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ڲڪٌۘ
ܳٺأگ٭ڎ۱؇ َޙݠا اܳިاݿأ۰، ؇ዛኤ؇ّޚٴ٭گ ૭૖ྟص ๴ཚ؇ل ීෂا اܳٺ༲ܹ٭ܭ ሒᇭ ܾዛᔻ ොຳت ෠੼؇ل اܳـܝ๤ཏل۰ اܳٺఈః݁Ⴄၽت ݁ޝߜߵات ଫଊّأٺ
اܳأڎدل۰ اܳޚݠق إݿٺ༱ڎام ༟ܹ٭ٷ؇ ඔ൹أਐಱ ዻዧᄳᄟ و ݬأٴ؇ أਵਦا اܳـܝ๤ཏل۰ اܳٺఈః݁Ⴄၽت ୒ୖڍه اᄴᄟڢ٭ݑ اࠍ੆ܭ لܝިن أن ஓ୷ܝ݆

اܳـܝ๤ཏل۰. اܳٺఈః݁Ⴄၽت ۱ڍه ೞಱܳٺگݠ
༡ڎود ଫଃ܋ټ আॻ༟ ّأٺ݄ڎ มฆܳا اܳأڎدل۰ اܳޚݠق ࿓؆ݿٺ༱ڎام ༟ڎدل؇ اܳـܝ๤ཏل۰ اܳٺఈః݁Ⴄၽت ᄴᄟراݿ۰ اৎ৊ڍாணة ۱ڍه ሒᇭ ዛኡڎف
اܳޚݠق ً؇ݿٺأ݄؇ل ྘ྲྀႤၽܳٺި ل۰ ๤ཏاܳـܝ اৎ৊ލٺگ۰ و -ܳ٭ިڣ٭ܭ ஓ୷؇ن ීෂ اܳـܝ๤ཏي ይዧٺႤၽ݁ܭ ّگݠ཯ྟ٭۰ ڢࡗࡲ ෠ຬ৕৑؇د ዻዧذ و ا৕৑ݿٺگޚ؇ب
؇ዛዀܹ༟ ا௱௯௫ݱܭ ༇຀؇اܳٷٺ ߖߵڣݑ ଫଃ༠৙৑ا ሒᇭ و ಣಈᕬފިن لگ۰ ޗݠ اৎ৊ٷۜݠف، ނٴ۬ لگ۰ ޗݠ اৎ৊ފٺޚ٭ఈఃت، لگ۰ ޗݠ اܳټఈఃث: اܳأڎدل۰

ّިݪ٭ۜ٭۰. ༟ڎدل۰ ᄭᄥ݁ټ؊ً

-ܳ٭ިڣ٭ܭ، رஓ୷؇ن ஓ୾ڰ۳ިم اܳـܝ๤ཏي اܳٺႤၽ݁ܭ ྘ྲྀႤ၍ٺި، ஓ୾ڰ۳ިم اܳـܝ๤ཏي اৎ৊ލٺݑ اܳـܝ๤ཏي، اࠍ੆ފ؇ب اिऻء׫ոؼמ١: اڤոஈ࿦࿮ت
ಣಈᕬފިن. لگ۰ ޗݠ و اৎ৊ٷۜݠف ނٴ۬ لگ۰ ޗݠ اৎ৊ފٺޚ٭ఈఃت، لگ۰ ޗݠ



above space for just

و؜ਵڣــــــ؇ن ނܝـــݠ q
above space for just

ًأڎ: و ،ً۬؇ොේأ و ᄩᄟآ আॻ༟ و أཹྟ٭؇ف۬، و ༠ܹگ۬ ݬڰިة আॻ༟ واܳފఈఃم اܳݱఈఃة و َأ݄ٺ۬، আॻ༟ Մ៰Ղ ا৵৥ৠڎ

و ৖৑أو Մ៰Ղ ୍ଲڣ؇ܳލ ،ً۬؇ොේ৙৑ اܳڰݯܭ ཹྡྷފص و ،ᄩᄥ۱৙৑ ا৵৩ৠ٭ܭ ߖߵد أن اৎ৊ڍாணة ۱ڍه პაႰ؆࿓ل ༟ܹ٭ٷ؇ Մ៰Ղا ݆݁ ڢڎ و ܳٷ؇ لޚ٭ص
.ᄩᄥ۱أ ި۱ ؇ஓ୾ اܳټٷ؇ء و ا৵৥ৠڎ ᄩᄥڣ اৎ৊ڍாணة، ۱ڍه إ෠ຶ؇ز ݆݁ ܳٷ؇ ๤๎ะ ؇݁ আॻ༟ اࠍ੊ފ٭۰݄ آ৖৑ف۬ و اܳأޙ٭۰݄ َأ݄۬ আॻ༟ آරඝا
اଫଐܳ݁ڍي) و أᆇᅵڎ (رواه اܳٷ؇س" ୍ଲ૰૏ ৖৑ ݆݁ Մ៰Ղا ୍ଲ૰૏ ৖৑"ݿ޺޾ و ༟ܹ٭۬ Մ៰Ղا আॻݬ اৎ৊ݱޚࠕࠥ ڢިل ݆݁ إَޚఈఃڢ؇ و

-ݿܝ٭ᄕჼة-. ఋዳዧݿ؇ࣁࣕة اܳأܹ٭؇ ً؇ৎ৊ڎرݿ۰ ༂ံ؇اܳލ اܳأగఒ޶ ๤ཡይዧح اܳٺگڎߌߵ و ୍ଲاܳލ لܭ ෠ຳݞ ਐ಻گڎم
݆݁ ً۬ ؇َ৖৑أو ؇݁ আॻ༟ "દઊᄴᄟا ܾ෠ຶ "دردار ا๤དྷৎ৊ف ఋዳዧݿٺ؇ذ ّگڎߌߵَ؇ و ؇୍َଲނ َگڎم أوڣ؇۱؇ و اܳأٴ؇رات ً؊ݬڎق و
ޗ؇ܳٴ۬. ؜݆ أݿٺ؇ذا ً۬ ඹජى ؇݁ ଫଃ༠ Մ៰Ղا ੊਼ݞاه اৎ৊ڍாணة، ۱ڍه إ෠ຶ؇ز ሒᇭ ܳٷ؇ إڣ؇دّ۬ و إرނ؇د، و َݱں و إ۱ٺ݄؇م،

ܳٷ؇. ݿٺگڎم มฆܳا ༃຀؇اܳٷݱ আॻ༟ و ؇਍ಾாண݁ڍ ݁ٷ؇ڢލ۰ আॻ༟ ا๤ཇ৕৑اف ܾୖ୒ިܳگٴ اৎ৊ٷ؇ڢލ۰ ࠍ੊ٷ۰ أ؜ݯ؇ء ሌᇿإ ୍ଲܳލ؇ً ਐ಻گڎم პაႰ
ࢻ༟ࣖ؇ء. ިܳ و اܳٴۜت ۱ڍا إ෠ຶ؇ز ሒᇭ ݿ؇۱ܾ ݆݁ ႟ၽܳ ا৕৑݁ٺٷ؇ن و ୍ଲاܳލ ႟ၽً ਐ಻گڎم أن ؇਍ಾިلڰ ৖৑ პაႰ

اෂීނ؇د. و اܳފڎاد ߌߵزڢٷ؇ أن و༥ܭ ਲ਼؜ Մ៰Ղا ࢾࣖ؜ި أن ৖৑إ ૭૏أٷ؇ ৖৑ ଫଃ༠৙৑ا ሒᇭ و

ا



إ۱ــــڎاء q

اৎ৊ޝ݁ٷިن" و ᄩᄟިرݿ و ુળܹـᆇᅦ Մ៰Ղا ڣފଫଃى إᆇᅦߺࠊا :"ڢܭ ሌᇿ؇ّأ Մ៰Ղا ڢ؇ل
اරඝ৚৑ة ّޚ٭ص ৖৑ و ாணࣕك ࢻ ৖৑إ ا࠯࠵࠺ޙ؇ت ّޚ٭ص ৖৑ و ًޚ؇؜ٺ۹ ৖৑إ اዛዊܳ؇ر لޚ٭ص ৖৑ و ଲ૰૖୍ك ৖৑إ اይዧ٭ܭ لޚ٭ص ৖৑ ሒሃ৖৑إ

. ۹ਐಱߓߵؤ ৖৑إ اࠍ੊ٷ۰ ّޚ٭ص ৖৑ و ًأڰިك ৖৑إ
ሒᇭ ሒᇃڎ༟؇ݿ ݆݁ ႟၍ ሌᇿإ ا৕৑݁ٺٷ؇ن ༠؇ܳݧ و ୍ଲاܳލ لܭ ෠ຳݞ أّگڎم و ۱ڍا มจොຳ إஓ஄؇م ሒᇭ ሒᇿ ً؇رك اᄳᄟي ሌᇿ؇ّأ Մ៰Ղا أᆇᅵڎ

. ሒᇆாண݁ڍ إஓ஄؇م
إ଩ଐ༟از و ੅਼ݠ ႟ၽً ۬ᆙᆊإ أᆇᅵܭ ݆݁ ሌᇿإ.... إਐ಻ޙ؇ر ࢻࣖون اܳأޚ؇ء มฃగఒ༟ ݆݁ ሌᇿإ.... اܳިڢ؇ر و ً؇୒ୖ٭ٴ۰ Մ៰Ղا ᄩᄥၯ၍ ݆݁ ሌᇿإ

. اܳأݞߌ߳ واᄴᄟي ሌᇿإ.... ොຬڰޙ۬ و ᆇᅦݠه ሒᇭ لޚ٭ܭ أن ༥ܭ و ਲ਼؜ Մ៰Ղا ݆݁ أرۏި
و ሒᇖ؇෠ຶ ๤ང د༟؇ؤ۱؇ Ⴄ၍ن ݆݁ ሌᇿإ.... اܳިۏިد ๤ང و اࠍ੆٭؇ة ۰݄૭૖ ሌᇿإ ا৕৑ܳٺڰ؇ت و اࠍ੆ٷ؇ن و اࠍ੆ص มฃٺగఒ༟ ݆݁ ሌᇿإ

اࠍ੆ٴ྘ٴ۰. ሒᇧأ ೞಱ؇ٴ੆اࠍ আॻ༚أ ሌᇿإ.... ሒᇖاරජ ྾ཏًܹ ؇ዛኡ؇ۋٷ
؇۱ਵਦ و اࠍ੆٭؇ة ༡ߺࠊ ሒᇃިᆙᆊ؇ڢ ݆݁ ሌᇿإ ، اܳگ޺޾ لܝٺص أن ڢٴܭ اܳگܹص ܾ۱ாணࣕ ࢴ ݆݁ ، اܳިا༡ڎ اᄴᄟم ݁أ۳ܾ ྾ང؇أّگ ݆݁ ሌᇿإ

لگ۳݆. ޗݠ Մ៰Ղا أَ؇ر ۰݄૭૖ و أఈః༡م ....أۊٺ؇ي
. إாணام و ਵਦوة ሌᇿإ.... اᆇᅦ৙৑؇ق ݆݁ ݬڎلگٺ؇ي ا৙৑ل؇م ݆ዛኞ ༥؇دت ݆݁ ଫଃ༠ و اᄴᄟرب رڣ٭گ؇ت ሌᇿإ

إாணام ๴ཇ؇ۋٷ

ب
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و ሒᇿ؇٭ይዧا ዝངݠ َޚިي Մ៰Ղ ا৵৥ৠڎ و اܳ٭ިم ݆ොຶ و۱؇ ๴ངراᄴᄟا ݁ލިارَ؇ ዛኡ؇ل۰ ሌᇿا وݬܹٷ؇ ปฆۋ ۰༟๤๎ื ਵਦت ڢڎ ا৙৑ل؇م ሒሃ؇۱
৖৑إ ݬأިً؇ت و ؜گٴ؇ت ݆݁ اܳأٴڎ ෛູޚް ؇݁ و ᄩᄥًڰݯ ৖৑إ ௧ਤݿ ۊࡤࡲ ৖৑ و ۏ۳ڎ ቕቆ؇݁ اᄳᄟي Մ៰Ղ ا৵৥ৠڎ ... ඔ൹اܳފٷ ّأص

. اࡺ࢘ࢦ؇م আॻ༟ Մ៰Ղ ا৵৥ৠڎ و ؇۳ၯ၍ ا௱௯௫؇݁ڎ ጥ጑ڣ ۬ਐ಻ި݁أ و ਐಸިڣ٭گ۬
๤ང و ّިڣ٭ࠔࠫ ؇݁ و رݪ؇۱ܾ ሒᇭ Մ៰Ղا رݪ؇ ݆݁ ሌᇿإ ا৕৑ۋފ؇ن و ଫଊܳا ሒᇭ ۋگ۳ܾ اࠍ੆ݠوف و اగၵၽܳ؇ت ܾዛዀّިڣ ৖৑ ݆݁ ሌᇿإ

. اܳأݞߌ߳ واᄴᄟي و اܳ؞؇ܳ٭۰ ሒᇧأ ሌᇿإ.... ڢڎر۱ܾ اగၵၽܳ؇ت ਍ಾݱژ ݆ܳ و ఈ႙၍م أي لࠕࠫ ڣܹ݆ ܾዛኔ؇༟ࣖࢻ ৖৑إ ሒᇖ؇෠ຶ
ሌᇿإ.... ᆇᅹ٭۳ܹ؇ ߓߵد رؗٴ۰ دون มฃگ٭૭૜ و มฃّܹޙ ؗ٭۰݄ ሌᇿإ.... اܳޙݠوف و ا৙৑ل؇م มฃ٪ّޚڰ ؜ٷڎ݁؇ มฆ݄؜ٺ ฟ෹لݯ َިر ሌᇿإ
. ሒᇆިإۊ ሌᇿإ.... اܳފگިط ሒᇼٺڎ૭૜ มฆܳا ا৙৑ނ٭؇ء ۱ڍه ႟၍ ৎ৊گ؇و۰݁ มฃࣁࣖڣأ و ଫ଒أّأ ؜ٷڎ݁؇ اܳأިن ሒᇿ ஓ஄ڎ มฆܳا ا৙৑ࢴࣖي
و اৎ৊ݱ؇؜ص رܾؗ اܳݯႤၽ༲ت ّگ؇ᆙᆊٷ؇ ݆݁ ሌᇿإ.... اܳأగఒ٭۰ ؇਍ಾଫଃ݁ފ ሒᇭ اܳٷ༶؇ح ިොຶ ݁أ؇ لݑ اܳޚݠ ૰૙ݑ ل؇ ݿި ؇َ๤ང ݆݁ ሌᇿإ

إாணام. ሒᇀدر رڣ٭گ۰ و มฆݬڎلگ ሌᇿإ.... ؇਍ಮ؇ᆙᆊأ ปฆۋ ๴ཇء ႟၍ ؇ষ঒ر؇૰૜ ݆݁ ሌᇿإ.... اܳأݱ྘ٴ۰ ا৙৑وڢ؇ت
݆݁ ሌᇿإ.... ᆙᆘޚݠا ؇ً؇ො஖ اܳأ༶؇ف اܳފٷިات ሒᇭ Ⴄ၍َިا ݆݁ ሌᇿإ.... اଫଃ༠৙৑ة ڢٴܭ ؇݁ اࠍ੅ޚިة و ሌᇿو৙৑ا اࠍ੅ޚިة رڣ؇ق ሌᇿإ

؜ਲ਼ا۰ً اࠍ੊؇݁أ٭۰ ا৕৑ڢ؇۰݁ ሒᇭ ሒᇆ؇ݬڎلگ ሒᇖأڣݠا و ሒᇃاඹඞأ ݁أ۳ܾ ّگ؇ᆙᆊب
. ஓ୷؇ن إ ۋ٭؇ة، رً؇ب، ۱ٷ؇ء، ஓ୷؇ن، إ أఈః༡م، ਵਦوة،

-ݿܝ٭ᄕჼة-. ఋዳዧݿ؇ࣁࣕة اܳأܹ٭؇ اৎ৊ڎرݿ۰ ܾዛኞ มฃأٺᆇᅹ દઊᄳᄟا اఈః݁ෑෂء و اෑෂ݁٭ఈఃت ᆇᅹ٭ؕ ሌᇿإ
اܳـଲ୍ام. ሒᇆࣕأݿ؇ࣁ اࠍ੆٭؇ة رݿ؇فܭ أڢڎس ᆇᅵߺࠊ ݆݁ ሌᇿإ

أن اܳگڎߌߵ ঌॻاܳأ Մ៰Ղا ᄭᄥݿ؇ف اৎ৊ٺިاݪؕ اܳأ݄ܭ ۱ڍا ܾዛኗأ۱ڎ ۱ޝ৖৑ء ႟၍ ሌᇿإ.... ม฀ܹڢ ཯ྡྷފ؇ه ቕረ و ڢగఒ޶ ૭૙؇ه ݆݁ ႟၍ ሌᇿإ
. ਐಸިڣ٭گ۬ ஓ୷ڎَ؇ و ً۬ ਍ಱڰأٷ؇

إாணام ًިݿ؇ܳ٭ؕ
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

݁گــــڎ۰ّ݁
above space for just

আॻ༟ لأݠف اܳـܝ๤ཏل؇ن اܳٺڰ؇ݪܭ و اܳٺႤၽ݁ܭ ૰૏݄ܭ ๴ཚ؇ل ීෂا اܳٺ༲ܹ٭ܭ ڣݠوع ݆݁ ڣݠع ؜݆ ؜ٴ؇رة ި۱ اܳـܝ๤ཏي اࠍ੆ފ؇ب
اܳފ؇ًؕ اܳگݠن ዛኡ؇ل۰ ሌᇿإ اܳـܝ๤ཏي اࠍ੆ފ؇ب ༂຃ر؇ّ لأިد .۰༲٭ොේ ଫଃ༚ ೞಾر ሌᇿإ ௧ௌݿ٭ఈ႙ၽܳا اࠍ੆ފ؇ب ৎ৊ڰ۳ިم ّިݿ٭ؕ أَ۬
أᆇᆅ٭۰ اଫଃ༠৙৑ة اܳڰଫଐة ሒᇭ ᄩᄟ ෛູݱݧ มฆܳا اܳأగఒ٭۰ اৎ৊ޝஓ஄ݠات و اৎ৊گ؇৖৑ت ༟ڎد ّأܝݴ ۱ڍا، لި݁ٷ؇ ሌᇿإ ૭૏ٺ݄ݠ و ๤དྷ؜
༡ڎ ሒᇭ ෛູݱݱ؇ أݬٴں أَ۬ اܳگިل ஓ୷ܝ݆ ᄳᄟا اܳٺޚٴ٭گ٭۰ أو ل۰ اܳٷޙݠ اܳٷ؇ۋ٭۰ ݆݁ ݿިاءا اܳڰଲ୍ة ۱ڍه ؇ዛኤأٔ؇ر มฆܳا ႟၍؇ލৎ৊ا

ذاّ۬.
ل۰ َޙݠ وۏިد ۰ਃ಻Ⴄၽ݁إ ؜݆ ྘ྲྀިܳٺ؇ل ሌᇿإ ᄭᄟ؇رݿ ሒᇭ ଩ଃྟٷ཯৖৑ ૭૜؇ءل ؜ٷڎ݁؇ 1695 ዛኡ؇ل۰ ሌᇿإ ّأިد ᄩᄟިأݬ أن আॻ༟ اࠍଫଊ᛻੅اء ਐಱڰݑ
۰ਊಾීෂا ذو గጻዧލٺݑ إ؜ޚ؇ء۱؇ ஓ୷ܝ݆ ۰༶ཹྥ٭ وۏިد ۰ਃ಻Ⴄၽ݁إ ؜݆ ྘ྲྀިܳٺ؇ل ૭૜؇ءل رده ሒᇭ ،ᄭᄟاᄴᄟ ۰༲٭ොේ ଫଃ༚ ۰ਊಾر ذو ይዧٺڰ؇ݪܭ
أن ሌᇿإ ألݯ؇ وأނ؇ر 1

2
۰ਊಾීෂا ذات اৎ৊ލٺگ۰ وۏިد ۰ਃ಻Ⴄၽ݁إ ๤ཇح ଩ଃྟٷ཯৖৑ ༡؇ول ྘ྲྀިܳٺ؇ل ݿޝال আॻ༟ ይዧݠد ᄭᄟو؇ො੼ ሒᇭ ،1

2

.؇݁ لި݁؇ ݁ڰ٭ڎة ༇຀؇ਐ಻ ݁ٷ۬ ૭૏ٺ༱ܹݧ أن ஓ୷ܝ݆ ل؇ ޖ؇۱ݠ ਍ಾ؇ڢݯ؇ ଫଊلأٺ ۱ڍا
ඔ൹ً ܳ٭ިڣ٭ܭ ሌᇿإ ؇ୖ୒؇ᆇᅦأ أول لأިد اৎ৊ڰ٭ڎة ༇຀؇اܳٷٺ ሌᇿأو ޖ۳ݠت ปฆۋ ๴ཚ؇ৎ৊ا اܳگݠن ݆݁ اܳྥފأ٭ٷ؇ت ปฆۋ لܝ݆ ቕረ ً؇ܳڰأܭ
Ⴄ၍ن اᄳᄟي اܳٺႤၽ݁ܭ আॻ༟ إ؜ٺ݄؇دا اܳـܝ๤ཏل۰ اৎ৊ލٺگ۰ ܳٴٷ؇ء لگ۰ ޗݠ رஓ୷؇ن إڢଫଐح ݁ފٺگܭ ႟ၽ૰૖ و 1832 − 1837 ሒᇧ؇༟
؜ਵڣب و اܳـܝ๤ཏل؇ن اܳٺႤၽ݁ܭ و ا৕৑ނٺگ؇ق ሒᇭ ܳ٭ިڣ٭ܭ لگ۰ ޗݠ َڰݴ ؇ዛኡأ ඔ൹ਊಾ มฆܳا اܳـܝ๤ཏي، اࠍ੆ފ؇ب ሒᇭ ا৙৑ݿ؇س ࿭੗ݠ

.؇༟ި਍ಾ ଫ଒أ܋ وأݬٴۜب أරඝى ޗݠق ّޚިߌߵ ቕቆ ًأڎ ڣ٭݄؇ ܳ٭ިڣ٭ܭ، رஓ୷؇ن ل۰ ਍ಸޙݠ

৖৑؇෠੼ت ሒᇭ ّޚٴ٭گ؇ت ఈఃً َگ٭۰ ل؇ݪ٭۰ ر ᄭᄟ؊݁ފ ި۱ اܳـܝ๤ཏي اࠍ੆ފ؇ب ሒᇭ اܳٴۜت ۱ڍا أن اৎ৊ݠء لأٺگڎ أن ஓ୷ܝ݆
ّ؞ଫଃات ّިݪ٭ں ߖߵࢴࣖ ؜ٷڎ݁؇ 1

2
۰ਊಾීෂا ذات اৎ৊ލٺگ۰ أᆇᆅ٭۰ لޙ۳ݠ اܳފިافܭ Ⴄၽਃ಻Ⴄၽ݁٭ ݆݁ ૭૖٭ޔ ᆇᅒټ؇ل وܳـܝ݆ أරඝى،

أن اܳگިل ஓ୷ܝ݆ ዻዧᄳᄟ .ঌॻ༠اᄴᄟا గጻዧݱڎر มฃ݁ෑෂا ይዧٺޚިر ً؇ܳྡྷފٴ۰ ݿ؇فܭ ࣁࣖڣݑ আॻ༟ ਍ಸ؇ءا ༥؇ཹྟ٭؇ ෛູݠج มฆܳا اࠍ੆ݠارة ࣁࣖڣݑ
ဥإࠍ... ل؇ء ଩ଃاܳڰ ا୒ୖٷڎݿ۰، اܳٴ٭ިܳިۏ٭؇، اܳـܝ٭݄٭؇ء، ৖৑؇෠੼ت ༟ڎة ًܭ وا༡ڎ ෠੼؇ل ሒᇭ ๤ཡ౫ౙళ৖৑ اܳـܝ๤ཏي اࠍ੆ފ؇ب ّޚٴ٭گ؇ت

ೞಱّگݠ ෠ຬ؆࿓؇د َگިم ۋ٭ت اܳـܝ๤ཏي، اܳٺႤၽ݁ܭ ৎ৊ޝߜߵ اܳأڎدي ೞಱاܳٺگݠ ෠ຬ৕৑؇د ༟ڎدل۰ دراݿ۰ َگଫଐح اܳأ݄ܭ ۱ڍا ሒᇭ
আॻ༟ ّأٺ݄ڎ มฆܳا اܳأڎدل۰ اܳޚݠق ࿓؆ݿٺأ݄؇ل ྘ྲྀႤ၍ٺި ஓ୾ڰ۳ިم ل۰ ๤ཏاܳـܝ اৎ৊ލٺگ۰ و رஓ୷؇ن-ܳ٭ިڣ٭ܭ ஓ୾ڰ۳ިم اܳـܝ๤ཏي ይዧٺႤၽ݁ܭ

ا৕৑ݿٺگޚ؇ب. ༡ڎود ଫଃ܋ټ
:ঌॻل პაႰ ݁ٷޙ۰݄ ڣݱިل 3 ሌᇿإ اৎ৊ڍாணة ۱ڍه ሒᇭ ّޚݠڢٷ؇ ۋ٭ت

و اܳٺأ؇رلژ ًأݥ ሒᇭ ᄭᄥٺ݄ټৎ৊ا اܳگ؇د۰݁ اܳڰݱިل ሒᇭ ොຶٺ؇ۏ۳؇ มฆܳا ا৙৑ݿ؇ݿ٭۰ اৎ৊ڰ؇۱ࡗࡲ ًأݥ ڢڎ݁ٷ؇ اॊूول: اڤءۢڞ
و اৎ৊ލٺگ۰ لژ ّأݠ আॻ༟ ؇َ଩ଃ܋ߵ ߙ Ⴄ၍ن و ؇݁؇༚ و ྘ྲྀٺ؇ ᄭᄟاᄴᄟا ݁ټܭ اܳـܝ๤ཏي ً؇ࠍ੆ފ؇ب اৎ৊ٺأܹگ۰ اࠍ੅ިاص و ل؇ت اܳٷޙݠ

و྘ྲྀႤ၍ٺި. ܳ٭ިڣ٭ܭ رஓ୷؇ن ஓ୾ڰ۳ިم ل؇ن ๤ཏاܳـܝ اܳٺႤၽ݁ܭ
ይዧٺႤၽ݁ܭ ೞಱّگݠ إ෠ຬ؇د أ༥ܭ ݆݁ ا৕৑ݿٺگޚ؇ب ༡ڎود ଫଃ܋ټ আॻ༟ ّأٺ݄ڎ มฆܳا اܳأڎدل۰ اܳޚݠق ሌᇿإ ّޚݠڢٷ؇ :ᆃᄴոاڤ׭ اڤءۢڞ

ಣಈᕬފިن. و اৎ৊ٷۜݠف ނٴ۬ اৎ৊ފٺޚ٭ఈఃت، لگ۰ ޗݠ اܳޚݠق: ۱ڍه ඔ൹ً ݆݁ و ྘ྲྀႤ၍ٺި، و݁ލٺگ۰ ܳ٭ިڣ٭ܭ ஓ୷؇ن ීෂ اܳـܝ๤ཏي
اܳأڎدل۰ اܳޚݠق ًިاݿޚ۰ ؇ዛዀܹ༟ ا௱௯௫ݱܭ اܳٺگݠ཯ྟ٭۰ اܳگࡗࡲ و اᄴᄟڢ٭گ۰ اܳگࡗࡲ ݁گ؇ر۰َ أ༥ܭ ݆݁ ༟ڎدل۰ ᄭᄥأ݁ټ ڢڎ݁ٷ؇ اڤ׭ոڤ֛: اڤءۢڞ
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اࠍ੆ܭ. دڢ۰ আॻ༟ h
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ڲؠ׿ڲ١ 1 .1
و ሒᇃ؇اܳټ اܳڰݱܭ ෛູڎم มฆܳا ل؇ت اܳٷޙݠ و ا৙৑ݿ؇ݿ٭۰ اৎ৊ڰ؇۱ࡗࡲ و اܳٺأ؇رلژ ًأݥ إ؜ޚ؇ء ሌᇿإ اܳڰݱܭ ۱ڍا ሒᇭ ݿྡྷٺޚݠق
،[14] ،[13] ،[11] ،[9]-[7] ،[4] ،[3] ،[1] اܳڰݱܭ ۱ڍا ሒᇭ اܳٺ؇ܳ٭۰ اৎ৊ݠاۏؕ আॻ༟ إ؜ٺ݄ڎَ؇ ؇਍಻أ ாணࣕ ࢾ პაႰ اܳټ؇ܳت.

.[16]

4



ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

١۝ոশاݾ ֆּاڤ׫ܙا 2 .1
(Gamma) ոڲո຋ ֆּոاڤ׫ 1 .2 .1

1 .2 .1 ؉ֵ ׂ֔ۑ
:ঌॻلპაႰ (Gamma) ීෂو৙৑ ؇݁؇༚ اܳٺ؇ًؕ َأݠف Re(z) > 0 ۋ٭ت z ਵਦ܋ص ༟ڎد ႟၍ أ༥ܭ ݆݁

Γ(z) =

∫ +∞

0

tz−1e−tdt, (1 .1)

.0 < z ≤ 1 أ༥ܭ ݆݁ ؇݁؇ஓ஄ ݁ٺٷ؇ڢݧ Γ(z) اܳٺ؇ًؕ ،Γ(0+) = +∞ ،Γ(1) = 1 :ؕ݁

اܳٺ؇ܳ٭۰: اܳگݯ٭۰ ሒᇭ ؇݁؇༚ اܳٺ؇ًؕ ۊިاص ًأݥ َܹۛݧ
1 .2 .1 ਍ಱᄴᄟ؇:ؓ۠מ١ Re(z) > 0 ،n ∈ N أ༥ܭ ݆݁

Γ(z + 1) = zΓ(z) .1
Γ(n+ 1) = n! .2
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

Γ(1
2
+ n) =

(2n)!
√
π

4nn!
.3

Γ(z) = lim
n→+∞

n!nz

z(z + 1)....(z + n)
.4

اڤո٢જ੻ن
:؇਍ಱᄴᄟ Re(z) > 0 ۋ٭ت z ∈ C و n ௧ਤޗٴ٭ ༟ڎد ႟၍ أ༥ܭ ݆݁

෠ຶڎ: ً؇ܳٺ۠ݞف۰ اܳٺႤၽ݁ܭ ً؇ݿٺأ݄؇ل .1

Γ(z + 1) =

∫ +∞

0

tze−tdt =
[
− tze−t

]+∞
0

+ z

∫ +∞

0

tz−1e−tdt = zΓ(z).

෠ຶڎ: (1) اࠍ੅؇ݬ٭۰ ݆݁ .2

Γ(2) = 1.Γ(1) = 1!,

Γ(3) = 2.Γ(2) = 2.1! = 2!,

Γ(4) = 3.Γ(3) = 3.2! = 3!,

...
Γ(n+ 1) = n.Γ(n) = n.(n− 1)! = n!.
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

.3
Γ(n+

1

2
) = Γ((n− 1

2
) + 1)

= (n− 1

2
)Γ(n− 1

2
)

= (n− 1

2
)(n− 3

2
)Γ(n− 3

2
)

= (n− 1

2
)(n− 3

2
) . . .

3

2
.
1

2
Γ(

1

2
)

=
(2n− 1)(2n− 3) . . . 3.1

2n
Γ(

1

2
)

=
(2n)(2n− 1)(2n− 2)(2n− 3) . . . 4.3.2.1

2n(2n)(2n− 2) . . . 4.2
Γ(

1

2
)

=
(2n)!

2n.2n[(n)(n− 1) . . . 2.1]
Γ(

1

2
)

=
(2n)!

22nn!
Γ(

1

2
),

ڣ؆ن: Γ(1
2
) =

√
π ܋ިن ݆݁ و

Γ(n+
1

2
) =

(2n)!
√
π

4nn!
.

.6 -4 ۰༲ݬڰ [16] أَޙݠ اࠍ੅؇ݬ٭۰ ۱ڍه ߓߵ۱؇ن أ༥ܭ ݆݁ .4
■

1 .2 .1 ۝ոຑמ١
:؇਍ಱᄴᄟ Re(z) > 0 ۋ٭ت z ਵਦ܋ص ༟ڎد ႟၍ أ༥ܭ ݆݁

∫ +∞

0

e−pttz−1dt =
Γ(z)

pz
.

إոॻలت
s = pt ଫଃٺ؞ৎ৊ا ًިݪؕ

∫ +∞

0

e−pttz−1dt =

∫ +∞

0

e−s

(
s

p

)z−1
1

p
ds =

1

pz

∫ +∞

0

e−ssz−1ds =
Γ(z)

pz
.

■
1 .2 .1 ڲ׭ոل

؟ Γ(1
2
) أۋފص

Γ(
1

2
) =

∫ +∞

0

e−tt
−1
2 dt, (2 .1)
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

َݯؕ:
y = t

1
2 ⇒ y2 = t ⇒ 2ydy = dt

෠ຶڎ: (2 .1) اܳأٴ؇رة ሒᇭ لݥ ً؇ܳٺأި

Γ(
1

2
) = 2

∫ +∞

0

e−y2dy, (3 .1)

Γ(
1

2
) = 2

∫ +∞

0

e−x2

dx, (4 .1)

෠ຶ(4 .1)ڎ: ሒᇭ (3 .1) ๤ཟًب

Γ(
1

2
)Γ(

1

2
) = 4

∫ +∞

0

∫ +∞

0

e−(x2+y2)dxdy

= 4

∫ π
2

0

∫ +∞

0

e−r2rdrdθ

= π,

و݁ٷ۬:
Γ(

1

2
) =

√
π.

(Beta) ո׫༉໧ ֆּոاڤ׫ 2 .2 .1

2 .2 .1 ؉ֵ ׂ֔ۑ
:ঌॻل პაႰ Re(q) > 0 و Re(p) > 0 ොຳ٭ت: (p, q) ∈ C2ܭ༥أ ݆݁(Beta) ո׫༉໧ اܳٺ؇ًؕ لأݠف

B(p, q) =

∫ 1

0

tp−1(1− t)q−1dt. (5 .1)

ػܙاص
:؇਍ಱᄴᄟ Re(w) > 0 ،Re(z) > 0 ොຳ٭ت: (z, w) ∈ C2 أ༥ܭ ݆݁

B(z, w) = B(w, z) .1
B(z, w + 1) =

w

z
B(z + 1, w) .2
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

B(z + 1, w) =
z

z + w
B(z, w) .3

B(z, n+ 1) =
n

z(z + 1)......(z + n)
, n ∈ N∗ .4

ո׫༉໧ و ոڲո຋ അ೪ּ֔ոاڤ׫ അ೪ּ ١ؓ୹୴֔اڤ 3 .2 .1
اܳٺ؇ܳ٭۰: ً؇ܳأఈఃڢ۰ ո׫༉໧ ً؇ܳٺ؇ًؕ ߌߵਊಾޔ ոڲո຋ اܳٺ؇ًؕ

∀(z, w) ∈ C2, Re(z) > 0, Re(w) > 0, B(z, w) =
Γ(z)Γ(w)

Γ(z + w)
.

اڤո٢જ੻ن
:؇਍ಱᄴᄟ

∀(z, w) ∈ C2, Re(z) > 0, Re(w) > 0, B(z, w) =

∫ 1

0

tz−1(1− t)w−1dt

أن: ෠ຶڎ u =
t

1− t
ًިݪؕ

∀(z, w) ∈ C2, Re(z) > 0, Re(w) > 0, B(z, w) =

∫ +∞

0

uz−1

(1 + u)z+w
du, (6 .1)

( 1 .2 .1 اݾ۝ոশמ١ ) ۋފص

∀a ∈ C, Re(a) > 0,

∫ +∞

0

e−ptta−1dt =
Γ(a)

pa
,

أن: ෠ຶڎ a = z + w و p = 1 + u દઊଫଃٺ؞ৎ৊ا ًިݪؕ

1

(1 + u)z+w
=

1

Γ(z + w)

∫ +∞

0

e−(1+u)ttz+w−1dt, (7 .1)

أن: ෠ຶڎ (6 .1) ሒᇭ (7 .1) ਐಸأިلݥ

B(z, w) =
1

Γ(z + w)

∫ +∞

0

e−ttz+w−1dt

∫ +∞

0

e−utuz−1du

=
Γ(z)

Γ(z + w)

∫ +∞

0

e−ttw−1dt

=
Γ(z)Γ(w)

Γ(z + w)
.
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

■

ࣽင࿮ֵ دܽݦ ۝מ֏١ 3 .1
اܳٺ؇ܳ٭۰: ً؇ܳأٴ؇رة ঌ႓ၽل دߌߵ ݬ٭؞۰ َأݠف ݁ިۏٴ؇ن. ۋگ٭گ٭؇ن ༟ڎدان α, β و ݁ފٺ݄ݠة ᄭᄟدا h(x, y) ܳٺܝ݆

∫ t

0

(t− x)α−1dx

∫ x

0

(x− y)β−1h(x, y)dy =

∫ t

0

dy

∫ t

y

(t− x)α−1(x− y)β−1h(x, y)dx. (8 .1)

١ֵ෕ເاڤـڎ ౏యൄളا ذو اڤ׫ပ࿮ڲڞ 4 .1
[a, b] ո൑৭ل ࣷ࣬ຐ اڤـڎ෕ເي اڤ׫ပ࿮ڲڞ 1 .4 .1

:ሒᇿ؇اܳٺ اܳٺႤၽ݁ܭ َأݠف [a, b] ا௯௫௵؇ل আॻ༟ ݁ފٺ݄ݠة ᄭᄟدا f ܳٺܝ݆

I1af(t) =

∫ t

a

f(s)ds.

I2af(t) =

∫ t

a

(
I1af(τ)

)
dτ

=

∫ t

a

(∫ τ

a

f(s)ds

)
dτ

=

∫ t

a

f(s)

(∫ t

s

dτ

)
ds ( ঌ႓ၽل دߌߵ ݬ٭؞۰ (ۋފص

=

∫ t

a

(t− s)f(s)ds.

I3af(t) =

∫ t

a

(
I2af(τ)

)
dτ

=

∫ t

a

(∫ τ

a

(τ − s)f(s)ds

)
dτ

=

∫ t

a

f(s)

(∫ t

s

(τ − s)dτ

)
ds ( ঌ႓ၽل دߌߵ ݬ٭؞۰ (ۋފص

=

∫ t

a

(
1

2
t2 − st− 1

2
s2 + s2

)
f(s)ds

=

∫ t

a

1

2

(
t2 − 2st+ s2

)
f(s)ds

=
1

2

∫ t

a

(t− s)2f(s)ds.

...
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

Ina f(t) =
1

(n− 1)!

∫ t

a

(t− s)(n−1)f(s)ds.

.๴ཇި܋ ًݱ٭؞۰ اܳݱ٭؞۰ ۱ڍه ް݄૭૜ n ݁أڎوم ଫଃ༚ ௧ਤޗٴ٭ ༟ڎد ႟၍ أ༥ܭ ݆݁

Riemann-Liouville رո଄૨ن-ڤמܙؔמڞ ଄૯ء٤ܙم اڤـڎ෕ເي اڤ׫ပ࿮ڲڞ 2 .4 .1
:ሒᇿ؇ܳٺႤ၍ ؇݁؇༚ ᄭᄟاᄴᄟ؇ً ঌॻ݁؇༟ ᄭᄟاᄴᄟا إݿྥٴڎال ොຬگݑ ( ݁ިۏص ۋگ٭ࠔࠫ ༟ڎد α) α ۰ਊಾීෂا ݆݁ ๴ཇި܋ ݬ٭؞۰ ّأ݄ࡗࡲ إن

1 .4 .1 ؉ֵ ׂ֔ۑ
ً؇ܳأٴ؇رة α > 0 ۰ਊಾීෂا ݆݁ ܳ٭ިڣ٭ܭ ஓ୷؇ن ීෂ اܳـܝ๤ཏي اܳٺႤၽ݁ܭ َأݠف ،[a, b] ا௯௫௵؇ل আॻ༟ ݁ފٺ݄ݠة ᄭᄟدا f ܳٺܝ݆

اܳٺ؇ܳ٭۰:

Iαa f(t) =


1

Γ(α)

∫ t

a
(t− s)α−1f(s)ds, α > 0,

f(t), α = 0.

(9 .1)

t ≥ 0 ؕ݁

1 .4 .1 ۝ոຑמ١
:؇਍ಱᄴᄟ β > 0 ، α > 0 ۋ٭ت ۋگ٭گ٭؇ن ༟ڎدان β ، α و f ∈ C

(
[a, b)

) ܳٺܝ݆

Iαa ◦ Iβa = Iα+β
a .

اڤո٢જ੻ن

Iαa ◦ Iβa
(
f(t)

)
= Iαa

[
Iβa
(
f(t)

)]
=

1

Γ (α)

t∫
a

(t− s)α−1Iβa f(s) ds

=
1

Γ (α)

t∫
a

(t− s)α−1

(
1

Γ (β)

s∫
a

(s− τ)β−1f(τ) dτ

)
ds

=
1

Γ (α)

1

Γ (β)

t∫
a

(t− s)α−1

s∫
a

(s− τ)β−1f(τ) dτ ds

=
1

Γ (α)

1

Γ (β)

t∫
a

f(τ)

( t∫
τ

(t− s)α−1(s− τ)β−1ds

)
dτ .
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

0 ≤ y ≤ 1 ۋ٭ت s = τ + (t− τ)y :ଫଃٺ؞ৎ৊ا ྲྀྥٴڎلܭ َگިم

Iαa ◦ Iβa
(
f(t)

)
=

1

Γ (α) Γ (β)

t∫
a

f(τ)(t− τ)α+β−1

( 1∫
0

(1− y)α−1yβ−1dy

)
dτ

=
1

Γ (α) Γ (β)

t∫
a

f(τ)(t− τ)α+β−1B(α, β) dτ

=
B(α, β)

Γ (α) Γ (β)

t∫
a

f(τ)(t− τ)α+β−1 dτ

=
1

Γ (α + β)

t∫
a

f(τ)(t− τ)(α+β)−1 dτ

= Iα+β
a f(t).

■
2 .4 .1 ۝ոຑמ١

ۊޚ޶. ݁ޝߜߵ ި۱ α > 0 ۰ਊಾر ݆݁ اܳـܝ๤ཏي اܳٺႤၽ݁ܭ
اڤո٢જ੻ن

:λ , µ ∈ R و [
a, b

] আॻ༟ ݁أݠڣٺ؇ن داܳٺ؇ن g و f ܳٺܝ݆

Iαa
(
λf + µ g

)
(t) =

1

Γ (α)

t∫
a

(t− s)α−1 (λf + µ g) (s) ds

=
1

Γ (α)

 t∫
a

(t− s)α−1λf (s) ds+

t∫
a

(t− s)α−1µ g (s) ds


=

λ

Γ (α)

t∫
a

(t− s)α−1f (s) ds+
µ

Γ (α)

t∫
a

(t− s)α−1 g (s) ds

= λIαa f (t) + µIαa g (t) .

■ ۊޚ޶. ݁ޝߜߵ Iα و݁ٷ۬
3 .4 .1 ۝ոຑמ١

ڣ؆ن: α > 1 Ⴄ၍ن إذا
d

dt
(Iαa f)(t) = (Iα−1

a f)(t).
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

اڤո٢જ੻ن

d

dt
Iαa f(t) =

d

dt

[
1

Γ(α)

t∫
a

(t− s)α−1f(s)ds

]

=
1

Γ(α)

t∫
a

d

dt
(t− s)α−1f(s)ds

=
1

Γ(α)

t∫
a

(α− 1)(t− s)α−2f(s)ds

=
1

(α− 1)Γ(α− 1)

t∫
a

(α− 1)(t− s)α−2f(s)ds

=
1

Γ(α− 1)

t∫
a

(t− s)α−2f(s) ds

= Iα−1
a f(t).

■
4 .4 .1 ۝ոຑמ١

:؇਍ಱᄴᄟ α = 0 أ༥ܭ ݆݁
I0af(t) = f(t).

اڤո٢જ੻ن

Ina f(t) =
1

Γ(n)

t∫
a

(t− s)n−1f(s)ds

=
1

Γ(n)

t∫
a

f(s)
d

ds

(
−(t− s)n

n

)
ds

=
1

Γ(n+ 1)

[
f(a)(t− a)n +

t∫
a

f
′
(s)(t− s)nds

]
,

෠ຶڎ:

I0af(t) = 1

[
f(a) 1 +

t∫
a

f
′
(s) ds

]
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

= f(a) + f(t)− f(a)

= f(t),

■ I0af(t) = f(t). :۰༶اܳٷྥ٭ و݁ٷ۬
5 .4 .1 ۝ոຑמ١

Iαa ◦ Iβa f(t) = Iβa ◦ Iαa f(t).

اڤո٢જ੻ن

Iαa ◦ Iβa f(t) = Iα+β
a f(t)

= Iβ+α
a f(t)

= Iβa ◦ Iαa f(t).

■

اႥ႐وال ڤץ֔ۖ ڤמܙؔמڞ رո଄૨ن ଄૯ء٤ܙم اڤـڎ෕ເي اڤ׫ပ࿮ڲڞ
(t− a)β တ࿮اڤ۾ ڲڷ ຒ׿ود જੴټ׭ ႞႐دا ပ࿮ׂڲڞ

Iαa (t− a)β =
Γ (β + 1)

Γ (α + β + 1)
(t− a)α+β.

اڤո٢જ੻ن

f(t) = (t− a)β, β > −1, t ∈
[
a, b

]
.

:Iαa (t− a
)β ۋފ؇ب

Iαa f(t) =
1

Γ (α)

t∫
a

(t− s)α−1(s− a)β ds,

s− a = (t− a) y ෠ຶڎ 0 ≤ y ≤ 1 ۋ٭ت s = a+ (t− a) y ଫଃٺ؞ৎ৊ا ଫଃ؞٭ਐಸ َگިم

Iαa f (t) =
1

Γ (α)

1∫
0

(
t− a− (t− a) y

)α−1(
t+ (t− a) y − t

)β

(t− a) dy
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

=
1

Γ (α)

1∫
0

(
t− a− (t− a) y

)α−1

(t− a)β+1yβ dy

=
1

Γ (α)

1∫
0

(
(t− a) (1− y)

)α−1

(t− a)β+1yβ dy,

݁ٷ۬: و

Iαa f (t) =
(t− a)β+α

Γ (α)

1∫
0

(1− y)α−1yβ dy

=
(t− a)β+α

Γ (α)

1∫
0

(1− y)α−1y(β+1)−1 dy

=
(t− a)β+α

Γ (α)
B (α, β + 1)

=
(t− a)β+α

Γ (α)

Γ (α) Γ (β + 1)

Γ (α + β + 1)
,

إذن:
Iαa (t− a)β =

Γ (β + 1)

Γ (α + β + 1)
(t− a)α+β.

■

١ঁ఩ոׅ ႞႐دا ပ࿮ׂڲڞ
c ∈ R ۋ٭ت f(t) = c ᄭᄟاᄴᄟا ܳٺܝ݆

෠ຶڎ: ஓ୷؇ن-ܳ٭ިڣ٭ܭ ීෂ اܳـܝ๤ཏي ይዧٺႤၽ݁ܭ (9 .1) اܳأఈఃڢ۰ ࿓؆ݿٺأ݄؇ل

Iαa c =
c

Γ(α + 1)
(t− a)α.

١ֵ෕ເاڤـڎ ౏యൄളا ذو ا۳ॆू׫ؠոق 5 .1
:؇ዛዊ݁ ாணࣕ ࢾ اܳـܝ๤ཏي ا৕৑ނٺگ؇ق ؜݆ ଫଊّأ มฆܳا ل؇ݪ٭۰ ීෂا لڰ؇ت اܳٺأݠ ݆݁ اܳأڎࢴࣖ ༥ިّڎ
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

(Riemann-Liouville) رո଄૨ن-ڤמܙؔמڞ ଄૯ء٤ܙم اڤـڎ෕ເي ا۳ॆू׫ؠոق 1 .5 .1

1 .5 .1 ؉ֵ ׂ֔ۑ
ۋ٭ت f ᄭᄟاᄴፁዧ ܳ٭ިڣ٭ܭ - رஓ୷؇ن ஓ୾ڰ۳ިم α ۰ਊಾීෂا ݆݁ اৎ৊ލٺگ۰ ؜݆ ଫଊَأ a ∈ R و m ∈ N∗ أ༥ܭ ݆݁

ب: f ∈ C([a,+∞) ,R)

RLDα
a f(t) =


DmIm−α

a f(t) = dm

dtm

(
1

Γ(m−α)

∫ t

a
(t− τ)m−α−1f(τ)dτ

)
, m− 1 < α < m,

dm

dtm
f(t), α = m.

1 .5 .1 اᄴᄟاᄭᄟڲ׭ոل َأݠف
f(t) = (t− a)β , t > a.

RLDα
a f(t) = DmIm−α

a (t− a)β

=
dm

dtm

(
Γ(β + 1)

Γ(β +m− α + 1)
(t− a)β+m−α

)
=

Γ(β + 1)

Γ(β − α + 1)
(t− a)β−α.

اܳٺ؇ܳ٭۰:ڲ୹୴ؼ܊١ ۰༶اܳٷྥ٭ আॻ༟ ౫౜రݱܭ اܳފ؇ًݑ اৎ৊ټ؇ل ሒᇭ β = 0 ਐಸأިلݥ

RLDα
a (t− a)0 =

Γ(1)

Γ(1− α)
(t− a)−α =

(t− a)−α

Γ(1− α)
,

أي: ۰ਐಸ؇ٔ ଫଃ༚ و ݁أڎو۰݁ ଫଃ༚ ّܝިن ۰ਐಸ؇ٔ ᄭᄟاᄴᄟ α ۰ਊಾීෂا ݆݁ ܳ٭ިڣ٭ܭ رஓ୷؇ن ஓ୾ڰ۳ިم ل۰ ๤ཏاܳـܝ اৎ৊ލٺگ۰ أن มฃلأ ۱ڍا و
RLDα

a c =
c

Γ(1− α)
(t− a)−α.

༠؇ݬ۰ ᄭᄟ؇༡
RLDm

a f(t) = f (m) (t) ڣ؆ن: α = m ∈ N Ⴄ၍ن إذا
اڤո٢જ੻ن

α = m ⇒ n = m+ 1 :؇਍ಱᄴᄟ
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

إذن:

RLDm
a f(t) =

1

Γ (m+ 1−m)

(
d

dt

)m+1
t∫

a

(t− s)m+1−m−1f(s) ds

=

(
d

dt

)m+1
t∫

a

f(s) ds

=

(
d

dt

)m
d

dt

t∫
a

f(s) ds

=

(
d

dt

)m

f(t)

= f (m) (t) .

■
1 .5 .1 ۝ոຑמ١

ۊޚ޶. RLD ܳ٭ިڣ٭ܭ رஓ୷؇ن ஓ୾ڰ۳ިم ا৕৑ނٺگ؇ق ݁ޝߜߵ
اڤո٢જ੻ن

:؇਍ಱᄴᄟ ∀µ, λ ∈ R و f, g ∈ C([a, b)) ܳٺܝ݆

RLDα
a

(
λf(t) + µg(t)

)
=

1

Γ (n− α)

(
d

dt

)n
t∫

a

(t− s)n−α−1(λf + µg)(s) ds

=
1

Γ (n− α)

(
d

dt

)n
t∫

a

(
λ(t− s)n−α−1f(s) + µ(t− s)n−α−1g(s)

)
ds

=
λ

Γ (n− α)

(
d

dt

)n
t∫

a

(t− s)n−α−1f(s) ds

+
µ

Γ (n− α)

(
d

dt

)n
t∫

a

(t− s)n−α−1g(s) ds

= λ

(
d

dt

)n

In−α
a f(t) + µ

(
d

dt

)n

In−α
a g(t)

= λRLDα
a f(t) + µRLDα

a g(t).

■
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

2 .5 .1 ۝ոຑמ١
m ∈ N∗ ،m− 1 < α < m و f ∈ C([a, b)) ܳٺܝ݆

RLDα
a ◦ Iαa f = f.

اڤո٢જ੻ن

RLDα
a ◦ Iαa

(
f(t)

)
= RLDα

a

(
Iαa f(t)

)
=

(
d

dt

)n

In−α
(
Iαf(t)

)
=

(
d

dt

)n(
In−α+αf(t)

)
=

(
d

dt

)n

Inf(t)

= f(t).

■
۰݁؇༟ ᄭᄟ؇༡

α, β ∈ R+ و f ∈ C([a, b)) أ༥ܭ ݆݁
RLDα

a ◦ Iβa f = RLDα−β
a f. ڣ؆ن: 0 < β < α Ⴄ၍ن إذا •

RLDα
a ◦ Iβa f = Iβ−α

a f. ڣ؆ن: 0 < α < β Ⴄ၍ن إذا •
اڤո٢જ੻ن

RLDα
a ◦ Iβa f(t) = RLDα

a ◦ Iαa ◦ Iβ−α
a f(t)

= Iβ−α
a f(t)

= RLDα−β
a f(t).

■
ڲ୹୴ؼ܊١

أي: ঌॻڎلਊಾ ྘ܳݴ ஓ୷؇ن-ܳ٭ިڣ٭ܭ ීෂ اܳـܝ๤ཏي ا৕৑ނٺگ؇ق ܋ߵ٭ص ߙ
RLDα

a ◦ RLDβ
a ̸= RLDβ

a ◦ RLDα
a ̸= RLDα+β

a .

.β > 0 ،α > 0 ،α ̸= β أ༥ܭ ݆݁
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

(Caputo)׫ܙ༉໧ပ྾ ଄૯ء٤ܙم اڤـڎ෕ເي ا۳ॆू׫ؠոق 2 .5 .1

2 .5 .1 ؉ֵ ׂ֔ۑ
݆݁ ྘ྲྀႤ၍ٺި ل اܳـܝ๤ཏل۰ اৎ৊ލٺگ۰ ؜݆ ଫଊَأ f ∈ Cm([a,+∞)) و m ∈ N∗ ،m− 1 < α ≤ m أ༥ܭ ݆݁

ًـ: f ᄭᄟاᄴፁዧ α ۰ਊಾීෂا

CDα
a f(t) =


1

Γ(m−α)

∫ t

a
(t− s)m−α−1 dm

dsm
f(s)ds = Im−α

a Dmf(t), m− 1 < α < m,

dm

dtm
f(t), α = m.
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

اႥ႐وال ڤץ֔ۖ ༉໧ပ྾׫ܙ ଄૯ء٤ܙم اڤـڎ෕ເي ا۳ॆू׫ؠոق
(t− a)β တ࿮اڤ۾ ڲڷ ຒ׿ود જੴټ׭ ႞႐دا إ۳׫ؠոق

CDα
a (t− a)β =

Γ (β + 1)

Γ (β + 1− α)
(t− a)β−α.

اڤո٢જ੻ن
(

d

dt

)n

(t− a)β =
Γ (β + 1)

Γ (β + 1− n)
(t− a)β−n.

In−α
a

[(
d

dt

)n

(t− a)β
]
= In−α

a

[
Γ (β + 1)

Γ (β + 1− n)
(t− a)β−n

]
=

Γ (β + 1)

Γ (β + 1− n)
In−α
a (t− a)β−n

=
Γ (β + 1)

Γ (β + 1− n)

Γ (β − n+ 1)

Γ (n− α + β − n+ 1)
(t− a)β−α,

و݁ٷ۬:
CDα

a f(t) =
Γ (β + 1)

Γ (β + 1− α)
(t− a)β−α.

■
2 .5 .1 ڲ׭ոل

؟ CD
3
2
a (t− a)

5
2 أۋފص

CD
3
2
a (t− a)

5
2 = I

1
2
a

(
d2

dt2
(t− a)

5
2

)
= I

1
2
a

(
Γ(5

2
+ 1)

Γ(5
2
− 2 + 1)

(t− a)
1
2

)
= I

1
2
a

( 5
2
Γ(3

2
+ 1)

Γ(3
2
)

(t− a)
1
2

)
= I

1
2
a

( 5
2
3
2
Γ(3

2
)

Γ(3
2
)

(t− a)
1
2

)
=

15

4
(I

1
2
a )(t− a)

1
2

=
15

4

(
Γ(1

2
+ 1)

Γ(1
2
+ 1

2
+ 1)

(t− a)

)
=

15
√
π

8
(t− a).
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ا৙৑ول اܳـܝ๤ཏياܳڰݱܭ اࠍ੆ފ؇ب

١ঁ఩ոׅ ႞႐دا إ۳׫ؠոق
اܳٺ؇ܳ٭۰: ۰༶اܳٷྥ٭ আॻ༟ ౫౜రݱܭ اܳފ؇ًݑ اৎ৊ټ؇ل ሒᇭ β = 0 ਐಸأިلݥ

CD
3
2
a (t− a)0 = (I

2− 3
2

a )(0) = 0.

݁أڎو۰݁. ّܝިن ۰ਐಸ؇ٔ ᄭᄟاᄴᄟ α ۰ਊಾීෂا ݆݁ ྘ྲྀႤ၍ٺި ஓ୾ڰ۳ިم ل۰ ๤ཏاܳـܝ اৎ৊ލٺگ۰ أن มฃلأ ۱ڍا و
ػܙاص

(CDα
a )(I

α
a f)(t) = f(t) •

CDα
a f(t) = 0 ⇒ f(t) =

m−1∑
j=0

Cj(t− a)j, (Cj) ∈ R, j = 0, 1, 2 . . .m− 1 •

Iαa (
CDα

a f)(t) = f(t) +
m−1∑
j=0

Cj(t− a)j, (Cj) ∈ R, j = 0, 1, 2 . . .m− 1 •

༉໧ပ྾׫ܙ ڲ۾׫ۂ و رո଄૨ن-ڤמܙؔמڞ ڲ۾׫ۂ അ೪ּ ١ؓ୹୴֔اڤ

1 .5 .1 ١ֵ ֿ܊ۑ
رஓ୷؇ن ݁ލٺݑ ඔ൹ً اܳأఈఃڢ۰ .a ∈ R و m ∈ N∗ ۋ٭ت m − 1 < α < m و f ∈ Cm([a,+∞))݆ܳٺܝ

:ሒᇿ؇اܳٺ ႟ၽܳލ؇ً ّأޚް ྘ྲྀႤ၍ٺި ݁ލٺݑ و ܳ٭ިڣ٭ܭ

RLDα
a f(t) =

C Dα
a f(t) +

m−1∑
j=0

(t− a)j−α

Γ(j − α + 1)
f (j)(a).

:႟ၽاܳލ আॻ༟ ألݯ؇ ؇ዛውᚳ؇঺঒ ஓ୷ܝ݆ و

CDα
a f(t) =

RL Dα
a

(
f(t)−

m−1∑
j=0

(t− a)j

j!
f (j)(a)

)
.

ڲ୹୴ؼ܊١
(f (j)(a) = 0, j = 0, 1, 2 . . .m− 1) =⇒ (RLDα

a f(t) =
C Dα

a f(t)).
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2 اڤءۢڞ
اܳـܝ๤ཏي اܳٺႤၽ݁ܭ ৎ৊ޝߜߵ اܳأڎدي ೞಱاܳٺگݠ

22 . . . . . . . . . . . . . . . . . . . . . . . . . . . . ݁گڎ۰݁ 1 .2
༡ڎود ଫଃ܋ټ আॻ༟ ً؇৕৑؜ٺ݄؇د اܳأڎدل۰ اܳޚݠق 2 .2

23 . . . . . . . . . . . . . . . . . . . . . . . . ا৕৑ݿٺگޚ؇ب
25 . . . . . اܳـܝ๤ཏل۰ ይዧٺఈః݁Ⴄၽت اܳأڎدي ೞಱاܳٺگݠ 3 .2
36 . . . . . . اܳـܝ๤ཏل۰ గጻዧލٺگ؇ت اܳأڎدي ೞಱاܳٺگݠ 4 .2

ڲؠ׿ڲ١ 1 .2
݁ލٺگ؇ت و ܳٺఈః݁Ⴄၽت ༟ڎدل۰ ّگݠਊಱ؇ت আॻ༟ اࠍ੆ݱިل أ༥ܭ ݆݁ اܳأڎدل۰ ይዧޚݠق ً؇ܳٺڰݱ٭ܭ ਐ಻ޚݠق ݿިف اܳڰݱܭ ۱ڍا ሒᇭ
،[10]-[4] ،[2] اৎ৊ݠاۏؕ আॻ༟ اܳڰݱܭ ۱ڍا ሒᇭ إ؜ٺ݄ڎَ؇ ؇਍಻أ ாணࣕ ࢾ პაႰ ا৕৑ݿٺگޚ؇ب. اࠍ੆ڎود ଫଃ܋ټ আॻ༟ ً؇৕৑؜ٺ݄؇د ل۰ ๤ཏ܋

.[17] ،[15] ،[13] ،[12]
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ሒᇃ؇اܳټ اܳـܝ๤ཏياܳڰݱܭ ይዧٺႤၽ݁ܭ اܳأڎدي ೞಱاܳٺگݠ

ا۰ॆू׫ؠ܋ոب ຒ׿ود જੴټ׭ ࣷ࣬ຐ ոּूॆ֍׫ڵոد اڤ֔׿د١ֵ اڤ܋ۑق 2 .2
.[a, b] ا௯௫௵؇ل আॻ༟ f ᄭᄟاᄴᄟا Ⴄၽّ݁ܭ ڢ٭۰݄ إ෠ຬ؇د ߖߵࢴࣖ

ۋ٭ت: ݁ٴ؇๤ཇة اܳٺႤၽ݁ܭ ۋފ؇ب ஓ୷ܝٷٷ؇ ؜ٷڎࢱࣕ ݁أݠوڣ۰ F ا৙৑ݬܹ٭۰ ᄭᄟاᄴᄟا ೑಻Ⴄ၍ إذا

I(f) =

∫ b

a

f(x)dx = F (b)− F (a).

༠؇ݬ۰: ৖৑؇༡ت ሒᇭ ܳـܝ݆
ڣگޔ. ؇ዛዊ݁ َگ؇ط ৖৑إ ᄭᄟاᄴᄟا ۱ڍه ؜݆ ৖৑َأݠف أي ༥ڎول ሒᇭ ݁أޚ؇ة ਍ಸگ؇ط ݁أݠڣ۰ f ᄭᄟاᄴᄟا ّܝިن : 01 ႞႐ոষاݾ •

:ఈః݁ټ اৎ৊أگڎة اᄴᄟوال ًأݥ وۏިد : 02 ႞႐ոষاݾ •
∫ b

a

expsinx dx,

∫ b

a

exp−x2

dx,

∫ b

a

√
1 + cos2 xdx,

∫ b

a

1√
1− sinx

dx

f ᄭᄟاᄴᄟا Ⴄၽّ݁ܭ ೞಱܳٺگݠ ݬ٭ؐ ෠ຬ৕৑؇د اܳأڎدل۰ ይዧޚݠق ؊༶َܹ اܳފྟص ୒ୖڍا ،f ᄭᄟاᄴፁዧ ا৙৑ݬܹ٭۰ ᄭᄟاᄴᄟا إ෠ຬ؇د لݱأص ؜ٷڎࢱࣕ
اࠍ੆ފ؇ب. ᄭᄥዝང اࠍ੆ڎود ܳـܝټଫଃات ا৙৑ݬܹ٭۰ اᄴᄟوال ৙৑ن ا৕৑ݿٺگޚ؇ب ༡ڎود ଫଃ܋ټ আॻ༟ ّأٺ݄ڎ ޗݠق اܳޚݠق ۱ڍه ඔ൹ً ݆݁
اܳٷۜި আॻ༟ اܳٺޚٴ٭گ؇ت ሒᇭ ނ؇فؕ ႟ၽ૰૖ ؇ዛᔻڎا༱إݿٺ لࡤࡲ اܳݱ٭ؐ ۱ڍه ෛ੼ٺܹڰ۰، ݬ٭ؐ ሌᇿإ ا௰௯௫ٺܹڰ۰ اࠍ੆ڎود ܋ټଫଃات ّޝدي

:ሒᇿ؇اܳٺ
َݯؕ:

a = x0 < x1 < . . . < xn = b

.i = 0, 1, 2, . . . , n أ༥ܭ ݆݁ xi = a+ih و h = b−a
n

۰ਐಸ؇ٔ ෛຳޚިة [xi, xi+1] ሒᆶඹජ ෠੼؇ل n ሌᇿإ [a, b] ༶గጻዧ؇ل ّگފࡗࡲ
:ሒᇿ؇اܳٺ اܳٺႤၽ݁ܭ ۋފ؇ب ި۱ ا୒ୖڎف

I(f) =

∫ b

a

f(x)dx

I(f) =

∫ b

a

f(x)dx =
n−1∑
i=0

∫ xi+1

xi

f(x)dx.

اिऻۻ׫܋מ୹୴ت ֵؠ١ ܈ۑ 1 .2 .2
[xi, xi+1] ሒᆶඹජ ෠੼؇ل ႟၍ আॻ༟ ۰ਐಸ؇ٔ ᄭᄟدا ,αi)أي f(αi)) َگޚ۰ ૰૏݄ܭ ༡ڎود ଫଃًܝټ f ᄭᄟاᄴᄟا َأިض

:ሒᇿ؇اܳٺ ႟ၽاܳލ আॻ༟ اৎ৊ފٺޚ٭ఈఃت ݬ٭؞۰ আॻ༟ ౫౜రݱܭ

f(x) ≈ f(αi)

إாணام ًިݿ؇ܳ٭ؕ - إாணام ๴ཇ؇ۋٷENSET-Skikda.2024 23



ሒᇃ؇اܳټ اܳـܝ๤ཏياܳڰݱܭ ይዧٺႤၽ݁ܭ اܳأڎدي ೞಱاܳٺگݠ

I(f) =

∫ b

a

f(x)dx =

∫ xn

x0

f(x)dx ≈
n−1∑
i=0

∫ xi+1

xi

f(αi)dx.

إذن:
∫ b

a

f(x)dx ≈ h

n−1∑
i=0

f(αi).

:ሒᇿ؇اܳٺ ႟ၽاܳލ আॻ༟ اৎ৊ފٺޚ٭ఈఃت ݬ٭؞۰ আॻ༟ ౫౜రݱܭ ( ا྘ܳފ؇ر (َگޚ۰ αi = xi َ؊༠ڍ أن ஓ୷ܝ݆

I(f) =

∫ b

a

f(x)dx ≈ h

n−1∑
i=0

f(xi)dx.

:ሒᇿ؇اܳٺ ႟ၽاܳލ আॻ༟ اৎ৊ފٺޚ٭ఈఃت ݬ٭؞۰ আॻ༟ ౫౜రݱܭ ( ඔ൹اࡺࢋࢦ (َگޚ۰ αi = xi+1 َ؊༠ڍ أن ஓ୷ܝ݆ أو

I(f) =

∫ b

a

f(x)dx ≈ h

n−1∑
i=0

f(xi+1)dx.

আॻ༟ اৎ৊ފٺޚ٭ఈఃت ݬ٭؞۰ আॻ༟ ౫౜రݱܭ و αi =
1
2
(xi + xi+1) اৎ৊ٷٺݱژ َگޚ۰ ڢ٭۰݄ ሒሃ αi ل ڢ٭۰݄ أۋފ݆ ܳـܝ݆ و

:ሒᇿ؇اܳٺ ႟ၽاܳލ

I(f) =

∫ b

a

f(x)dx ≈ h
n−1∑
i=0

f(
xi + xi+1

2
)dx.

اिऻרٍۑف ۳ץٝ ֵؠ١ ܈ۑ 2 .2 .2
ଫଃ܋ټ أي ) (xi+1, f(xi+1)) و (xi, f(xi)) ඔ൹َگޚٺ ૰૏݄ܭ ༡ڎود ଫଃًܝټ f ᄭᄟاᄴᄟا َأިض اৎ৊ٷۜݠف ނٴ۬ لگ۰ ޗݠ ሒᇭ

[xi, xi+1] ሒᆶඹජ ෠੼؇ل ႟၍ আॻ༟ ( 1 ۰༥رᄴᄟا ݆݁ ༡ڎود
:ሒᇿ؇اܳٺ ႟ၽاܳލ আॻ༟ اৎ৊ٷۜݠف ނٴ۬ ݬ٭؞۰ আॻ༟ ౫౜రݱܭ

∫ b

a

f(x)dx ≈
n−1∑
i=0

h

2

(
f(xi) + f(xi+1)

)
.

ఔ௹ᓝۻܙن ֵؠ١ ܈ۑ 3 .2 .2
و (xi, f(xi)) َگ؇ط ఈఃٔث ૰૏݄ܭ ༡ڎود ଫଃًܝټ [xi, xi+1] ሒᆶඹජ ෠੼؇ل ႟၍ আॻ༟ f ᄭᄟاᄴᄟا َأިض لگ۰ اܳޚݠ ۱ڍه ሒᇭ

( ۰ਃ಻؇اܳټ ۰༥رᄴᄟا ݆݁ ༡ڎود ଫଃ܋ټ (أي (xi+1, f(xi+1)) xi+xi+1)و

2
, f(xi+xi+1

2
))

:ሒᇿ؇اܳٺ ႟ၽاܳލ আॻ༟ ಣಈᕬފިن ݬ٭؞۰ আॻ༟ ౫౜రݱܭ
∫ b

a

f(x)dx ≈
n−1∑
i=0

h

3

[
f(xi) + 4f(

xi + xi+1

2
) + f(xi+1)

]
.
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١ֵ෕ເاڤـڎ ቞ቘ׫ပ࿮ڲ୹୴ت اڤ֔׿دي ౏ఢاڤ׫ؠۑ 3 .2
ೞಱܳٺگݠ ༟ڎدل۰ ޗݠق دراݿ۰ ෠ຬص ዻዧذ أ༥ܭ ݆݁ اܳـܝ๤ཏي، اࠍ੆ފ؇ب ሒᇭ ؇݄ዛᔻ دورا اܳـܝ๤ཏي اܳٺႤၽ݁ܭ ݁ޝߜߵ لܹأص

ا৕৑ݿٺگޚ؇ب. ༡ڎود ଫଃ܋ټ আॻ༟ ّأٺ݄ڎ มฆܳا اܳأڎدل۰ اܳޚݠق আॻ༟ اᄴᄟراݿ۰ ۱ڍه ሒᇭ َأٺ݄ڎ اܳـܝ๤ཏل۰. اܳٺఈః݁Ⴄၽت
tk = kh ،k = 0, 1 . . . , n و h = T

n
ۋ٭ت f ∈ C([0, T ]) َݯؕ

:ሒᇿ؇اܳٺ اܳأڎدي اܳٺႤၽ݁ܭ ۋފ؇ب ܋٭ڰ٭۰ ࢾࣖرس ݿިف

(Iα0 f)(t) =
1

Γ(α)

∫ t

0

(t− s)α−1f(s)ds. (1 .2)

ࢻࣖڢ۰، ۋފ؇ً۬ ஓ୷ܝ݆ ۋ٭ت [0, T ] ا௯௫௵؇ل আॻ༟f̃ ᄭᄟدا ًިاݿޚ۰ f ೞಱّگݠ ሒሃ (1 .2) ࠍ੆ފ؇ب اܳأڎدل۰ اܳޚݠق إ༡ڎى
༡ڎود. ଫଃ܋ټ f̃(s) ೑಻Ⴄ၍ إذا ࢻࣖڢ۰ (1 .2) ۋފ؇ب ஓ୷ܝ݆ ل؇ َޙݠ

:ሒᇿ؇اܳٺ ႟ၽاܳލ আॻ༟ [Iα0 f(t)]t=tn ۰ً؇঺঒ ஓ୷ܝ݆ n ∈ N ،t = tn أ༥ܭ ݆݁

[Iα0 f(t)]t=tn =
1

Γ(α)

∫ tn

0

(tn − s)α−1f(s)ds

=
1

Γ(α)

n−1∑
k=0

∫ tk+1

tk

(tn − s)α−1f(s)ds.

.(1 .2) ࠍ੆ފ؇ب ا৕৑ݿٺگޚ؇ب ༡ڎود ଫଃ܋ټ আॻ༟ ّأٺ݄ڎ มฆܳا اܳأڎدل۰ ይዧޚݠق ݿྡྷٺޚݠق ا৚৑ن

رո଄૨ن-ڤמܙؔמڞ ଄૯ء٤ܙم اڤـڎ෕ເي اڤ׫ပ࿮ڲڞ ౏ఢڤ׫ؠۑ اिऻۻ׫܋מ୹୴ت ֵؠ١ ܈ۑ 1 .3 .2
ۋ٭ت [tk, tk+1] ሒᆶඹජ ෠੼؇ل ႟၍ ሒᇭ ( ۰ਐಸ؇ٔ ᄭᄟدا (أي 0 ۰༥رᄴᄟا ݆݁ ༡ڎود ଫଃ܋ټ ًިاݿޚ۰ f َگݠب لگ۰ اܳޚݠ ۱ڍه ሒᇭ

.k = 0, 1, 2, . . . , n− 1

f(s)|[tk,tk+1] ≈ f̃(s)|[tk,tk+1] = f(tk),

:ঌॻل პაႰ ّܝٺص (1 .2) ᄭᄟ؇੆اࠍ ۱ڍه ሒᇭ
[
Iα0 f(t)

]
t=tn

≈
[
Iα0 f̃(t)

]
t=tn

=
1

Γ(α)

n−1∑
k=0

∫ tk+1

tk

(tn − s)α−1f̃(s)ds,
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෠ຶڎ: ً؇ܳٺأިلݥ
[
Iα0 f(t)

]
t=tn

≈ 1

Γ(α)

n−1∑
k=0

∫ tk+1

tk

(tn − s)α−1f(tk)ds

=
1

Γ(α)

n−1∑
k=0

f(tk)

∫ tk+1

tk

(tn − s)α−1ds

=
1

Γ(α)

n−1∑
k=0

f(tk)

[
(tn − s)α

−α

]tk+1

tk

=
1

αΓ(α)

n−1∑
k=0

(−1)f(tk)

(
(tn − tk+1)

α − (tn − tk)
α

)

=
1

Γ(α + 1)

n−1∑
k=0

f(tk)

[
(tn − tk)

α − (tn − tk+1)
α

]

=
1

Γ(α + 1)

n−1∑
k=0

f(tk)

[
(nh− kh)α − (nh− (k + 1)h)α

]

=
1

Γ(α + 1)

n−1∑
k=0

f(tk)

[
hα(n− k)α − hα(n− k − 1)α

]

=
hα

Γ(α + 1)

n−1∑
k=0

f(tk)

[
(n− k)α − (n− k − 1)α

]
,

[Iα0 f(t)]t=tn
≈

n−1∑
k=0

bn−k−1f(tk). (2 .2)

ۋ٭ت:
bk =

hα

Γ(α + 1)
[(k + 1)α − kα] .

رஓ୷؇ن-ܳ٭ިڣ٭ܭ. ܳٺႤၽ݁ܭ ا྘ܳފ؇ر ݆݁ ᄭᄥފٺޚ٭ৎ৊ا ً؇ܳݱ٭؞۰ (2 .2) اܳأٴ؇رة ૭૙݄޶
k = 1, 2, . . . , n− 1 ۋ٭ت [tk, tk+1] ሒᆶඹජ ෠੼؇ل ႟၍ আॻ༟ اܳފ؇ًݑ ႟ၽاܳލ ਍ಸڰݴ

f(s)|[tk,tk+1] ≈ f̃(s)|[tk,tk+1] = f(tk+1)

رஓ୷؇ن-ܳ٭ިڣ٭ܭ: ܳٺႤၽ݁ܭ ඔ൹اࡺࢋࢦ ݆݁ ᄭᄥފٺޚ٭ৎ৊ا اܳݱ٭؞۰ আॻ༟ ොຶݱܭ
[
Iα0 f(t)

]
t=tn

≈
n−1∑
k=0

bn−k−1f(tk+1). (3 .2)
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༠؇ݬ۰ ৖৑؇༡ت (3 .2) ඔ൹اࡺࢋࢦ ݆݁ اܳـܝ๤ཏل۰ ᄭᄥފٺޚ٭ৎ৊ا اܳݱ٭؞۰ و (2 .2) ا྘ܳފ؇ر ݆݁ اܳـܝ๤ཏل۰ ᄭᄥފٺޚ٭ৎ৊ا اܳݱ٭؞۰ ଫଊّأٺ
اܳٺ؇ܳ٭۰: اৎ৊ިزو۰َ ل۰ ๤ཏاܳـܝ ᄭᄥފٺޚ٭ৎ৊ا اܳݱ٭؞۰ ݆݁

[
Iα0 f(t)

]
t=tn

≈
[
Iα0 f̃(t)

]
t=tn

=
n−1∑
k=0

bn−k−1

[
θf(tk)+(1−θ)f(tk+1)

]
, 0 ≤ θ ≤ 1.

اܳٺ؇ܳ٭۰: اܳݱ٭؞۰ ؇ዛኽڣႤၽّو
[
Iα0 f(t)

]
t=tn

≈
[
Iα0 f̃(t)

]
t=tn

=
n−1∑
k=0

bn−k−1f(tk + (1− θ)h), 0 ≤ θ ≤ 1.

رո଄૨ن-ڤמܙؔמڞ ଄૯ء٤ܙم اڤـڎ෕ເي اڤ׫ပ࿮ڲڞ ౏ఢڤ׫ؠۑ اिऻרٍۑف ۳ץٝ ֵؠ١ ܈ۑ 2 .3 .2
[tk, tk+1] ሒᆶඹජ ෠੼؇ل ႟၍ ሒᇭ ሌᇿو৖৑ا ۰༥رᄴᄟا ݆݁ ܋ټ༡ଫଃڎود ًިاݿޚ۰ f َگݠب لگ۰ اܳޚݠ ۱ڍه ሒᇭ

f(s)|[tk,tk+1] ≈ f̃(s)|[tk,tk+1] =
tk+1 − s

tk+1 − tk
f(tk) +

s− tk
tk+1 − tk

f(tk+1).

:ሒᇿ؇ܳٺ؇ً و
[
Iα0 f(t)

]
t=tn

≈
[
Iα0 f̃(t)

]
t=tn

=
1

Γ(α)

n−1∑
k=0

∫ tk+1

tk

(tn − s)α−1

[
tk+1 − s

tk+1 − tk
f(tk) +

s− tk
tk+1 − tk

f(tk+1)

]
ds

=
1

Γ(α)

[ ∫ t1

t0

(tn − s)α−1 t1 − s

t1 − t0
f(t0)ds+

∫ t1

t0

(tn − s)α−1 s− t0
t1 − t0

f(t1)ds

+

∫ t2

t1

(tn − s)α−1 t2 − s

t2 − t1
f(t1)ds+

∫ t2

t1

(tn − s)α−1 s− t1
t2 − t1

f(t2)ds

+ . . .+

∫ tn−1

tn−2

(tn − s)α−1 tn−1 − s

tn−1 − tn−2

f(tn−2)ds

+

∫ tn−1

tn−2

(tn − s)α−1 s− tn−2

tn−1 − tn−2

f(tn−1)ds+

∫ tn

tn−1

(tn − s)α−1 tn − s

tn − tn−1

f(tn−1)ds

+

∫ tn

tn−1

(tn − s)α−1 s− tn−1

tn − tn−1

f(tn)ds

]
=

n∑
k=0

ak,nf(tk).
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ۋ٭ت:

ak,n =



∫ t1
t0

t1−s
t1−t0

(tn − s)α−1ds, k = 0,

∫ tk
tk−1

(tn − s)α−1 s−tk−1

tk−tk−1
ds+

∫ tk+1

tk
(tn − s)α−1 tk+1−s

tk+1−tk
ds, 1 ≤ k ≤ n− 1,

∫ tn
tn−1

(tn − s)α−1 s−tn−1

tn−tn−1
ds, k = n.

k = 0 أ༥ܭ ݆݁ •

a0,n =
1

Γ(α)

∫ t1

t0

t1 − s

t1 − t0
(tn − s)α−1ds

=
1

hΓ(α)

∫ t1

t0

(t1 − s)(tn − s)α−1ds.

ً؇ܳٺ۠ݞف۰: اܳٺႤၽ݁ܭ ࿓؆ݿٺأ݄؇ل
u = (t1 − s) ⇒ u

′
= −1.

v
′
= (tn − s)α−1 ⇒ v =

−1

α
(tn − s)α.

෠ຶڎ:

a0,n =
1

hΓ(α)

([
−1

α
(t1 − s)(tn − s)α

]t1
t0

− 1

α

∫ t1

t0

(tn − s)αds

)
=

1

αhΓ(α)

(
nαhα+1 +

[
1

α + 1
(tn − s)α+1

]t1
t0

)
=

1

αhΓ(α)

(
nαhα+1 +

[
1

α + 1
(tn − t1)

α+1 − 1

α + 1
(tn − t0)

α+1

])
=

1

αhΓ(α)

[
nαhα+1 +

1

α + 1

(
hα+1(n− 1)α+1 − nα+1hα+1

)]
=

1

(α + 1)hΓ(α + 1)

[
(α + 1)(nαhα+1) + hα+1((n− 1)α+1 − nα+1)

]
=

hα

Γ(α + 2)

[
(n− 1)α+1 − nα(n− α− 1)

]
.
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1 ≤ k ≤ n− أ༥ܭ1 ݆݁ •

ak,n =
1

Γ(α)

[ ∫ tk

tk−1

(tn − s)α−1 s− tk−1

tk − tk−1

ds+

∫ tk+1

tk

(tn − s)α−1 tk+1 − s

tk+1 − tk
ds

]
=

1

hΓ(α)

[ ∫ tk

tk−1

(tn − s)α−1(s− tk−1)ds+

∫ tk+1

tk

(tn − s)α−1(tk+1 − s)ds

]
.

َݯؕ:
I1 =

∫ tk

tk−1

(tn − s)α−1(s− tk−1)ds.

و
I2 =

∫ tk+1

tk

(tn − s)α−1(tk+1 − s)ds.

I1 ۋފ؇ب
I1 =

∫ tk

tk−1

(tn − s)α−1(s− tk−1)ds.

: ً؇ܳٺ۠ݞف۰ ً؇ܳٺႤၽ݁ܭ
u = (s− tk−1) ⇒ u

′
= 1.

v
′
= (tn − s)α−1 ⇒ v =

−1

α
(tn − s)α.

෠ຶڎ:

I1 =

[
−1

α
(s− tk−1)(tn − s)α

]tk
tk−1

+

∫ tk

tk−1

1

α
(tn − s)αds

=
1

α

[
− (n− k)αhα+1 −

[
1

α + 1
(tn − s)α+1

]tk
tk−1

]
=

hα+1

α(α + 1)

[
− (α + 1)(n− k)α − (n− k)α+1 + (n− k + 1)α+1

]
.

I2 ۋފ؇ب
I2 =

∫ tk+1

tk

(tn − s)α−1(tk+1 − s)ds.

ً؇ܳٺ۠ݞف۰: ً؇ܳٺႤၽ݁ܭ
u = (tk+1 − s) ⇒ u

′
= −1.

v
′
= (tn − s)α−1 ⇒ v =

−1

α
(tn − s)α.
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෠ຶڎ:

I2 =

[
−1

α
(tk+1 − s)(tn − s)α

]tk+1

tk

− 1

α

∫ tk+1

tk

(tn − s)αds

=
1

α

[
(n− k)αhα+1 +

[
1

α + 1
(tn − s)α+1

]tk+1

tk

]
=

hα+1

α(α + 1)

[
(α + 1)(n− k)α − (n− k)α+1 + (n− k − 1)α+1

]
.

إذن:

ak,n =
1

hΓ(α)

[
I1 + I2

]
=

hα

Γ(α + 2)

[
(n− k + 1)α+1 + (n− k − 1)α+1 − 2(n− k)α+1

]
.

k = n أ༥ܭ ݆݁ •

an,n =
1

Γ(α)

∫ tn

tn−1

(tn − s)α−1 (s− tn−1)

tn − tn−1

ds

=
1

hΓ(α)

∫ tn

tn−1

(tn − s)α−1(s− tn−1)ds.

ً؇ܳٺ۠ݞف۰: ً؇ܳٺႤၽ݁ܭ
u = (s− tn−1) ⇒ u

′
= 1.

v
′
= (tn − s)α−1 ⇒ v =

−1

α
(tn − s)α.

෠ຶڎ: ݁ٷ۬ و

an,n =
1

hΓ(α)

([
−1

α
(s− tn−1)(tn − s)α

]tn
tn−1

+
1

α

∫ tn

tn−1

(tn − s)αds

)
=

1

hΓ(α + 1)

[
−1

(α + 1)
(tn − s)α+1

]tn
tn−1

=
hα

Γ(α + 2)
.
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إذن:

ak,n =
hα

Γ(α + 2)



(n− 1)α+1 − nα(n− α− 1), k = 0,

(n− k + 1)α+1 + (n− k − 1)α+1 − 2(n− k)α+1, 1 ≤ k ≤ n− 1,

1, k = n.

رո଄૨ن-ڤמܙؔמڞ ଄૯ء٤ܙم اڤـڎ෕ເي اڤ׫ပ࿮ڲڞ ౏ఢڤ׫ؠۑ ఔ௹ᓝۻܙن ֵؠ١ ܈ۑ 3 .3 .2
ሒᇭ ۰ਃ಻؇اܳټ ۰༥رᄴᄟا ݆݁ ༡ڎود ଫଃًܝټ tk، tk+ 1

2
، tk+1 اܳٷگ؇ط ڣިاݬܭ f؜ٷڎ ᄭᄟاᄴᄟا ೞಱگݠਐಸ َگިم ಣಈᕬފިن لگ۰ ޗݠ ሒᇭ

[tk, tk+1] ሒᆶඹජ ෠੼؇ل ႟၍

f(s)|[tk,tk+1] ≈ f̃(s)|[tk,tk+1] =
∑
i∈S

Lk,i(s)f(tk+i).

:ঌॻل პაႰ لأޚް ༇ຍوਵؗ৖৑ أݿ؇س Lk,i(s)ۋ٭ت

Lk,i(s) =
∏

j∈S,j ̸=i

s− tk+j

tk+i − tk+j

, i ∈ S.

ۋ٭ت:
S = {0, 1

2
, 1} , tk+ 1

2
=

tk + tk+1

2
.

:ঌॻل პაႰ اܳٺႤၽ݁ܭ ؜ٴ؇رة ّݱٴں إذن

f(s)|[tk,tk+1] ≈ f̃(s)|[tk,tk+1]

=
(s− tk+1)(s− tk+ 1

2
)

(tk − tk+1)(tk − tk+ 1
2
)
f(tk) +

(s− tk)(s− tk+ 1
2
)

(tk+1 − tk)(tk+1 − tk+ 1
2
)
f(tk+1)

=
(s− tk+1)(s− tk)

(tk+ 1
2
− tk+1)(tk+ 1

2
− tk)

f(tk+ 1
2
).

[
Iα0 f(t)

]
t=tn

≈
[
Iα0 f̃(t)

]
t=tn

=
1

Γ(α)

n−1∑
k=0

∫ tk+1

tk

(tn − s)α−1

[
(s− tk+ 1

2
)(s− tk+1)

(tk − tk+ 1
2
)(tk − tk+1)

f(tk)

+
(s− tk)(s− tk+1)

(tk+ 1
2
− tk)(tk+ 1

2
− tk+1)

f(tk+ 1
2
) +

(s− tk+ 1
2
)(s− tk)

(tk+1 − tk+ 1
2
)(tk+1 − tk)

f(tk+1)

]
ds
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=
2

h2Γ(α)

(∫ t1

t0

(tn − s)(α−1)

[
(s− t 1

2
)(s− t1)f(t0)

− 2(s− t0)(s− t1)f(t 1
2
) + (s− t 1

2
)(s− t0)f(t1)

]
ds+

∫ t2

t1

(tn − s)α−1

+

[
(s− t 3

2
)(s− t2)f(t1)− 2(s− t1)(s− t2)f(t 3

2
) + (s− t 3

2
)(s− t1)f(t2)

]
ds+ . . .

+

∫ tn

tn−1

(tn − s)α−1

[
(s− tn− 1

2
)(s− tn)f(tn−1)− 2(s− tn−1)(s− tn)f(tn− 1

2
)

+ (s− tn− 1
2
)(s− tn−1)f(tn)

]
ds

)
=

n∑
k=0

ck,nf(tk) +
n−1∑
k=0

ĉk,nf(tk+ 1
2
).

ۋ٭ت:

ck,n =
2

h2Γ(α)



∫ t1
t0
(s− t 1

2
)(s− t1)(tn − s)α−1ds, k = 0,

∫ tk
tk−1

(s− tk− 1
2
)(s− tk−1)(tn − s)α−1ds

+
∫ tk+1

tk
(s− tk+ 1

2
)(s− tk+1)(tn − s)α−1ds, 1 ≤ k ≤ n− 1,

∫ tn
tn−1

(s− tn− 1
2
)(s− tn−1)(tn − s)α−1ds, k = n.

ĉk,n =
−4

h2Γ(α)

∫ tk+1

tk

(s− tk)(s− tk+1)(tn − s)α−1ds, 0 ≤ k ≤ n− 1.

෠ຶڎ: k = 0 أ༥ܭ ݆݁ •

c0,n =
2

h2Γ(α)

∫ t1

t0

(s− t 1
2
)(s− t1)(tn − s)α−1ds.

ً؇ܳٺ۠ݞف۰: اܳٺႤၽ݁ܭ ࿓؆ݿٺأ݄؇ل

u = (s− t 1
2
)(s− t1) ⇒ u

′
= 2s− t 1

2
− t1.

v
′
= (tn − s)α−1 ⇒ v = −(tn − s)α

α
.

c0,n =
2

h2Γ(α)

∫ t1

t0

(s− t 1
2
)(s− t1)(tn − s)α−1ds

=
2

h2Γ(α + 1)

([
− (s− t 1

2
)(s− t1)(tn − s)α

]t1
t0

+

∫ t1

t0

(tn − s)α(2s− t 1
2
− t1)ds

)
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=
nαhα

Γ(α + 1)
− 2

h2Γ(α + 2)

([
(2s− t 1

2
− t1)(tn − s)α+1

]t1
t0

− 2

∫ t1

t0

(tn − s)α+1ds

)
=

hα

Γ(α + 3)

(
4

[
nα+2 − (n− 1)α+2

]
− (α + 2)

[
3nα+1 + (n− 1)α+1

]
+ (α + 1)(α + 2)nα

)
.

:؇਍ಱᄴᄟ 1 ≤ k ≤ n− 1 أ༥ܭ ݆݁ •

ck,n =
2

h2Γ(α)

(∫ tk

tk−1

(s− tk− 1
2
)(s− tk−1)(tn − s)α−1ds

+

∫ tk+1

tk

(tn − s)α−1(s− tk+ 1
2
)(s− tk+1)ds

)
.

َݯؕ:
I =

∫ tk

tk−1

(s− tk− 1
2
)(s− tk−1)(tn − s)α−1ds.

J =

∫ tk+1

tk

(tn − s)α−1(s− tk+ 1
2
)(s− tk+1)ds.

I ۋފ؇ب ৖৑أو
I =

∫ tk

tk−1

(s− tk− 1
2
)(s− tk−1)(tn − s)α−1ds.

ً؇ܳٺ۠ݞف۰ ً؇ܳٺႤၽ݁ܭ

u = (s− tk− 1
2
)(s− tk−1) ⇒ u

′
= 2s− tk− 1

2
− tk−1.

v
′
= (tn − s)α−1 ⇒ v =

−1

α
(tn − s)α.

I =
1

α

([
− (s− tk− 1

2
)(s− tk−1)(tn − s)α

]tk
tk−1

+

∫ tk

tk−1

(2s− tk− 1
2
− tk−1)(tn − s)αds

)
= −hα+2(n− k)α

2α
− 1

α(α + 1)

([
(2s− tk− 1

2
− tk−1)(tn − s)α+1

]tk
tk−1

− 2

∫ tk

tk−1

(tn − s)α+1ds

)
=

hα+2

(2α)(α + 1)(α + 2)

[
− (α + 1)(α + 2)(n− k)α − 3(α + 2)(n− k)α+1

− (α + 2)(n− k + 1)α+1 − 4(n− k)α+2 + 4(n− k + 1)α+2

]
.

J ۋފ؇ب ؇ਃ಻؇ٔ
J =

∫ tk+1

tk

(s− tk+ 1
2
)(s− tk+1)(tn − s)α−1ds.
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ً؇ܳٺ۠ݞف۰ ً؇ܳٺႤၽ݁ܭ

u = (s− tk+ 1
2
)(s− tk+1) ⇒ u

′
= 2s− tk+ 1

2
− tk+1.

v
′
= (tn − s)α−1 ⇒ v =

−1

α
(tn − s)α.

إذن:

J =
1

α

([
− (s− tk+ 1

2
)(s− tk+1)(tn − s)α

]tk+1

tk

+

∫ tk+1

tk

(2s− tk+ 1
2
− tk+1)(tn − s)αds

)
=

hα+2(n− k)α

2α
− 1

α(α + 1)

([
(2s− tk− 1

2
− tk−1)(tn − s)α+1

]tk+1

tk

− 2

∫ tk+1

tk

(tn − s)α+1ds

)
=

hα+2

(2α)(α + 1)(α + 2)

[
(α + 1)(α + 2)(n− k)α − 3(α + 2)(n− k)α+1

− (α + 2)(n− k − 1)α+1 − 4(n− k − 1)α+2 + 4(n− k)α+2

]
.

اذن:

ck,n =
2

h2Γ(α)
[I + J ]

=
hα

Γ(α + 3)

(
− (α + 2)

[
(n− k + 1)α+1 + (n− k − 1)α+1 + 6(n− k)α+1

]
+ 4

[
(n− k + 1)α+2 − (n− k − 1)α+2

])
.

k = n أ༥ܭ ݆݁ •

cn,n =
2

hαΓ(α)

∫ tn

tn−1

(tn − s)α−1(s− tn− 1
2
)(s− tn−1)ds.

ً؇ܳٺ۠ݞف۰: ً؇ܳٺႤၽ݁ܭ

u = (s− tn− 1
2
)(s− tn−1) ⇒ u

′
= 2s− tn− 1

2
− tn−1.

v
′
= (tn − s)α−1 ⇒ v =

−1

α
(tn − s)α.

cn,n =
2

hαΓ(α + 1)

[
− (s− tn− 1

2
)(s− tn−1)(tn − s)α

]tn
tn−1
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+
2

hαΓ(α + 1)

∫ tn

tn−1

(2s− tn− 1
2
− tn−1)(tn − s)αds

=
2

hαΓ(α + 2)

[
− (2s− tn− 1

2
− tn−1)(tn − s)α+1

]tn
tn−1

+
4

hαΓ(α + 2)

∫ tn

tn−1

(tn − s)α+1ds

=
2

hαΓ(α + 2)

(
−hα+2

2
−

[
2

α + 2
(tn − s)α+2

]tn
tn−1

)
=

hα

Γ(α + 3)
(2− α).

:؇਍ಱᄴᄟ 0 ≤ k ≤ n− 1 أ༥ܭ ݆݁ •

ĉk,n =
−4

h2Γ(α)

∫ tk+1

tk

(tn − s)α−1(s− tk)(s− tk+1)ds.

ً؇ܳٺ۠ݞف۰: ً؇ܳٺႤၽ݁ܭ
u = (s− tk)(s− tk+1) ⇒ u

′
= 2s− tk − tk+1.

v
′
= (tn − s)α−1 ⇒ v =

−1

α
(tn − s)α.

ĉk,n =
4

h2Γ(α)

([
1

α
(s− tk)(s− tk+1)(tn − s)α

]tk+1

tk

− Γ(α)

∫ tk+1

tk

1

α
(2s− tk − tk+1)(tn − s)αds

)
=

4

h2Γ(α + 2)

([
(2s− tk − tk+1)(tn − s)α+1

]tk+1

tk

− 2

∫ tk+1

tk

(tn − s)α+1ds

)
=

4hα

Γ(α + 3)

(
(α + 2)

[
(n− k)α+1 + (n− k − 1)α+1

]
− 2

[
(n− k)α+2 − (n− k − 1)α+2

])
.

إذن:

ck,n =
hα

Γ(α + 3)



4
[
nα+2 − (n− 1)α+2

]
− (α + 2)

[
3nα+1 + (n− 1)α+1

]
+(α + 1)(α + 2)nα, k = 0,

−(α + 2)
[
(n− k + 1)α+1 + (n− k − 1)α+1 + 6(n− k)α+1

]
+4

[
(n− k + 1)α+2 − (n− k − 1)α+2

]
, 1 ≤ k ≤ n− 1,

(2− α), k = n.
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0 ≤ k ≤ n− 1 أ༥ܭ ݆݁ •

ĉk,n =
4hα

Γ(α + 3)

(
(α+2)

[
(n−k)α+1+(n−k−1)α+1

]
−2

[
(n−k)α+2− (n−k−1)α+2

])
.

١ֵ෕ເاڤـڎ ஈኬቘ۾׫ؠոت اڤ֔׿دي ౏ఢاڤ׫ؠۑ 4 .2
اܳـܝ๤ཏي اܳٺႤၽ݁ܭ ஓ஄ټܭ ؇ዛኡأ ෠ຶڎ f ᄭᄟاᄴፁዧ (m−1 < α < m) ۰ਊಾීෂا ݆݁ ྘ྲྀႤ၍ٺި ஓ୾ڰ۳ިم ل۰ ๤ཏاܳـܝ اৎ৊ލٺگ۰ لژ ّأݠ ݆݁
ৎ৊ލٺگ۰ اܳأڎدل۰ اࠍ੆ߺࠊل Ⴄ၍؇௱௯௫ة اܳފ؇ًݑ ሒᇭ ؇ዛዊ؜ ؇਍ುڎොູ มฆܳا اܳأڎدل۰ اܳޚݠق ّިݿ٭ؕ ஓ୷ܝٷٷ؇ ዻዧᄳᄟ (m − α) ۰ਊಾීෂا ݆݁

.؇ዛዀܹ༟ اܳٺأڎلఈఃت و اࠍ੅؇ݬ۰ ؇ዛኤ৖৑؇༡ ًأݥ و اܳأ؇۰݁ اܳݱ٭ؐ َگڎم ۱ٷ؇ ྘ྲྀႤ၍ٺި،

CDα
0 f(t) =

1

Γ(m− α)

∫ t

0

(t− s)m−α−1f (m)(s)ds.

t = tn ]ًިݪؕ
CDα

0 f(t)

]
t=tn

=
1

Γ(m− α)

∫ tn

0

(tn − s)m−α−1f (m)(s)ds,

[
CDα

0 f(t)

]
t=tn

=
1

Γ(m− α)

n−1∑
k=0

∫ tk+1

tk

(tn − s)m−α−1f (m)(s)ds. (4 .2)

༉໧ပ྾׫ܙ ଄૯ء٤ܙم ١ֵ ෕ເاڤـڎ اिऻ۾׫ؠ١ ౏ఢڤ׫ؠۑ اिऻۻ׫܋מ୹୴ت ֵؠ١ ܈ۑ 1 .4 .2
.(೑ಸ؇ٔ) 0 ۰༥در ݆݁ ༡ڎود ଫଃًܝټ [tk, tk+1] ሒᆶඹජ ෠੼؇ل ႟၍ আॻ༟ f (m) ᄭᄟاᄴᄟا َگݠب

f (m)(s)|[tk,tk+1] ≈ f (m)(tk).

෠ຶ(4 .2)ڎ: ሒᇭ ً؇ܳٺأިلݥ
[
CDα

0 f(t)

]
t=tn

=
1

Γ(m− α)

n−1∑
k=0

∫ tk+1

tk

(tn − s)m−α−1f (m)(s)ds

≈ 1

Γ(m− α)

n−1∑
k=0

∫ tk+1

tk

(tn − s)m−α−1f (m)(tk)ds,
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෠ຶڎ ݁ٷ۬ و
[
CDα

0 f(t)

]
t=tn

≈
n−1∑
k=0

Vn−k−1f
(m)(tk). (5 .2)

ۋ٭ت:
VK =

hm−α

Γ(m− α + 1)

(
(k + 1)m−α − km−α

)
.

྘ྲྀႤ၍ٺި. ஓ୾ڰ۳ިم ل۰ ๤ཏاܳـܝ గጻዧލٺگ۰ ا྘ܳފ؇ر ݆݁ ᄭᄥފٺޚ٭ৎ৊ا اܳݱ٭؞۰ ஓ஄ټܭ (5 .2) اܳݱ٭؞۰
أ༠ڍ ؜ٷڎ

f (m)(s)|[tk,tk+1] ≈ f (m)(tk+1).

෠ຶڎ
[
CDα

0 f(t)

]
t=tn

≈
n−1∑
k=0

Vn−k−1f
(m)(tk+1). (6 .2)

اܳأ؇۰݁ ᄭᄥފٺޚ٭ৎ৊ا اܳݱ٭؞۰ ෠ຶڎ و݁ٷ۬ ྘ྲྀႤ၍ٺި ஓ୾ڰ۳ިم ل۰ ๤ཏاܳـܝ గጻዧލٺگ۰ ඔ൹اࡺࢋࢦ ݆݁ ᄭᄥފٺޚ٭ৎ৊ا اܳݱ٭؞۰ ஓ஄ټܭ (6 .2) اܳݱ٭؞۰
႟ၽاܳލ ݆݁ ّܝިن ྘ྲྀႤ၍ٺި ஓ୾ڰ۳ިم ل۰ ๤ཏاܳـܝ గጻዧލٺگ۰

[
CDα

0 f(t)

]
t=tn

≈
n−1∑
k=0

Vn−k−1f
(m)(tk + (1− θ)h), 0 ≤ θ ≤ 1. (7 .2)

݆݁ ଫଃاܳـܝټ ሒᇭ ؇ዛዊܳـܝ لگ۰ ይዧޚݠ ఈఃዝང ਍ಾڰ٭ڍا ّިڣݠ (7 .2) اܳݱ٭؞۰ ڣ؆ن ݁أݠوڣ۰ f ᄭᄟاᄴፁዧ m ۰ਊಾීෂا ݆݁ اৎ৊ލٺگ۰ ೑಻Ⴄ၍ إذا
৕৑؜ޚ؇ء اఈ႙ၽܳݿ٭ܝ٭۰ గጻዧލٺگ۰ اܳأڎدل۰ اࠍ੆ފ؇ب ޗݠق و (7 .2) ༇ံد ا๤ཟܳوري ݆݁ ᄳᄟا ݁أݠوڣ۰ ଫଃ༚ ّܝިن ا৙৑ۋ٭؇ن

ب: ؇ዛዊ؜ ଫଊَأ اܳأڎدل۰ لگ۰ اܳޚݠ ّިݪ٭ں أ༥ܭ ݆݁ و ఈః݁ء۰݁ ଫ଒܋৙৑ا اܳݱ٭ؐ

f (1)(tk) =
f(tk+1)− f(tk)

h
.

f (2)(tk) =
f(tk+1)− 2f(tk) + f(tk−1)

h
.

༉໧ပ྾׫ܙ ଄૯ء٤ܙم ١ֵ ෕ເاڤـڎ اिऻ۾׫ؠ١ ౏ఢڤ׫ؠۑ اिऻרٍۑف ۳ץٝ ֵؠ١ ܈ۑ 2 .4 .2
.ሌᇿو৙৑ا ۰༥رᄴᄟا ݆݁ ا৕৑ݿٺگޚ؇ب ༡ڎود ଫଃًܝټ f (m) ᄭᄟاᄴᄟا َگݠب [tk, tk+1] ሒᆶඹජ ෠੼؇ل ሒᇭ

f (m)(s)|[tk,tk+1] ≈
tk+1 − s

tk+1 − tk
f (m)(tk) +

s− tk
tk+1 − tk

f (m)(tk+1).
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෠ຶڎ: (4 .2) ሒᇭ ً؇ܳٺأިلݥ
[
CDα

0 f(t)

]
t=tn

≈ 1

Γ(m− α)

n−1∑
k=0

∫ tk+1

tk

(tn − s)m−α−1

[
tk+1 − s

tk+1 − tk
f (m)(tk) +

s− tk
tk+1 − tk

fm(tk+1)

]
ds

=
1

hΓ(m− α)

[ ∫ t1

t0

(tn − s)m−α−1(t1 − s)f (m)(t0)ds

+

∫ t1

t0

(tn − s)m−α−1(s− t0)f
(m)(t1)ds+

∫ t2

t1

(tn − s)m−α−1(t2 − s)f (m)(t1)ds

+

∫ t2

t1

(tn − s)m−α−1(s− t1)f
(m)(t2)ds+ . . .+

∫ tn−1

tn−2

(tn − s)m−α−1(tn−1 − s)f (m)(tn−2)ds

+

∫ tn−1

tn−2

(tn − s)m−α−1(s− tn−2)f
(m)(tn−1)ds+

∫ tn

tn−1

(tn − s)m−α−1(tn − s)f (m)(tn−1)ds

+

∫ tn

tn−1

(tn − s)m−α−1(s− tn−1)f
(m)(tn)ds

]
=

n∑
k=0

Wk,nf
m(tk).

ۋ٭ت:

Wk,n =
1

hΓ(m− α)



∫ t1
t0
(tn − s)m−α−1(t1 − s)ds, k = 0,

∫ tk
tk−1

(tn − s)m−α−1(s− tk−1)ds+
∫ tk+1

tk
(tn − s)m−α−1(tk+1 − s)ds, 1 ≤ k ≤ n− 1,

∫ tn
tn−1

(tn − s)m−α−1(s− tn−1)ds, k = n.

෠ຶڎ: k = 0 أ༥ܭ ݆݁ •

W0,n =
1

hΓ(m− α)

∫ t1

t0

(tn − s)m−α−1(t1 − s)ds.

ً؇ܳٺ۠ݞف۰: ً؇ܳٺႤၽ݁ܭ
u = t1 − s ⇒ u

′
= −1.

v
′
= (tn − s)m−α−1 ⇒ v =

−1

m− α
(tn − s)m−α.

إذن:

W0,n =
1

hΓ(m− α)

([
−1

m− α
(tn − s)m−α(t1 − s)

]t1
t0

−
∫ t1

t0

1

m− α
(tn − s)m−αds

)
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=
1

hΓ(m− α + 1)

(
nm−αhm−α+1 +

[
1

m− α + 1
(tn − s)m−α+1

]t1
t0

)
=

hm−α

Γ(m− α + 2)
((n− 1)m−α+1 − nm−α(n−m+ α− 1)).

:؇਍ಱᄴᄟ 1 ≤ k ≤ n− 1 أ༥ܭ ݆݁ •

Wk,n =
1

hΓ(m− α)

[ ∫ tk

tk−1

(tn− s)m−α−1(s− tk−1)ds+

∫ tk+1

tk

(tn− s)m−α−1(tk+1− s)ds

]
.

َݯؕ:
I =

∫ tk

tk−1

(tn − s)m−α−1(s− tk−1)ds.

J =

∫ tk+1

tk

(tn − s)m−α−1(tk+1 − s)ds.

I ۋފ؇ب ৖৑أو
I =

∫ tk

tk−1

(tn − s)m−α−1(s− tk−1)ds.

ً؇ܳٺ۠ݞف۰: ً؇ܳٺႤၽ݁ܭ
u = s− tk−1 ⇒ u

′
= 1.

v
′
= (tn − s)m−α−1 ⇒ v =

−1

m− α
(tn − s)m−α.

I =

[
−1

m− α
(s− tk−1)(tn − s)m−α

]tk
tk−1

+
1

m− α

∫ tk

tk−1

(tn − s)m−αds

=
1

m− α

(
− (n− k)m−αhm−α+1 −

[
1

(m− α + 1)
(tn − s)m−α+1

]tk
tk−1

)
=

hm−α+1

(m− α)(m− α + 1)

(
− (m− α + 1)(n− k)m−α − (n− k)m−α+1 + (n− k + 1)m−α+1

)
.

J ۋފ؇ب ؇ਃ಻؇ٔ
J =

∫ tk+1

tk

(tn − s)m−α−1(tk+1 − s)ds.

ً؇ܳٺ۠ݞف۰: ً؇ܳٺႤၽ݁ܭ
u = tk+1 − s ⇒ u

′
= −1.

v
′
= (tn − s)m−α−1 ⇒ v =

−1

m− α
(tn − s)m−α.
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إذن:

J =

[
−1

m− α
(tk+1 − s)(tn − s)m−α

]tk+1

tk

−
∫ tk+1

tk

1

m− α
(tn − s)m−αds

=
1

m− α

(
(n− k)m−αhm−α+1 +

[
1

m− α + 1
(tn − s)m−α+1

]tk+1

tk

)
=

hm−α+1

(m− α)(m− α + 1)

(
(m− α + 1)(n− k)m−α − (n− k)m−α+1 + (n− k − 1)m−α+1

)
.

݁ٷ۬: و

Wk,n =
1

hΓ(m− α)

[
I + J

]
=

hm−α

Γ(m− α + 2)

[
(n− k + 1)m−α+1 + (n− k − 1)m−α+1 − 2(n− k)m−α+1

]
.

k = n أ༥ܭ ݆݁ •

Wn,n =
1

hΓ(m− α)

∫ tn

tn−1

(tn − s)m−α−1(s− tn−1)ds.

ً؇ܳٺ۠ݞف۰: ً؇ܳٺႤၽ݁ܭ
u = s− tn−1 ⇒ u

′
= 1.

v
′
= (tn − s)m−α−1 ⇒ v =

−1

m− α
(tn − s)m−α.

݁ٷ۬: و

Wn,n =
1

hΓ(m− α)

([
−1

m− α
(tn − s)m−α(s− tn−1)

]tn
tn−1

+
1

m− α

∫ tn

tn−1

(tn − s)m−αds

)
=

1

hΓ(m− α + 1)

[
−1

m− α + 1
(tn − s)m−α+1

]tn
tn−1

=
hm−α

Γ(m− α + 2)
.
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إذن:

Wk,n =
hm−α

Γ(m− α + 2)



(n− 1)m−α+1 − nm−α(n−m+ α− 1), k = 0,

(n− k + 1)m−α+1 + (n− k − 1)m−α+1 − 2(n− k)m−α+1, 1 ≤ k ≤ n− 1,

1, k = n.

༉໧ပ྾׫ܙ ଄૯ء٤ܙم ١ֵ ෕ເاڤـڎ اिऻ۾׫ؠ١ ౏ఢڤ׫ؠۑ ఔ௹ᓝۻܙن ֵؠ١ ܈ۑ 3 .4 .2
.[tk, tk+1] ሒᆶඹජ ෠੼؇ل ႟၍ ሒᇭ ۰ਃ಻؇اܳټ ۰༥رᄴᄟا ݆݁ ༡ڎود ଫଃًܝټ f (m) َگݠب لگ۰ اܳޚݠ ۱ڍه ሒᇭ

f (m)(s)|[tk,tk+1] ≈
(s− tk+ 1

2
)(s− tk+1)

(tk − tk+ 1
2
)(tk − tk+1)

f (m)(tk) +
(s− tk)(s− tk+1)

(tk+ 1
2
− tk)(tk+ 1

2
− tk+1)

f (m)(tk+ 1
2
)

+
(s− tk+ 1

2
)(s− tk)

(tk+1 − tk+ 1
2
)(tk+1 − tk)

f (m)(tk+1).

෠ຶ(4 .2)ڎ: ሒᇭ ً؇ܳٺأިلݥ ݁ٷ۬ و
[
CDα

0 f(t)

]
t=tn

≈ 1

Γ(m− α)

n−1∑
k=0

∫ tk+1

tk

(tn − s)m−α−1

[
(s− tk+ 1

2
)(s− tk+1)

(tk − tk+ 1
2
)(tk − tk+1)

f (m)(tk)

+
(s− tk)(s− tk+1)

(tk+ 1
2
− tk)(tk+ 1

2
− tk+1)

f (m)(tk+ 1
2
) +

(s− tk+ 1
2
)(s− tk)

(tk+1 − tk+ 1
2
)(tk+1 − tk)

f (m)(tk+1)

]
ds

=
2

h2Γ(m− α)

(∫ t1

t0

(tn − s)m−α−1

[
(s− t 1

2
)(s− t1)f

(m)(t0)− 2(s− t0)(s− t1)f
(m)(t 1

2
)

+ (s− t 1
2
)(s− t0)f

(m)(t1)

]
ds+

∫ t2

t1

(tn − s)m−α−1

[
(s− t 3

2
)(s− t2)f

(m)(t1)

− 2(s− t1)(s− t2)f
(m)(t 3

2
) + (s− t 3

2
)(s− t1)f

(m)(t2)

]
ds+ . . .

+

∫ tn

tn−1

(tn − s)m−α−1

[
(s− tn− 1

2
)(s− tn)f

(m)(tn−1)− 2(s− tn−1)(s− tn)f
(m)(tn− 1

2
)

+ (s− tn− 1
2
)(s− tn−1)f

(m)(tn)

]
ds

)
=

n∑
k=0

ek,nf
(m)(tk) +

n−1∑
k=0

êk,nf
(m)(tk+ 1

2
).
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ۋ٭ت:

ek,n =
2

h2Γ(m− α)



∫ t1
t0
(tn − s)m−α−1(s− t 1

2
)(s− t1)ds, k = 0,

∫ tk
tk−1

(tn − s)m−α−1(s− tk− 1
2
)(s− tk−1)ds

+
∫ tk+1

tk
(tn − s)m−α−1(s− tk+ 1

2
)(s− tk+1), 1 ≤ k ≤ n− 1,

∫ tn
tn−1

(tn − s)m−α−1(s− tn− 1
2
)(s− tn−1)ds, k = n.

و

êk,n =
−4

h2Γ(m− α)

∫ tk+1

tk

(tn − s)m−α−1(s− tk)(s− tk+1)ds , 0 ≤ k ≤ n− 1.

:؇਍ಱᄴᄟ k = 0 أ༥ܭ ݆݁ •

e0,n =
2

h2Γ(m− α)

∫ t1

t0

(tn − s)m−α−1(s− t 1
2
)(s− t1)ds.

ً؇ܳٺ۠ݞف۰: ً؇ܳٺႤၽ݁ܭ
u = (s− t 1

2
)(s− t1) ⇒ u

′
= 2s− t 1

2
− t1.

v
′
= (tn − s)m−α−1 ⇒ v =

−1

m− α
(tn − s)m−α.

݁ٷ۬: و

e0,n =
2

h2Γ(m− α)

∫ t1

t0

(tn − s)m−α−1(s− t 1
2
)(s− t1)ds

=
2

h2Γ(m− α + 1)

([
− (tn − s)m−α(s− t 1

2
)(s− t1)

]t1
t0

+

∫ t1

t0

(tn − s)m−α(2s− t 1
2
− t1)ds

)
=

nm−αhm−α

Γ(m− α + 1)
− 2

h2Γ(m− α + 2)

([
(2s− t 1

2
− t1)(tn − s)m−α+1

]t1
t0

− 2

∫ t1

t0

(tn − s)m−α+1ds

)
=

hm−α

Γ(m− α + 3)

[
4

(
nm−α+2 − (n− 1)m−α+2

)
− (m− α + 2)

(
3nm−α+1 + (n− 1)m−α+1

)
+ (m− α + 1)(m− α + 2)nm−α

]
.

1 ≤ k ≤ n− 1 أ༥ܭ ݆݁ •

ek,n =
2

h2Γ(m− α)

(∫ tk

tk−1

(tn − s)m−α−1(s− tk− 1
2
)(s− tk−1)ds
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+

∫ tk+1

tk

(tn − s)m−α−1(s− tk+ 1
2
)(s− tk+1)

)
.

َݯؕ:
I =

∫ tk

tk−1

(s− tk− 1
2
)(s− tk−1)(tn − s)m−α−1ds.

J =

∫ tk+1

tk

(s− tk+ 1
2
)(s− tk+1)(tn − s)m−α−1ds.

I ۋފ؇ب ৖৑أو
I =

∫ tk

tk−1

(s− tk− 1
2
)(s− tk−1)(tn − s)m−α−1ds.

ً؇ܳٺ۠ݞف۰: ً؇ܳٺႤၽ݁ܭ

u = (s− tk− 1
2
)(s− tk−1) ⇒ u

′
= 2s− tk− 1

2
− tk−1.

v
′
= (tn − s)m−α−1 ⇒ v =

−1

m− α
(tn − s)m−α.

I =
1

m− α

([
− (s− tk− 1

2
)(s− tk−1)(tn − s)m−α

]tk
tk−1

+

∫ tk

tk−1

(2s− tk− 1
2
− tk−1)(tn − s)m−αds

)
=

−1

(m− α)(m− α + 1)

([
(2s− tk− 1

2
− tk−1)(tn − s)m−α+1

]tk
tk−1

− 2

∫ tk

tk−1

(tn − s)m−α+1ds

)
− hm−α+2(n− k)m−α

2(m− α)

=
hm−α+2

2(m− α)(m− α + 1)(m− α + 2)

[
− (m− α + 1)(m− α + 2)(n− k)m−α

− 3(m− α + 2)(n− k)m−α+1 − (m− α + 2)(n− k + 1)m−α+1 − 4(n− k)m−α+2 + 4(n− k + 1)m−α+2

]
.

J ۋފ؇ب ؇ਃ಻؇ٔ
J =

∫ tk+1

tk

(s− tk+ 1
2
)(s− tk+1)(tn − s)m−α−1ds.

ً؇ܳٺ۠ݞف۰: ً؇ܳٺႤၽ݁ܭ

u = (s− tk+ 1
2
)(s− tk+1) ⇒ u

′
= 2s− tk+ 1

2
− tk+1.

v
′
= (tn − s)m−α−1 ⇒ v =

−1

m− α
(tn − s)m−α.
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J =
1

m− α

([
− (s− tk+ 1

2
)(s− tk+1)(tn − s)m−α

]tk+1

tk

+

∫ tk+1

tk

(2s− tk+ 1
2
− tk+1)(tn − s)m−αds

)
=

−1

(m− α)(m− α + 1)

([
(2s− tk+ 1

2
− tk+1)(tn − s)m−α+1

]tk+1

tk

− 2

∫ tk+1

tk

(tn − s)m−α+1ds

)
+

hm−α+2(n− k)m−α

2(m− α)

=
hm−α+2

2(m− α)(m− α + 1)(m− α + 2)

(
(m− α + 1)(m− α + 2)(n− k)m−α + 4(n− k)m−α+2

− (m− α + 2)(n− k − 1)m−α+1 − 4(n− k − 1)m−α+2 − 3(m− α + 2)(n− k)m−α+1

)
.

إذن:

ek,n =
2

h2Γ(m− α)
[I + J ]

=
hm−α

Γ(m− α + 3)

(
− (m− α + 2)

[
(n− k + 1)m−α+1 + (n− k − 1)m−α+1 + 6(n− k)m−α+1

]
+ 4

[
(n− k + 1)m−α+2 − (n− k − 1)m−α+2

])
.

k = n أ༥ܭ ݆݁ •

en,n =
2

hm−αΓ(m− α)

∫ tn

tn−1

(tn − s)m−α−1(s− tn− 1
2
)(s− tn−1).

ً؇ܳٺ۠ݞف۰: ً؇ܳٺႤၽ݁ܭ

u = (s− tn− 1
2
)(s− tn−1) ⇒ u

′
= 2s− tn− 1

2
− tn−1.

v
′
= (tn − s)m−α−1 ⇒ v =

−1

m− α
(tn − s)m−α.

en,n =
2

hm−αΓ(m− α + 1)

[
− (s− tn− 1

2
)(s− tn−1)(tn − s)m−α

]tn
tn−1

+
2

hm−αΓ(m− α + 1)

∫ tn

tn−1

(2s− tn− 1
2
− tn−1)(tn − s)m−αds

=
2

hm−αΓ(m− α + 2)

[
− (2s− tn− 1

2
− tn−1)(tn − s)m−α+1

]tn
tn−1
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+
4

hm−αΓ(m− α + 2)

∫ tn

tn−1

(tn − s)m−α+1ds

=
2

hm−αΓ(m− α + 2)

(
−hm−α+2

2
−

[
2

m− α + 2
(tn − s)m−α+2

]tn
tn−1

)
=

hm−α

Γ(m− α + 3)
(2−m+ α).

0 ≤ k ≤ n− 1 أ༥ܭ ݆݁ •

êk,n =
−4

h2Γ(m− α)

∫ tk+1

tk

(tn − s)m−α−1(s− tk)(s− tk+1)ds.

ً؇ܳٺ۠ݞف۰: ً؇ܳٺႤၽ݁ܭ
u = (s− tk)(s− tk+1) ⇒ u

′
= 2s− tk − tk+1.

v
′
= (tn − s)m−α−1 ⇒ v =

−1

m− α
(tn − s)m−α.

êk,n =
4

h2Γ(m− α)

[
(s− tk)(s− tk+1)

1

m− α
(tn − s)m−α

]tk+1

tk

− 4

h2Γ(m− α)

∫ tk+1

tk

1

m− α
(2s− tk − tk+1)(tn − s)m−αds

=
4

h2Γ(m− α)

([
(2s− tk − tk+1)(tn − s)m−α+1

]tk+1

tk

− 2

∫ tk+1

tk

(tn − s)m−α+1ds

)
=

4hm−α

Γ(m− α + 3)

[
(m− α + 2)

(
(n− k)m−α+1 + (n− k − 1)m−α+1

)
− 2

(
(n− k)m−α+2

− (n− k − 1)m−α+2

)]
.

إذن:

ek,n =
hm−α

Γ(m− α + 3)



4

(
nm−α+2 − (n− 1)m−α+2

)
− (m− α + 2)

(
3nm−α+1 + (n− 1)m−α+1

)
+(m− α + 1)(m− α + 2)nm−α, k = 0,

−(m− α + 2)

(
(n− k + 1)m−α+1 + (n− k − 1)m−α+1 + 6(n− k)m−α+1

)
+4

(
(n− k + 1)m−α+2 − (n− k − 1)m−α+2

)
, 1 ≤ k ≤ n− 1,

(2−m+ α), k = n.
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0 ≤ k ≤ n− 1 أ༥ܭ ݆݁ و

êk,n
4hm−α

Γ(m− α + 3)

[
(m−α+2)

(
(n−k)m−α+1+(n−k−1)m−α+1

)
−2

(
(n−k)m−α+2−(n−k−1)m−α+2

)]
.
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3 اڤءۢڞ
༟ڎدل۰ ༇຀؇ਐ಻

47 . . . . . . . . . . . . . . . . . . . . . . . . . . . . ݁گڎ۰݁ 1 .3
اܳـܝ๤ཏي اܳٺႤၽ݁ܭ ೞಱܳٺگݠ ༟ڎدل۰ ᄭᄥأ݁ټ 2 .3

48 . . . . . . . . . . . . . . . . . . ܳ٭ިڣ٭ܭ رஓ୷؇ن ஓ୾ڰ۳ިم
ஓ୾ڰ۳ިم ل۰ ๤ཏاܳـܝ اৎ৊ލٺگ۰ ೞಱܳٺگݠ ༟ڎدل۰ ᄭᄥأ݁ټ 3 .3

53 . . . . . . . . . . . . . . . . . . . . . . . . . . . . ྘ྲྀႤ၍ٺި

ڲؠ׿ڲ١ 1 .3
اৎ৊ފٺޚ٭ఈఃت، لگ۰ ޗݠ ًިاݿޚ۰ ؇ዛዀܹ༟ ا௱௯௫ݱܭ اܳٺگݠ཯ྟ٭۰ ༇຀؇اܳٷٺ ؕ݁ اᄴᄟڢ٭گ۰ ༇຀؇اܳٷٺ ৎ৊گ؇ر۰َ ༟ڎدل۰ ᄭᄥأ݁ټ َگڎم اܳڰݱܭ ۱ڍا ሒᇭ
྘ྲྀႤ၍ٺި ஓ୾ڰ۳ިم ل۰ ๤ཏاܳـܝ واৎ৊ލٺگ۰ ஓ୷؇ن-ܳ٭ިڣ٭ܭ ීෂ اܳـܝ๤ཏي اܳٺႤၽ݁ܭ ೞಱܳٺگݠ ಣಈᕬފިن لگ۰ ޗݠ و اৎ৊ٷۜݠف ނٴ۬ لگ۰ ޗݠ

༥ڎا. دڢ٭گ۰ و ᆙᆘٺ؇زة ༇຀؇ਐ಻ إ؜ޚ؇ء ሒᇭ اࠍ੅ޚިة ޗިل ଫଃٔ؊ّ ݁ڎى ሌᇿإ ً؇৕৑ݪ؇ڣ۰
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اܳټ؇ܳت ༟ڎدل۰اܳڰݱܭ ༇຀؇ਐ಻

ڤמܙؔמڞ رո଄૨ن ଄૯ء٤ܙم اڤـڎ෕ເي اڤ׫ပ࿮ڲڞ ౏ఢڤ׫ؠۑ ຐ׿د١ֵ ႞႖أڲ׭ 2 .3
1 .2 .3 ڲ׭ոل

اܳٺ؇ܳ٭۰: ً؇ܳأٴ؇رة لأޚް f ᄭᄟاᄴፁዧ α > 0 ۰ਊಾීෂا ݆݁ ܳ٭ިڣ٭ܭ رஓ୷؇ن ஓ୾ڰ۳ިم اܳـܝ๤ཏي اܳٺႤၽ݁ܭ أن َأ޺޾

Iα0 f(t) =
1

Γ(α)

∫ t

0

(t− s)α−1f(s)ds.

t ∈ [0, 1] ۋ٭ت f(t) = tβ ᄭᄟاᄴᄟا ً؊༠ڍ
:႟ၽاܳލ ݆݁ اᄴᄟڢ٭ݑ اࠍ੆ܭ ؜ٴ؇رة ّݱٴں

Iα0 t
β =

Γ(β + 1)

Γ(α + β + 1)
tα+β.

اܳޚݠق ً؇ݿٺأ݄؇ل β = 2.5 و α = 0.5 أ༥ܭ ݆݁ f ᄭᄟاᄴᄟا ّ۬؇۱ ܳٺႤၽ݁ܭ ॷॖदاܳٺگݠ اࠍ੆ܭ ً؇෠ຬ؇د اৎ৊ټ؇ل ۱ڍا ሒᇭ ݿٷگިم
و h = 0.01 ،h = 0.1 ො੼ٺܹڰ۰ ڢࡗࡲ أ༥ܭ ݆݁ f ᄭᄟاᄴፁዧ ॷॖदاܳٺگݠ اࠍ੆ܭ و اᄴᄟڢ٭ݑ اࠍ੆ܭ ඔ൹ً َگ؇رن ዻዧذ ًأڎ اܳټఈఃث.
੯੩ޚৎ৊ا اࠍ੅ޚ؊ ݿٷأޚ޶ اᄴᄟڢ٭ݑ، اࠍ੆ܭ ݆݁ ا৖৑ڢଫଐاب ሒᇭ h = 1

N
اࠍ੅ޚިة ޗިل أᆇᆅ٭۰ ܳٺྟ٭؇ن t ႟၍ ؜ٷڎ h = 0.001

اܳټఈఃث. اܳޚݠق ݆݁ لگ۰ ޗݠ ႟၍ أ༥ܭ ݆݁ ዻዧوذ ༥ڎول ሒᇭ

اܳٺ؇ܳ٭۰: ༇຀؇اܳٷٺ আॻ༟ ౫౜రݱܭ اৎ৊ފٺޚ٭ܭ لگ۰ ޗݠ ਐಸޚٴ٭ݑ
n t V al.exact V al.app Erreur

1 0 0 0 0
2 0.1 0.000553 0.001128 5.744873E − 04

3 0.2 0.004431 0.006850 2.419331E − 03

4 0.3 0.014955 0.020592 5.637208E − 03

5 0.4 0.035449 0.045725 1.027607E − 02

6 0.5 0.069236 0.085602 1.636568E − 02

7 0.6 0.119640 0.143567 2.392688E − 02

8 0.7 0.189984 0.222960 3.297532E − 02

9 0.8 0.283592 0.327115 4.352331E − 02

10 0.9 0.403787 0.459368 5.558088E − 02

11 1 0.553891 0.623048 6.915639E − 02

.Iα0 tβ ܳـ اৎ৊ފٺޚ٭ఈఃت لگ۰ ޗݠ ً؇ݿٺ༱ڎام ॷॖदاܳٺگݠ اࠍ੆ܭ :1 .3 ༥ڎول
݁گٴިل. ႟ၽ૰૖ اᄴᄟڢ٭گ۰ اࠍ੆ߺࠊل ݆݁ ّگଫଐب اܳٺگݠ཯ྟ٭۰ اࠍ੆ߺࠊل أن ఈఃَۋޓ (1 .3) اࠍ੊ڎول ఈః༠ل ݆݁
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اܳټ؇ܳت ༟ڎدل۰اܳڰݱܭ ༇຀؇ਐ಻

ਐಸޚٴ٭ݑ ؇ዛዀܹ༟ ا௱௯௫ݱܭ اᄴᄟڢ٭گ۰ و اܳٺگݠ཯ྟ٭۰ ༇຀؇اܳٷٺ ඔ൹ً ۰ਃ಻؇اܳٴ٭ اৎ৊گ؇ر۰َ :1 .3 ႟ၽނ
.Iα0 tβ ܳـ اৎ৊ފٺޚ٭ఈఃت لگ۰ ޗݠ

t h = 0.1 h = 0.01 h = 0.001

0 0 0 0
0.1 5.744873E − 04 6.915639E − 05 7.774145E − 06

0.2 2.419331E − 03 2.896070E − 04 3.168103E − 05

0.3 5.637208E − 03 6.663235E − 04 7.188873E − 05

0.4 1.027607E − 02 1.201171E − 03 1.284576E − 04

0.5 1.636568E − 02 1.895238E − 03 2.014225E − 04

0.6 2.392688E − 02 2.749261E − 03 2.908071E − 04

0.7 3.297532E − 02 3.763780E − 03 3.966286E − 04

0.8 4.352331E − 02 4.939218E − 03 5.189004E − 04

0.9 5.558088E − 02 6.275913E − 03 6.576334E − 04

1 6.915639E − 02 7.774145E − 03 8.128365E − 04

.h = 0.1، 0.01، 0.001 أ༥ܭ ݆݁ اৎ৊ޚܹگ۰ ا৙৑ۊޚ؇ء ඔ൹ً اৎ৊گ؇ر۰َ :2 .3 ༥ڎول
اܳٺ؇ܳ٭۰: ༇຀؇اܳٷٺ আॻ༟ ౫౜రݱܭ اৎ৊ٷۜݠف ނٴ۬ لگ۰ ޗݠ ਐಸޚٴ٭ݑ
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اܳټ؇ܳت ༟ڎدل۰اܳڰݱܭ ༇຀؇ਐ಻

n t V al.Exact V al.app Erreur

1 0 0 0 0
2 0.1 0.000553 0 5.538918E − 04

3 0.2 0.004431 0.000752 3.678881E − 03

4 0.3 0.014955 0.007780 7.174419E − 03

5 0.4 0.035449 0.023735 1.171317E − 02

6 0.5 0.069236 0.052193 1.704249E − 02

7 0.6 0.119640 0.096587 2.305291E − 02

8 0.7 0.189984 0.160311 2.967352E − 02

9 0.8 0.283592 0.246739 3.685267E − 02

10 0.9 0.403787 0.359236 4.455031E − 02

11 1 0.553891 0.501157 5.273412E − 02

.Iα0 tβ ܳـ اৎ৊ٷۜݠف ނٴ۬ لگ۰ ޗݠ ً؇ݿٺ༱ڎام ॷॖदاܳٺگݠ اࠍ੆ܭ :3 .3 ༥ڎول

ਐಸޚٴ٭ݑ ؇ዛዀܹ༟ ا௱௯௫ݱܭ اᄴᄟڢ٭گ۰ و اܳٺگݠ཯ྟ٭۰ ༇຀؇اܳٷٺ ඔ൹ً ۰ਃ಻؇اܳٴ٭ اৎ৊گ؇ر۰َ :2 .3 ႟ၽނ
.Iα0 tβ ܳـ اৎ৊ٷۜݠف ނٴ۬ لگ۰ ޗݠ

اܳފ؇ًگ۰ لگ۰ اܳޚݠ ݆݁ أدق ًݱڰ۰ اᄴᄟڢ٭گ۰ اࠍ੆ߺࠊل ݆݁ ّگଫଐب اܳٺگݠ཯ྟ٭۰ اࠍ੆ߺࠊل أن ఈఃَۋޓ (3 .3) اࠍ੊ڎول ఈః༠ل ݆݁
اৎ৊ފٺޚ٭ఈఃت- لگ۰ -ޗݠ
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اܳټ؇ܳت ༟ڎدل۰اܳڰݱܭ ༇຀؇ਐ಻

t h = 0.1 h = 0.01 h = 0.001

0 0 0 0
0.1 5.538918E − 04 5.273412E − 05 1.839632E − 06

0.2 3.678881E − 03 1.568675E − 04 5.244967E − 06

0.3 7.174419E − 03 2.935284E − 04 9.665828E − 06

0.4 1.171317E − 02 4.563514E − 04 1.490754E − 05

0.5 1.704249E − 02 6.417062E − 04 2.085773E − 05

0.6 2.305291E − 02 8.471581E − 04 2.744060E − 05

0.7 2.967352E − 02 1.070926E − 03 3.460054E − 05

0.8 3.685267E − 02 1.311632E − 03 4.229445E − 05

0.9 4.455031E − 02 1.568173E − 03 5.048768E − 05

1 5.273412E − 02 1.839632E − 03 5.915155E − 05

.h = 0.1، 0.01، 0.001 أ༥ܭ ݆݁ اৎ৊ޚܹگ۰ ا৙৑ۊޚ؇ء ඔ൹ً اৎ৊گ؇ر۰َ :4 .3 ༥ڎول
اܳٺ؇ܳ٭۰: ༇຀؇اܳٷٺ আॻ༟ ౫౜రݱܭ ಣಈᕬފިن لگ۰ ޗݠ ਐಸޚٴ٭ݑ

n t V al.Exact V al.app Erreur

1 0 0 0 0
2 0.1 0.000553 0 5.538918E − 04

3 0.2 0.004431 0.000557 3.873398E − 03

4 0.3 0.014955 0.009502 5.453018E − 03

5 0.4 0.035449 0.027284 8.164540E − 03

6 0.5 0.069236 0.057805 1.143085E − 02

7 0.6 0.119640 0.104502 1.513810E − 02

8 0.7 0.189984 0.170756 1.922835E − 02

9 0.8 0.283592 0.259928 2.366394E − 02

10 0.9 0.403787 0.375369 2.841739E − 02

11 1 0.553891 0.520424 3.346731E − 02

.Iα0 tβ ܳـ ಣಈᕬފިن لگ۰ ޗݠ ࿓؆ݿٺ༱ڎام ॷॖदاܳٺگݠ اࠍ੆ܭ :5 .3 ༥ڎول
݆݁ ଫ଒أ܋ ّگ؇رب ۰༥ࢻࣖر ༥ڎا ݁ٺگ؇ر۰ً ّܝިن اᄴᄟڢ٭گ۰ و اܳٺگݠ཯ྟ٭۰ اࠍ੆ߺࠊل أن ఈఃَۋޓ (5 .3) اࠍ੊ڎول ఈః༠ل ݆݁

૭૜ٴگ۳؇. มฆܳا لگ۰ اܳޚݠ
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اܳټ؇ܳت ༟ڎدل۰اܳڰݱܭ ༇຀؇ਐ಻

ਐಸޚٴ٭ݑ ؇ዛዀܹ༟ ا௱௯௫ݱܭ واᄴᄟڢ٭گ۰ اܳٺگݠ཯ྟ٭۰ ༇຀؇اܳٷٺ ඔ൹ً ۰ਃ಻؇اܳٴ٭ اৎ৊گ؇ر۰َ :3 .3 ႟ၽނ
.Iα0 tβ ܳـ ಣಈᕬފިن لگ۰ ޗݠ

t h = 0.1 h = 0.01 h = 0.001

0 0 0 0
0.1 5.538918E − 04 3.346731E − 05 1.120053E − 06

0.2 3.873398E − 03 9.745522E − 05 3.179666E − 06

0.3 5.453018E − 03 1.810303E − 04 5.848650E − 06

0.4 8.164540E − 03 2.803262E − 04 9.010175E − 06

0.5 1.143085E − 02 3.931532E − 04 1.259680E − 05

0.6 1.513810E − 02 5.180456E − 04 1.656304E − 05

0.7 1.922835E − 02 6.539325E − 04 2.087553E − 05

0.8 2.366394E − 02 7.999864E − 04 2.550841E − 05

0.9 2.841739E − 02 9.555430E − 04 3.044089E − 05

1 3.346731E − 02 1.120053E − 03 3.565576E − 05

.h = 0.1، 0.01، 0.001 أ༥ܭ ݆݁ اৎ৊ޚܹگ۰ ا৙৑ۊޚ؇ء ඔ൹ً اৎ৊گ؇ر۰َ :6 .3 ༥ڎول
لگ۰ (ޗݠ اܳټఈఃث اܳޚݠق ሒᇭ ੯੩ޚৎ৊ا اࠍ੅ޚ؊ أن ،ఈఃَۋޓ (6 .3) ،(4 .3) اܳټఈఃث(3. 2)، اࠍ੊ڎاول ఈః༠ل ݆݁
h = 0.001 و h = 0.01 ؜ٷڎ ݁ٷ۬ ଫଊأ܋ h = 0.1 ؜ٷڎ ( ಣಈᕬފިن لگ۰ ޗݠ و اৎ৊ٷۜݠف ނٴ۬ لگ۰ ޗݠ اৎ৊ފٺޚ٭ఈఃت
اࠍ੆ܭ ሌᇿا ॷॖदاܳٺگݠ اࠍ੆ܭ لޝول و ༥ڎا ݬ؞ଫଃة اࠍ੅ޚ؊ ڢ٭۰݄ ೑಻Ⴄ၍ ؇గၵ၍ h اࠍ੅ޚިة ݿأ۰ ሒᇭ ڢጝ጑ٷ؇ ؇గၵ၍ أَ۬ ૭૙ྥٷٺھ ݁ٷ۬ و

اࠍ੆گ٭ࠔࠫ.
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اܳټ؇ܳت ༟ڎدل۰اܳڰݱܭ ༇຀؇ਐ಻

༉໧ပ྾׫ܙ ଄૯ء٤ܙم ١ֵ ෕ເاڤـڎ اिऻ۾׫ؠ١ ౏ఢڤ׫ؠۑ ຐ׿د١ֵ ႞႖أڲ׭ 3 .3
1 .3 .3 ڲ׭ոل

اܳٺ؇ܳ٭۰: ً؇ܳأٴ؇رة ّأޚް f ᄭᄟاᄴፁዧ α > 0 ۰ਊಾීෂا ݆݁ ྘ྲྀႤ၍ٺި ஓ୾ڰ۳ިم ل۰ ๤ཏاܳـܝ اৎ৊ލٺگ۰ أن َأ޺޾

CDα
0 f(t) =

1

Γ(m− α)

∫ t

0

(t− s)m−α−1f (m)(s)ds.

:႟ၽاܳލ ݆݁ اᄴᄟڢ٭ݑ اࠍ੆ܭ ؜ٴ؇رة ّݱٴں t ∈ [0, 1] ۋ٭ت f(t) = tβ ᄭᄟاᄴᄟا ً؊༠ڍ

CDα
0 t

β =
Γ(β + 1)

Γ(β − α + 1)
tβ−α.

اܳޚݠق ً؇ݿٺأ݄؇ل β = 2.5 و α = 0.5 أ༥ܭ ݆݁ f ᄭᄟاᄴፁዧ ྘ྲྀႤ၍ٺި ৎ৊ލٺگ۰ ॷॖदاܳٺگݠ اࠍ੆ܭ ً؇෠ຬ؇د اৎ৊ټ؇ل ۱ڍا ሒᇭ ݿٷگިم
و h = 0.01، h = 0.1 ෛ੼ٺܹڰ۰ ڢࡗࡲ أ༥ܭ ݆݁ f ᄭᄟاᄴፁዧ ॷॖदاܳٺگݠ اࠍ੆ܭ و اᄴᄟڢ٭ݑ اࠍ੆ܭ ඔ൹ً َگ؇رن ዻዧذ ًأڎ اܳټఈఃث.
੯੩ޚৎ৊ا اࠍ੅ޚ؊ ݿٷأޚ޶ اᄴᄟڢ٭ݑ، اࠍ੆ܭ ݆݁ ا৖৑ڢଫଐاب ሒᇭ h = 1

N
اࠍ੅ޚިة ޗިل أᆇᆅ٭۰ ܳٺྟ٭؇ن t ႟၍ ؜ٷڎ h = 0.001

اܳټఈఃث. اܳޚݠق ݆݁ لگ۰ ޗݠ ႟၍ أ༥ܭ ݆݁ ዻዧوذ ༥ڎول ሒᇭ

اܳٺ؇ܳ٭۰: ༇຀؇اܳٷٺ আॻ༟ ౫౜రݱܭ اৎ৊ފٺޚ٭ఈఃت لگ۰ ޗݠ ਐಸޚٴ٭ݑ
n t V al.Exact V al.app Erreur

1 0 0 0 0
2 0.1 0.016616 0 0.016616

3 0.2 0.066467 0.028209 0.038257

4 0.3 0.149550 0.091473 0.058077

5 0.4 0.265868 0.188596 0.077271

6 0.5 0.415418 0.319310 0.096108

7 0.6 0.598203 0.483496 0.114706

8 0.7 0.814220 0.681092 0.133128

9 0.8 1.063472 0.912057 0.151414

10 0.9 1.345957 1.176365 0.169591

11 1 1.661675 1.473996 0.187679

.CDα
0 t

β ܳـ اৎ৊ފٺޚ٭ఈఃت لگ۰ ޗݠ ً؇ݿٺ༱ڎام ॷॖदاܳٺگݠ اࠍ੆ܭ :7 .3 ༥ڎول
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اܳټ؇ܳت ༟ڎدل۰اܳڰݱܭ ༇຀؇ਐ಻

ਐಸޚٴ٭ݑ ؇ዛዀܹ༟ ا௱௯௫ݱܭ اᄴᄟڢ٭گ۰ و اܳٺگݠ཯ྟ٭۰ ༇຀؇اܳٷٺ ඔ൹ً ۰ਃ಻؇اܳٴ٭ اৎ৊گ؇ر۰َ :4 .3 ႟ၽނ
.CDα

0 t
β ܳـ اৎ৊ފٺޚ٭ఈఃت لگ۰ ޗݠ

݁گٴިل. ႟ၽ૰૖ اᄴᄟڢ٭گ۰ اࠍ੆ߺࠊل ݆݁ ّگଫଐب اܳٺگݠ཯ྟ٭۰ اࠍ੆ߺࠊل أن ఈఃَۋޓ (7 .3) اࠍ੊ڎول ఈః༠ل ݆݁
t h = 0.1 h = 0.01 h = 0.001

0 0 0 0
0.1 0.016616 1.876793E − 03 1.743863E − 04

0.2 0.038257 3.655987E − 03 3.442045E − 04

0.3 0.058077 5.407074E − 03 5.131710E − 04

0.4 0.077271 7.143876E − 03 6.816974E − 04

0.5 0.096108 8.871621E − 03 8.499428E − 04

0.6 0.114706 1.059296E − 02 1.017988E − 03

0.7 0.133128 1.230946E − 02 1.185883E − 03

0.8 0.151414 1.402213E − 02 1.353658E − 03

0.9 0.169591 1.573169E − 02 1.521335E − 03

1 0.187679 1.743863E − 02 1.688931E − 03

.h = 0.1، 0.01، 0.001 أ༥ܭ ݆݁ اৎ৊ޚܹگ۰ ا৙৑ۊޚ؇ء ඔ൹ً اৎ৊گ؇ر۰َ :8 .3 ༥ڎول
اܳٺ؇ܳ٭۰: ༇຀؇اܳٷٺ আॻ༟ ౫౜రݱܭ اৎ৊ٷۜݠف ނٴ۬ لگ۰ ޗݠ ਐಸޚٴ٭ݑ
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اܳټ؇ܳت ༟ڎدل۰اܳڰݱܭ ༇຀؇ਐ಻

n t V al.Exact V al.app Erreur

1 0 0 0 0
2 0.1 0.016616 0 1.661675E − 02

3 0.2 0.066467 0.034385 3.208103E − 02

4 0.3 0.149550 0.107400 4.215032E − 02

5 0.4 0.265868 0.215563 5.030489E − 02

6 0.5 0.415418 0.358067 5.735172E − 02

7 0.6 0.598203 0.534553 6.365009E − 02

8 0.7 0.814220 0.744822 6.939834E − 02

9 0.8 1.063472 0.988752 7.471991E − 02

10 0.9 1.345957 1.266259 7.969791E − 02

11 1 1.661675 1.577283 8.439148E − 02

.CDα
0 t

β ܳـ اৎ৊ٷۜݠف ނٴ۬ لگ۰ ޗݠ ً؇ݿٺ༱ڎام ॷॖदاܳٺگݠ اࠍ੆ܭ :9 .3 ༥ڎول

ਐಸޚٴ٭ݑ ؇ዛዀܹ༟ ا௱௯௫ݱܭ اᄴᄟڢ٭گ۰ و اܳٺگݠ཯ྟ٭۰ ༇຀؇اܳٷٺ ඔ൹ً ۰ਃ಻؇اܳٴ٭ اৎ৊گ؇ر۰َ :5 .3 ႟ၽނ
.CDα

0 t
β ܳـ اৎ৊ٷۜݠف ނٴ۬ لگ۰ ޗݠ

اܳފ؇ًگ۰ لگ۰ اܳޚݠ ݆݁ أدق ًݱڰ۰ اᄴᄟڢ٭گ۰ اࠍ੆ߺࠊل ݆݁ ّگଫଐب اܳٺگݠ཯ྟ٭۰ اࠍ੆ߺࠊل أن ఈఃَۋޓ (9 .3) اࠍ੊ڎول ఈః༠ل ݆݁
اৎ৊ފٺޚ٭ఈఃت- لگ۰ -ޗݠ
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اܳټ؇ܳت ༟ڎدل۰اܳڰݱܭ ༇຀؇ਐ಻

t h = 0.1 h = 0.01 h = 0.001

0 0 0 0
0.1 1.661675E − 02 8.439148E − 04 2.786906E − 05

0.2 3.208103E − 02 1.219562E − 03 3.957245E − 05

0.3 4.215032E − 02 1.505759E − 03 4.854671E − 05

0.4 5.030489E − 02 1.746363E − 03 5.611032E − 05

0.5 5.735172E − 02 1.958023E − 03 6.277303E − 05

0.6 6.365009E − 02 2.149197E − 03 6.879601E − 05

0.7 6.939834E − 02 2.324887E − 03 7.433437E − 05

0.8 7.471991E − 02 2.488338E − 03 7.948911E − 05

0.9 7.969791E − 02 2.641800E − 03 8.433037E − 05

1 8.439148E − 02 2.786906E − 03 8.890922E − 05

.h = 0.1، 0.01، 0.001 أ༥ܭ ݆݁ اৎ৊ޚܹگ۰ ا৙৑ۊޚ؇ء ඔ൹ً اৎ৊گ؇ر۰َ :10 .3 ༥ڎول
اܳٺ؇ܳ٭۰: ༇຀؇اܳٷٺ আॻ༟ ౫౜రݱܭ ಣಈᕬފިن لگ۰ ޗݠ ਐಸޚٴ٭ݑ

n t V al.Exact V al.app Erreur

1 0 0 0 0
2 0.1 0.016616 0 1.661675E − 02

3 0.2 0.066467 0.011283 5.518322E − 02

4 0.3 0.149550 0.103223 4.632720E − 02

5 0.4 0.265868 0.218802 4.706594E − 02

6 0.5 0.415418 0.366383 4.903559E − 02

7 0.6 0.598203 0.546865 5.133755E − 02

8 0.7 0.814220 0.760498 5.372277E − 02

9 0.8 1.063472 1.007370 5.610225E − 02

10 0.9 1.345957 1.287516 5.844080E − 02

11 1 1.661675 1.600950 6.072454E − 02

.CDα
0 t

β ܳـ ಣಈᕬފިن لگ۰ ޗݠ ً؇ݿٺ༱ڎام ॷॖदاܳٺگݠ اࠍ੆ܭ :11 .3 ༥ڎول
ଫ଒أ܋ ّگ؇رب ۰༥ࢻࣖر ༥ڎا ݁ٺگ؇ر۰ً ّܝިن اᄴᄟڢ٭گ۰ اࠍ੆ߺࠊل و اܳٺگݠ཯ྟ٭۰ اࠍ੆ߺࠊل أن ఈఃَۋޓ (11 .3) اࠍ੊ڎول ఈః༠ل ݆݁

اৎ৊ٷۜݠف- ނٴ۬ لگ۰ -ޗݠ ૭૜ٴگ۳؇ มฆܳا لگ۰ اܳޚݠ ݆݁
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ਐಸޚٴ٭ݑ ؇ዛዀܹ༟ ا௱௯௫ݱܭ اᄴᄟڢ٭گ۰ و اܳٺگݠ཯ྟ٭۰ ༇຀؇اܳٷٺ ඔ൹ً ۰ਃ಻؇اܳٴ٭ اৎ৊گ؇ر۰َ :6 .3 ႟ၽނ
.CDα

0 t
β ܳـ ಣಈᕬފިن لگ۰ ޗݠ

t h = 0.1 h = 0.01 h = 0.001

0 0 0 0
0.1 1.661675E − 02 6.072454E − 04 1.713759E − 05

0.2 5.518322E − 02 8.058023E − 04 2.408582E − 05

0.3 4.632720E − 02 9.664378E − 04 2.943789E − 05

0.4 4.706594E − 02 1.104361E − 03 3.395674E − 05

0.5 4.903559E − 02 1.227020E − 03 3.794119E − 05

0.6 5.133755E − 02 1.338552E − 03 4.154527E − 05

0.7 5.372277E − 02 1.441513E − 03 4.486074E − 05

0.8 5.610225E − 02 1.537615E − 03 4.794750E − 05

0.9 5.844080E − 02 1.628067E − 03 5.084722textttE − 05

1 6.072454E − 02 1.713759E − 03 5.359027E − 05

.h = 0.1، 0.01، 0.001 أ༥ܭ ݆݁ اৎ৊ޚܹگ۰ ا৙৑ۊޚ؇ء ඔ൹ً اৎ৊گ؇ر۰َ :12 .3 ༥ڎول
لگ۰ (ޗݠ اܳټఈఃث اܳޚݠق ሒᇭ ੯੩ޚৎ৊ا اࠍ੅ޚ؊ أن ،ఈఃَۋޓ (12 .3) ،(10 .3) ،(8 .3) اܳټఈఃث اࠍ੊ڎاول ఈః༠ل ݆݁
و h = 0.001 و h = 0.01 ؜ٷڎ ݁ٷ۬ ଫଊأ܋ h = 0.1 ؜ٷڎ ( ಣಈᕬފިن لگ۰ ޗݠ و اৎ৊ٷۜݠف ނٴ۬ لگ۰ ޗݠ اৎ৊ފٺޚ٭ఈఃت،

.੯੩ޚৎ৊ا اࠍ੅ޚ؊ ڢ٭۰݄ ڢܹب ؇గၵ၍ h اࠍ੅ޚިة ݿأ۰ ሒᇭ ڢጝ጑ٷ؇ ؇గၵ၍ أَ۬ ૭૙ྥٷٺھ ݁ٷ۬
ஓ୾ڰ۳ިم ل۰ ๤ཏاܳـܝ اৎ৊ލٺگ۰ و ܳ٭ިڣ٭ܭ رஓ୷؇ن ஓ୾ڰ۳ިم اܳـܝ๤ཏي اܳٺႤၽ݁ܭ ೞಱܳٺگݠ اᄴᄟڢ٭گ۰ ༇຀؇اܳٷٺ ؕ݁ اܳٺگݠ཯ྟ٭۰ ༇຀؇اܳٷٺ ஓ୾گ؇ر۰َ
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ఈః༠ل و݆݁ ( ಣಈᕬފިن لگ۰ ޗݠ و اৎ৊ٷۜݠف ނٴ۬ لگ۰ ޗݠ اৎ৊ފٺޚ٭ఈఃت، لگ۰ (ޗݠ اܳأڎدل۰ اܳޚݠق ࿓؆ݿٺأ݄؇ل ᄭᄟاᄴፁዧ ྘ྲྀႤ၍ٺި
أي اৎ৊ފٺޚ٭ఈఃت و اৎ৊ٷۜݠف ނٴ۬ มฆلگ ޗݠ ሒᇭ اࠍ੅ޚ؊ ݆݁ أڢܭ ಣಈᕬފިن لگ۰ ޗݠ ሒᇭ ੯੩ޚৎ৊ا اࠍ੅ޚ؊ أن ఈఃَۋޓ اࠍ੊ڎاول

ᆙᆘٺ؇زة. ༇຀؇ਐ಻ ّأޚ޶ اࠍ੅ޚިة ଫଃّݱ؞ ؜ٷڎ ปฆۋ ඔ൹لگٺ اܳޚݠ ၯ၍ٺ؇ ݆݁ أدق ಣಈᕬފިن لگ۰ ޗݠ أن
.MATLAB R2016a اఈఃّ؇ৎ৊ب ༇ံ؇َߓߵ ࿓؆ݿٺأ݄؇ل ؇ዛዀܹ༟ اࠍ੆ݱިل ቕቆ اৎ৊گڎم اৎ৊ټ؇ل ሒᇭ اܳأڎدل۰ ༇຀؇اܳٷٺ ڲ୹୴ؼ܊١:

above space for just
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۰ஓ஄؇ۊـــــ
above space for just

౪౜రڍ ۏأܹٷ؇ ؇݁ ۱ڍا و اܳـܝ๤ཏل۰ اܳٺఈః݁Ⴄၽت و اৎ৊ލٺگ؇ت دراݿ۰ ሒᇭ ܋ٴଫଃة أᆇᆅ٭۰ ۱ڍا ؇َ๤ཡ؜ ሒᇭ اܳٴ؇ۋټިن ሌᇿأو
ڢڎ݁ٷ؇ ቕ቉ اܳـܝ๤ཏي اࠍ੆ފ؇ب ۋިل ᄭᄥ݁؇ނ و ۰݁؇༟ َޙݠة ቕሹگڎਐಸ ৖৑أو ڣگ݄ٷ؇ ؇਍ಾாணڍৎ৊ ᆇᅒިݪިع ؇ዝཡෛູ มฆܳا اܳٺگݠਊಱ؇ت
݆݁ ႟၍ ّگݠਊಱ؇ت ෠ຬ৕৑؇د ( ಣಈᕬފިن لگ۰ ޗݠ و اৎ৊ٷۜݠف ނٴ۬ لگ۰ ޗݠ اৎ৊ފٺޚ٭ఈఃت، لگ۰ (ޗݠ ༟ڎدل۰ ޗݠق ఈఃٔث
༟ڎدل۰ ᄭᄥأ݁ټ ቕሹگڎਐಸ اᄴᄟراݿ۰ ۱ڍه أஓ஄݄ٷ؇ و ྘ྲྀႤ၍ٺި ஓ୾ڰ۳ިم ل۰ ๤ཏاܳـܝ اৎ৊ލٺگ۰ و ܳ٭ިڣ٭ܭ رஓ୷؇ن ஓ୾ڰ۳ިم اܳـܝ๤ཏي اܳٺႤၽ݁ܭ
༇຀؇اܳٷٺ ݆݁ اܳأڎࢴࣖ ሌᇿإ ዛኞڍا ڣٺިݬܹٷ؇ ؇۱ଫଃّ؞٭ ؜ٷڎ و اࠍ੅ޚިة ོྦྷٴ྘ب ؜ٷڎ اᄴᄟڢ٭ݑ اࠍ੆ܭ و ॷॖदاܳٺگݠ اࠍ੆ܭ ඔ൹ً ً؇ৎ৊گ؇ر۰َ ؇ዛዀڣ ᆇᅪٷ؇
ሒሃ ಣಈᕬފިن لگ۰ ޗݠ أن و اᄴᄟڢ٭ݑ اࠍ੆ܭ ݆݁ ॷॖदاܳٺگݠ اࠍ੆ܭ إڢଫଐب ؇గၵ၍ اࠍ੅ޚިة ݿأ۰ ሒᇭ ਐಸگܹ٭ݧ ᆇᅪٷ؇ ؇గၵ၍ :؇ዛዊ྘ྲྀ ݆݁
྘ྲྀႤ၍ٺި. ஓ୾ڰ۳ިم ل۰ ๤ཏاܳـܝ اৎ৊ލٺگ۰ و رஓ୷؇ن-ܳ٭ިڣ٭ܭ ஓ୾ڰ۳ިم اܳـܝ๤ཏي اܳٺႤၽ݁ܭ ݆݁ ႟၍ ሒᇭ اܳټఈఃث اܳޚݠق ඔ൹ً ݆݁ ا৙৑دق
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