] To the solution f(z 4+ ct) we can add g(x —ct) to get another
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solution (since the equation is linear). The most general solution of (4b) in fact turns

out to be a particular solution plus any solution of the homogeneous equation; that is,
u(z,t) = f(x +ct) + g(x — ct).

as asserted by the theorem. A different method to derive the solution formula (3.19) is

to introduce the characteristic coordinates
E=x+ct n=x—ct.

. By the chain rule, we have 9, = 9§ + dn and 0t = c0§ + cdn. Therefore, 0t — cOx =
—2cOnand 0t + cOx = 2cd€. So equation (3.17) takes the form

(Ot — c0z) (0t + cOx)U = (—2c0)(2con)U = 0.
which means that Uén = 0 since ¢ # 0. The solution of this transformed equation is

U= f(&)+gn).

The wave equation has a nice simple geometry. There are two families of characteristic
lines, x+ct = constant. The most general solution is the sum of two functions. One,g(z—
ct),is a wave of arbitrary shape traveling to the right at speed c¢.The other, f(z + ct), is
another shape traveling to the left at speed c. [ |
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Applications of Partial Differential Equations

Introduction

Since semi-analytical computations are generally complex in numerical analysis, and in
our research we are particularly concerned with finding numerical solutions for differential
equations that we discussed previously in chapters three, we will therefore use programs
that facilitate complex calculations and save time in studying and solving equations
accurately. We will use the MATLAB program.

Implementation of Numerical Algorithms in MAT-
LAB

4.1.1 Programming in MATLAB for Single-Step Methods

Euler’s Method Implementation

1 clc;

2 clear all;

3 syms f x y;

' h = input( Enter step size h = );

5 £ = input( Enter the function f(x,y) = );
¢ X(1) = input( Enter initial x0 = );

7 Y(1) = input( Enter initial yO = );

s xf = input( Enter final xf = );

0 for i = 1:(xf-X(1))/h
1 X(i+1) = X(i) + h;
12y = Y(i);

13 x = X(1);

74
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14 k1 = subs(f);

15 Y(i+1) = Y(i) + kilx*h;

16 plot(X,Y, bo- , markerfacecolor , r );
17 title ( Numerical Solution of ODE );
15 xlabel( X axis );

19 ylabel ( Y axis );

20 hold on;

21 shg;

22 pause (h) ;

23 end

24 disp( Final Y values: );

25 Y

Example. Find the solution at x = 1 using Euler’s method with step size

h=0.2:
y' =z -y,
y(0)=1. h=0.2
Input data
1 step size = 0.2
2 the function f(x, y) = x - y
3 x0 = 0
4 yo =1
5 xf =1
Output
1 Y =

3 | 1.0000 | 0.8000 | 0.6800 | 0.6240 | 0.6192 | 0.6554

The computed values of y(z) simplify calculations, saving time and effort. The

results are visualized in the following figure. We vary the step size to examine

its effect on the obtained solution. Three different values are considered: h = 0.2

,h = 0.1 and h = 0.05 . The corresponding solutions are computed and plotted

on the same graph, as shown in figure (4.2). It is observed that the smaller the

step size , the closer the numerical solution is to the exact solution. Conversely,
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1G
0.95 ‘\
09 \

0.85 [ \
-~ 08r \
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0.65 F e _,_.-—""3

Solution using Euler Method

0.6

Figure 4.1: Graphical representation of the function y using MATLAB

the solution for h = 0.2 shows the greatest deviation. This indicates that as h

approaches zero, the numerical solution converges to the exact solution.

095 - 1

09 1
ke

0.85 %o 1

O.!
b * |
0.8 Wi

e, .
L . ., _— - 4
0.7 R i ——r L -
~.

o i -

0.6 | I I I I

Figure 4.2: Graph showing the effect of the step size on the approximate solution

4.2 Solution of an Elliptic PDE

Example. We can consider solving Laplace’s equation using the direct method while

varying h, in order to study its effect on the solution
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Av = 0 in the domain (z,y) € [0,20] x [0, 10]
u(z,0) = u(x,10) = u(0,y) = 0 and «(20,y) = 100
he = h, = h € {5,2.5,1.25,0.625,0.3125}

Case where h =5 We have: hx:t—:énz:b}:—::%zéland
Ny = dh;yc = % = 2. The discretized grid contains
(ngy+1) X (ny,+1) cells since we need to add the points where z; = 0 and those
where y; = 0 ,i.e., the points where the curve intersects the axes. However,
since the boundary conditions provide the values on the edges, the unknown
points are only those inside the grid. Thus, the number of unknowns is (n, —
1) X (ny, —1) = 3 x 1 = 3 We obtain the following system of three equations

with three unknowns

—4duy g +ugy +0uz; =0
upp —4ugy +usy =0

0U1,1 —+ U1 — 4U371 = —100

Now, we need to solve the matrix system A x U = B where

—4 1 0 0 U1
A= 1 —4 1 y B = 0 and U = Uz1
0 1 —4 —100 U3 1

Using one of the methods studied in Numerical Analysis II (solving linear

systems), we obtain the solution

1.786
U= 7143
26.786
Case where h = 2.5 We also have
_ 20 — _ 10 —
nx:b a 0 O:8andny:d c_ 0 024’

h 25 h 2.5

which gives us a system of n = (n, — 1) x (n, — 1) = 7 x 3 = 21 equations

with 21 unknowns of the form

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA



Chapter 4. Applications of Partial Differential Equations 78

(
—4U171+U271+"‘+U172+"':O
upr —4ugy +uzg+ o Fuget+ =0

ot ugy — Aty £ = —100
u171+..._4u271+u272+...20

\:
Using a MATLAB program, we transform the matrix U into a vector ¥ to

solve the system AU = B correctly, as the solution requires U to be in vector

form. Here is the transformation code:

1 k = 1;

2 for j = 1:ny-1
for i = 1:nx-1

4 v(k) = u(i,j);
k =k + 1;

6 end

7 end

This gives us the following system

;

_4U1+U2+“'+U8+"':0
vy —4vy+v3+---+uvg+ =0

"'+U6—4U7+"':—100

\U1+"‘_4U8+U9+"':0
We now need to solve the following matrix system: A x v = B, where
-4 1 1

-4 1 1
o 1 -4 1 1

A=
1 -4 0 1
1 0 —4 1
1
1 1 —4
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and
0
B =] -100
—100

Using the Jacobi or Gauss-Seidel method could provide solutions to this sys-
tem. However, as the title suggests, we will adapt the direct resolution method
to solve this system. Here is the complete, explained MATLAB program that
allowed us to obtain the matrix U from the calculations of the elements of
vector v.

1 clc; clear

2 h = 2.5;

3 a 0;

4 b = 20;

5 c = 0; d = 10;

6 nx = (b - a) / h;

7 ny = (d - ¢) / h;

8 n = (nx - 1) * (ny - 1);

9

10 %ht Filling matrix A

11 A = zeros(n);

12 for i = 1:(n - 1)

13 ACi, 1) = -4;

14 AL + 1, 1) = 1;

15 ACi, 1 + 1) = 1;

16 if (mod(i, (nx - 1)) == 0)

17 A(d + 1, 1) = 0;

18 ACi, i + 1) = 0;

19 end

20 end

21

22 for i = 1:n - nx + 1

23 A(nx - 1 + i, i) = 1;

24 A(i, nx - 1 + i) = 1;

25 end

26 A(n, n) = -4;

4¢me Maths 2024 /2025 HIGHER SCHOOL OF SKIKDA



Chapter 4. Applications of Partial Differential Equations

80

v into matrix U

47 for j = ny:-1:2

48 for i = nx:-1:2

49 u(j, i) = u((j - 1), i - 1);
50 end

51 end

52

53 for i = 1:nx

54 for j = 1:ny

55 u(l, i) = 0;

56 u(j, 1) = 0;

57 u(ny + 1, j) = 0;
58 u(j, nx + 1) = 100;
59 end

60 end

61

62 u(l, nx + 1) = 0;
63 %hht vector x and y
64 x=0:h:b;y=0:h:4d;

65 mesh (x,y,u)

66

37 V=AN\B;

38 k = 1;

39 for j = 1:ny - 1

40 for i = 1:nx - 1

41 u(j, i) = V(k);

42 k = k + 1;

13 end

14 end

45

46 %%% Shifting elements to insert boundary conditions

28 %%% Filling matrix B

29 for i = 1:n

30 B(i) = 0;

31 if (mod(i, (nx - 1)) == 0)

32 B(i) = -100;

33 end

34 end

36 %%t Solving the system Av = B and transforming the vector...

Remark. To evaluate the system with other values of h, simply replace 2.5 with the

desired values and compile the program. This will generate the corresponding

curve for each value of h.

Here is a summary of the curves obtained by varying A Although this method pro-
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h=0,3125
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Figure 4.4: Variation of the Au = 0 curve as a function of h using the direct method

vided us with an approximate solution to the PDE Au = 0, it was obtained by

. . 2 2 . .
approximating 3712‘ and g—;; using a second-order truncated Taylor series. Conse-

quently, we introduced an error on the order of h%.

Not only is this error significant, but the computation of the elements of the vector
U also becomes increasingly memory-intensive. For example, with
h, = h, = h = 1.25, the matrix A € 9M(105). Solving this matrix system, where A

is a square matrix of size (105, 105), requires approximately 14,000 bytes of memory
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in the machine. However, to refine the numerical solution further and bring it closer
to the analytical solution, we must let h tend to zero so that it approaches the limit
approximated by the Taylor method. This will further increase memory demands
and risks crashing the machine unless we have access to machines with enormous

memory capacities (which are not accessible to everyone!).

Solution of an Parabolic PDE

4.3.1 Discretization of Space and Time

Discretization of Space

We need to solve our partial differential equation in the space between 0 and 2 with a
step size Az. To find the point z; from the point z;_;, we must add Az to the latter, so

we have

4
T = Ti_1 + Ax

Ti1 = Ti_o+ Az

Ty =x1 + Az

T, =20+ Ax
\

By summing the equations obtained and after simplification, we find
x; =20+ (i —1+1)Az = zo+iAx where x, is none other than the point a of the interval
[a,b]. Therefore, finally

ri=a+1iAx, 1<i<n,

with n, = ZZ—; Azx

Discretization of Time

Our equation, i.e., the solution process, must be repeated in a time interval equal to At
until reaching 7},,4,. To go from t; to t;;;, we must add At to t; each time. Using a
reasoning by induction as before, we derive: t; = jAt because ¢, = 0 and corresponds to

the instant ¢t = 0. ¢; = jAt, 1< j < n, with n, = e

4.3.2 Programming the Analytical Solution

Let:
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1
Uexact (, 1) = 800 X Z

Since we are in numerical analysis

that we only work with points on a

m2(2n + 1)?

7(2n+1)(x — 1)
2

- 2
% COS 0.3738(2n+1)2t

X e

and not fundamental analysis, we must understand

grid and not in the entire domain as one might

think. To evaluate the numerical value of et for any point belonging to the grid, we

must create a loop that, for each point (x;,t;), calculates Uexact(Z:,t

;). Let oo = 100 be

acceptable in numerical analysis. We then have the following program that calculates the

elements of the matrix v representing

exactly the values of u(z;,t;) on the grid.

1 @@ 3
k
r
dt

clear;

0.13;

1/4;
dx*xdx*cxp*xr/k;

100*dt;

6 cla 0; clb = 0;

a = 0; b= 2;
(b-a)/dx;
Tmax/dt ;

O:dx:b;

7o

N

8 0.11;

%

Tmax

nx

9 nt

X i O0:dt:Tmax;

zeros (nx+1, nt+1);
0;
while (n < 100)

1:nx+1

v

n

for i

1:nt+1

u(i,j) = v(i,j) + 800 *x 1/
cos(pi * (2*n + 1) * (x(i)
3738 *x (2*n + 1)°2

for j

exp (-0.

v(i,j) u(i,j);

end

end

n n+1;
end

mesh(t, x, V)

8; dx 0.25;

(pi~2 * (2%n + 1)72) *
- 1)/2) =
* £t(3));

4.3.3 Numerical Resolution of the System

When we fix j and vary i from 1 to n, —

equations with n, — 1 unknowns

1, we obtain the following linear system of n, — 1
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.

—

- . . .
uit =rub + (1= 2r)uf +ruly,
J+1 J J J
uy = ruy + (1= 2r)uy + ruj,,

Uitt = M x U7 + N

0<7<m—1

— ey _ J J
o =ru), A+ (L —=2r)u), o +ru,

Where ué is the boundary condition at a, denoted as ué = da in the program, and

n

1—-2r T
T 1-—2r

M = 0 r
0

r

1—-2r r

0

r

0
1-—2r

w _ is the boundary condition at b, denoted as u{lz = clb. Thus, we have

rUg
0

and N =

0

J
rUnz

The matrix M is a triangular or tridiagonal matrix, and the resolution is simpler to

program using one of the iterative or direct methods covered in Numerical Analysis II.

However, once again, we will suffice with the direct resolution using matrix division. That

is, if we need to solve the system Au = B, we will write in Matlab x = A\ B, and the

solution will be obtained automatically.

Remark. B must be a column vector with the same number of elements as the number

of rows in A, and the vector I should be given as a column vector. It is not new to

us to provide the transpose of a matrix to achieve the desired result.

We took r = i for the case where r < % and 7 = 0.625 for the case where r > %

The following program calculates the values of the vector iz, replaced by the vector

h in the program to link it with the first program calculating the elements of the

matrix v for the exact solution. At each time step j, the values are stored in a

matrix w, initialized by the initial conditions. To obtain the curve for the second

case, it suffices to replace r with 0.625.

1 clc; clear;
2 k = 0.13; c
3 p = 7.8; dx

0.11;
0.25;
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4 r = 1/4; dt = dx * dx * ¢ * p *x r / k;
5 Tmax = 100 * dt;

6 a = 0; b = 2;

7 cla = 0; clb = 0;

8 nx = (b - a) / dx;

9 nt = Tmax / dt;

10 X = a : dx : b; t =0 : dt : Tmax;
11 for i =1 : nx - 1

12 N(i) = 0;

13 end

14 N(1) = r * cla;

15 N(nx - 1) = r * clb;
16 for i =1 : nx - 2
17 M(i, i) =1 - 2 * r;
18 M(i, i + 1) = r;

19 M(i + 1, i) = r;

20 end

21 M(nx - 1, nx - 1) =1 - 2 * r;
22 for i =1 : nx + 1
23 if x(i) < 1
24 C(i) = 100 * x(i);

25 else
26 C(i) = 100 * (2 - x(i));

27 end
28 end
29 for i =1 : nx - 1
30 h(i) = C(i + 1);

31 end
32 j=1;

33 h = h ;

34 while (j < nt + 2)

35 for i =1 : nx - 1
36 w(i, j) = h(i);

37 end
38 h =M= h + N ;
w0 3= 3o+ 1
10 end
41 for i = nx -1 : -1 : 2
12 for j = nt +1 : -1 : 1
13 w(i, j) = w(i - 1, j);

14 end

45 end
16 for j =1 : nt + 1
17 w(l, j) = 0;

18 w(nx + 1, j) = 0;
49 end
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50 mesh(t, x, w);

51

Here is the curve obtained after compilation for the case

PP AP RN RINRIII?

100 ~

BO
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1
Figure 4.5: Curve of the numerical solution obtained using the explicit method for r < 3

4.4 Solution of an Hyperbolic PDE

4.4.1 Problem Statement
We aim to solve a hyperbolic equation given by

0%u 0%u 0%u
8t2+38x8t+08x2+E_0 (4.1)

4.4.2 Solution by Finite Difference Method

Simplified numerical scheme

Let a = ¢; (the wave speed), b =0, ¢ = —1 and e = 0, which gives
A =b*—4ac=0—4(c;)(—1) = 4¢; > 0 since ¢; > 0.

This is indeed a hyperbolic equation which is none other than the wave equation

0%u 0?u

—_—— C —

o> ' ox?
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87 Chapter 4. Applications of Partial Differential Equations

As both derivatives are second-order derivatives, we use the Taylor approximations

found in equations (4.1) to establish the numerical scheme for this PDE. We therefore

have A . .
uit! 2“ + UJ ' Uiy — 2u) +uj_y
=c
(At)? b (Aep
, At At)?\ ;
= ugﬂ = Cl%< (L —|—uZ ) —2 <1 — Cl_éAx))Q) UZ . ug—l

This is the numerical equation for the wave equation. To simplify the scheme, let

(At)? Ax

=1=At=—

“ (Az)? V1
= u{“ = ug“ + ug_l — uz_l. (4.2)

Remark. With finite differences equation (4.2) is the numerical scheme used to solve
the wave equation 8t2 - 5.2~ However, there is an implementation problem with
this scheme since u is known at ¢ = ¢y = 0 which is the initial condition. But to

calculate u at t = At = t;, we need to know the value of u at t =t_; = —At.

Mixed conditions

Knowing the values of v at t = —At is no longer a problem when we have Neumann-type

conditions (a condition on the propagation speed) 2¢(x,0) = g(z), at t =0

ou(z,0)  u(x, At) —u(z, —At)
o 2At =)

1 -1

2At
Substituting this into equation (4.2) yields

=g(z;) = u;l = ull — 2At x g(zy).

1
_(U?H + U?—l) + At x g(z;).

ub =l + Uy — b+ 280 x g(a) = uk = 2

Limitations of the finite difference method

With a condition on the speed, an approximation of some variables like b = 0 and
e = 0, a simplification of the expression ¢, At to 1, we were able to solve this hyperbolic
equation. However, unfortunately, this is not always the case, and the availability of such
a Neumann-type condition is not usual. We will therefore often be stuck in solving a

hyperbolic equation if we rely solely on the finite difference method.

Example. Consider the following wave equation with boundary and initial conditions
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\

The exact solution is given by the Fourier series

16 & (= )"~ 1sin <—(2"_21)m> cos (

(20 _ 22 re(0,2], t>0
u(0,t) = u(2,t) =0, t>0
8“x0 =z(1—z), 0<z<?2
O0<zx<1
22—12), l<az<?2

(2n—1)met

uz,t) =5 2n—1)?

n=1

Numerical Implementation

The following MATLAB code implements a numerical solution

clear all; clc;
syms a b c e x k;

cla = 0; clb = 2;

% User inputs

k = input( Enter the value of k: );
a = input( Enter the value of a: );
b = input( Enter the value of b: ) S
¢ = input( Enter the value of c: ) 3
e = input( Enter the value of e: );
dx = input( Enter the discretization step:

% Initialization
(clb-cla)/dx;

= n;

= b"2 - 4xaxc;

= (b-sqrt(a))/(2*a);

8 b =2 B
|

= zeros(N+1,n+1) ;
= zeros (N+1,n+1);
zeros (N+1,n+1) ;
= zeros(N+1,n+1);

= 0:dx:2;

< Q "B od a
Il

% Initial conditions

u = 2%x;

)
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27 = diff (u);
28 = 2x(2-x);
29 = diff (u);
30
31 % First iteration
32 for j = 1:n+1
33 da(1,j) = y(j);
34 if y(j) > 1
35 p(1,j) = subs(g, x, d(1,3));
36 u(l,j) = 2x(2-d(1,3));
37 q(1,j) = 0;
38 else
39 p(1,j) = subs(f, x, d(1,j));
10 u(l,j) = 2xd(1,3);
11 q(1,j) = 0;
42 end
13 end
14
45 % Boundary conditions
46 for i = 2:N+1
17 u(i,1) = 0;
18 q(i,1) = 0;
49 u(i,n+1) = 0;
50 q(i,n+1) = 0;
51 end
52
53 % Main computation loop
54 for i = 2:N+1
55 for j = 2:n
56 d(i,j) = (d(i-1,j-1) + d(i-1,j+1))/2;
57 t(i,3) = t(i-1,j-1) + m*(d(i,j)-d(i-1,3j-1));
58
59 A = [a*m ¢ ; -a*m c];
60 B = [a*m*xp(i-1,j-1)+c*xq(i-1,j-1)-ex(t(i,j)-t(i-1,j-1));
61 —a*m*p(i-1,j+1)+c*xq(i-1,j+1)-e*x(t(i,j)-t(i-1,j+1))];
62 V = A\B;
63
64 pCi,j) = V(1);
65 q(i,j) = V(2);
66 u(i,j) = ((p(i,j)+p(i-1,j-1))*(d(i,j)-d(i-1,j-1))/2
67 + ((qi,j)+qi-1,j-1))*(t(i,j)-t(i-1,j-1))/2
68 + u(i-1,j-1);
69 end
70
71 % Boundary treatments
72 for j = [1, n+1]
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- ex(t(i,j)-t(i-1,j+1)...

- ex(t(i,i)-t(i-1,j-1))...

if § == 1

d(i,j) = 0;

t(i,j) = t(i-1,j+1) - m*(d(i,j)-d(i-1,j+1));
A = -a*m;

B = -—axm*p(i-1,j+1) + c*xq(i-1,j+1)

);

else

d(i,j) 2;

t(i,j) = t(i-1,j-1) + m*x(d(i,j)-d(i-1,j-1));
A = a*m;

B = a*m*p(i-1,j-1) + c*xq(i-1,j-1)

end

p(i,j) = A\B;

end

end

% Visualization

mesh(t, d, double(u))

xlabel ( Time (t) );

ylabel ( Position (x) );

zlabel ( Displacement u(x,t) );

title( Numerical Solution of Wave Equation );
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Execution Results

Numerical solution values at selected points

0.0 | 0.5000 | 1.0000 | 1.5000 | 2.0000 | 1.5000 | 1.0000 | 0.5000 |0.0
0.0 | 0.5000 | 1.0000 | 1.0000 | 1.5000 | 1.5000 | 1.0000 | 0.5000 |O0.0
0.0 | 0.5000 | 0.5000 | 1.0000 | 0.5000 | 1.0000 | 1.0000 | 0.5000 |O0.0
0.0 0.0 0.5000 0.0 0.5000 0.0 0.5000 | 0.5000 | 0.0
0.0 0.0 —0.5000 0 —0.5000 0.0 —0.5000 0.0 0.0
0.0 | —=0.5000 | —0.5000 | —1.0000 | —0.5000 | —1.0000 | —0.5000 | —1.0000 | 0.0
0.0 | —=0.5000 | —1.0000 | —1.0000 | —1.5000 | —1.0000 | —1.5000 | —0.5000 | 0.0
0.0 | —=0.5000 | —1.0000 | —1.5000 | —1.5000 | —2.0000 | —1.0000 | —1.5000 | 0.0
0.0 | =0.5000 | —1.0000 | —1.5000 | —2.0000 | —1.5000 | —2.0000 | —0.5000 | 0.0

Table 3.5: Numerical values of the solution u(z,t) at different space-time points.
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Conclusion

In conclusion, this study has demonstrated that differential equationsboth ordinary and
partialare indispensable tools for describing and understanding a wide range of natural
and engineering phenomena. Throughout this thesis, we have aimed to shed light on the
essential theoretical foundations, while also offering insight into numerical solutions and
practical applications using mathematical software, particularly MATLAB.

Despite significant advancements in the field, finding exact or closed-form solutions
to many differential equationsespecially those with complex structures or non-standard
boundary conditionsremains a challenging task. This limitation continues to drive re-
searchers to develop more advanced and flexible numerical methods and approximation
techniques.

This reality underscores that differential equations are not merely a classical mathe-
matical topic, but rather an active and evolving area of research. They offer vast oppor-
tunities for exploring complex systems and call for continued efforts to bridge the gap
between theory and application.

We hope that this thesis represents a modest contribution to this ongoing journey
and serves as a source of inspiration for those interested in further exploring this rich and

fascinating field.
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Résumé

Ce mémoire, intitulé "Equations différentielles : étude théorique et
numerique™, présente une vue d'ensemble des concepts fondamentaux liés aux
équations différentielles ordinaires et aux equations aux dérivées partielles. Il
commence par I’étude des équations différentielles ordinaires, puis aborde les
¢quations aux dérivées partielles linéaires du premier ordre, en mettant I’accent
sur les bases theéoriques et les méthodes de resolution. Le travail inclut
également la classification des équations aux derivées partielles du second ordre
en types elliptiques, paraboliques et hyperboliques, essentielle pour comprendre
leur comportement. Enfin, il met en évidence les principales applications
physiques de ces équations, tout en soulignant 1’importance des méthodes
numériques lorsque les solutions analytiqgues sont inaccessibles.

Abstract

This memory, entitled *"Differential Equations : Theoretical and Numerical
Study"', provides a general overview of the fundamental concepts related to
both ordinary and partial differential equations. It begins with the study of
ordinary differential equations and progresses to linear first-order partial
differential equations, emphasizing theoretical foundations and basic solution
methods. The work also includes a classification of second-order PDEs,
distinguishing between elliptic, parabolic, and hyperbolic types, which is
essential for understanding their behavior. Finally, the thesis highlights key
applications of partial differential equations in various physical contexts and
touches on the importance of numerical methods in cases where analytical

solutions are difficult or impossible to obtain.
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