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ABSTRACT IN ENGLISH

IN this work, we consider a one-dimensional swelling problem in porous elastic soils with second
sound and a constant internal delay, where the heat conduction is given by Cattaneo’s law. The
system’s well-posedness is established using the semigroup approach, ensuring the existence and
uniqueness of the solution. Furthermore, through energy analysis and the construction of a suitable
Lyapunov functional, it is proven that the dissipation provided by the second sound mechanism leads
to exponential stability, regardless of the system parameters. Finally, we give some numerical tests
to illustrate the theoretical results by carrying out an Euler scheme for time discretization and finite
difference method for spatial discretization. Then, we introduce a fixed point algorithm to solve the

discretized problem.

Key words : Hyperbolic problems, Delay, Swelling porous system, Porous system, Heat conduction

equations, Semigroup theory, Lyapunov functional, Exponential stability.




ABSTRACT IN FRENCH

DAns ce travail, nous étudions un probléme de gonflement uni-dimensionnel dans des sols élastiques
poreux, avec la prise en compte du second son et d'un retard interne constant, ou la conduction
thermique est décrite par la loi de Cattaneo. On démontre que le systéme admet une solution unique,
stable et bien définie, en utilisant la théorie des semi-groupes, ce qui garantit ’existence et 'unicité
de la solution.Par ailleurs, a travers une analyse énergétique et la construction d’une fonctionnelle de
Lyapunov appropriée, il est démontré que la dissipation induite par le mécanisme du second son conduit
a une stabilité exponentielle, indépendamment des parametres du systeme. Enfin, nous présentons
quelques tests numériques afin d’illustrer les résultats théoriques, en appliquant un schéma d’Euler
pour la discrétisation temporelle et la méthode des différences finies pour la discrétisation spatiale.

Ensuite, nous introduisons un algorithme du point fixe pour résoudre le probleme discrétisé..

Mots-clés : Problémes hyperboliques, Retard, Systéme poreux gonflant, Systéme poreux, Equations de

conduction thermique, Théorie des semi-groupes, Fonctionnelle de Lyapunov, Stabilité exponentielle.
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NOTATIONS

* PDEs: the abbreviation for " partial differential equations".

* IR: the set of real numbers (1-dimensional real Euclidean space).
* (: the open domain in RN

e LP(Q): Lebesgue space.

« WEP(Q): the Sobolev space.

 Ck(Q): the space of k times continously differentiable functions.
* C(Q) = NkenCH(Q).

* C(Q): the space of C*(Q)) functions with compact support.

e < .,.>: the scalar product.

* |.||: the norm.

 Cp: the abbreviation for "CesA ro summable of order 0".




GENERAL INTRODUCTION

Swelling porous soils are among the most important topics of interest in geotechnical engineering and
soil mechanics due to their significant and often hazardous impact on structural safety and stability
particularly in regions with high concentrations of active clay minerals such as montmorillonite.
When these minerals absorb water, the interlayer spacing between clay particles increases, resulting in
considerable volumetric expansion. This swelling can lead to cracks, uneven settlement, and foundation
failure. Therefore, understanding the behavior of such soils is crucial for preventing structural damage

and improving construction design.

In this context, we consider a mathematical framework which is a type of model that describes the
coupled dynamics of mechanical displacement, thermal conduction and delayed response within a

porous medium. Here’s a breakdown of the model ([3])

;

0zZtt = X1Zxx T X2Uxx, in (0,L) x (0,00)

Pulltt = Q3Uxyx + XpZxx + BOx — pu(x,t — T), in (0,L) x (0, 00) a.1)
cOr = —qx + Purx, in (0,L) x (0,00)

Toqr = —q — kbx, in (0,L) x (0,00)

\

Where z, u, 6, g represent respectively solid matrix displacement, pore fluid displacement, temperature
field and the heat flux.

The system parameters:
pz : Density of the solid.
pu : Density of the fluid.

¢ : Specific heat.
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Tp : Relaxation time in Cattaneo’s law.

«q : Elastic stiffness of solid.

ay : Coupling coefficient (solid-fluid).

a3 : Fluid stiffness / viscosity.

B : Thermoelastic coupling coefficient.

u : Damping or memory coefficient related to the delay response.
k : Thermal conductivity.

T : Delay time.

The first equation describes the motion of the solid matrix z in a porous medium. The second equation
describes the fluid motion u within the pores.The third equation models the energy balance (heat
equation). The fourth equation describes the heat conduction via Cattaneo’s law which introduces

finite propagation speed for heat (Hyperbolic thermal model).

In this dissertation, we investigate the existence and uniqueness of solution of the system([1.1)) subject

to the following initial and boundary conditions

([ 2(x,0) = zo(x) , z:(x,0) = z1(x) , 6(x,0) =8(x) , x€ (0,L)

u(x,0) =uo(x) , u(x,0) =ui(x) , q(x,0) =qo(x) , x € (0,L)

ur(x, —t) = fo(x,t) in (0,L) x (0, 7)

| 2(0,t) = ze(L,t) = u(0, 1) = ux(L,t) = 65(0,) = 6(L, ) = q(0,) = 0, > 0

(1.2)

To ensure the physical consistency and mathematical well-posedness of the system, we impose the

following conditions on the material parameters:
2
X3 > a5. (1.3)

Our study is based on the semi-group theory, more precisely Lumer Phillips theorem or Hille-Yosida
theorem ([7],[13]). Then, we establish an exponential decay result of the solution by using the
multipliers method to construct a Lyapunov function which is equivalent to the energy’s system (see

([31,[101)). Moreover, we give a numerical simulation by introducing a fixed point algorithm to solve
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the discretized problem ([3]]). Finally, we illustrate the theoretical result by choosing different choices

of the coefficients of the system and initial conditions.
This dissertation is structured into four chapters as follows:

e Chapter 1 presents essential mathematical definitions and theoretical tools that are used throughout

the following chapters, including functional analysis concepts and preliminary results.

e Chapter 2 focuses on the existence and uniqueness of the solution to the delayed swelling porous

thermoelastic system, using the theory of semigroups of linear operators.

e Chapter 3 is devoted to the study of energy estimates and stability analysis. Lyapunov functionals are

constructed to demonstrate the asymptotic behavior of the solution.

e Chapter 4 presents a numerical test that illustrates the theoretical results and simulates the behavior

of the model under specific physical conditions.




CHAPTER

Preliminaries

1.1 Partial differential equations (PDEs)

Definition 1.1.1. [[16]] A partial differential equation (PDE) is relation involving an unknown function u

defined from R" to R, the variables x,y, ..., and their partial derivatives i, Uy, ooy Uxx, Uyy, ... It is generally

written as
F(X, Y, ey Uy U, Uy, ooy U, Uy, Uyy, -.) = 0, (D
where
b ou . ou
T ox’ Yoy

Equation (1)) is considered in a domain Q) C R".

The solutions of equation are functions that satisfy it in Q).

Definition 1.1.2. [[16]] The order of a partial differential equation is the highest order of partial derivative
appearing in the equation.

Definition 1.1.3. [16]] A partial differential equation is called linear if the function F is linear with
respect to the function u and all its partial derivatives. In other words, if u and its partial derivatives
appear separately and to the power 1, the equation is said to be linear.

Definition 1.1.4. [16]] A homogeneous partial differential equation is satisfied for u = 0. (That is, if
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written in the usual form, the right-hand side containing neither u nor its partial derivatives is identically

zero.)

1.1.1 First-order Linear PDE
The most general form of a first-order linear PDE with two variables is:

ou
Al y)5- +B(xy)

du

ay+q%wu=Dwﬁ)

where A, B,C, D are functions.

Example 1.1.1.
ou oJu 0

ax oy
1.1.2 Classification of Second-order Linear PDEs with Constant Coefficients
A second-order linear PDE with constant coefficients can be written as:

o%u o%u o%u ou ou

The first three terms correspond to the principal part. The constants A, B,C, D, E, F, G are constants.

1.1.3 The type of the PDE depends on the sign of B> — 4AC
o If B2 — 4AC > 0, the PDE is said to be hyperbolic.
e If B2 — 4AC = 0, the PDE is said to be parabolic.

o If B2 — 4AC < 0, the PDE is said to be elliptic.

1.1.4 Initial and Boundary conditions

PDEs problems typically involve initial conditions, which define the value of the solution at a given
initial time, such problems also require boundary conditions which are imposed on a partial differential
equation to determine a unique solution. These conditions are specified at the boundaries of the
domain on which the PDE is defined.




6 Preliminaries

Boundary conditions can be classified into different types, depending on the nature of the problem and
the physical or mathematical requirements. Here are some commonly encountered types of boundary

conditions
e Dirichlet boundary condition: Specifies the values of the unknown function at the boundaries.

e Neumann boundary condition: Which can be defined as the derivative of the solution with respect

to the normal on a part of the boundary.
e Mixed condition: There are several ways to obtain mixed conditions:

The first is to impose Dirichlet conditions in some directions and Neumann conditions in others at the

same point on the boundary.

The second way is a linear combination of a Dirichlet condition and a Neumann condition which called

Robin conditions.

1.2 Functional spaces

1.2.1 Banach space
Standing assumptions for this chapter
e F denotes R or C.

e V denotes vector space over F.
Definition 1.2.1. [5] (Inner product): An inner product on V is a function that takes each ordered pair

(u,v) of elements of V to a number (u,v) € F and has the following properties
e Positivity

(v,v) > 0forallv e V.

e Definiteness
(v,v) = 0ifand only if v = 0.

e Additivity in first slot
(u+v,w) = (u,w) + (v,w) foralu,v,we V.
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e Homogeneity in first slot

(Au,v) = A(u,v) forall A € Fand all u,v € V.

e Conjugate symmetry

(u,v) = (v,u) forallu,v € V.

Definition 1.2.2. [15] (Norm): For v € V, the norm of V denoted by ||v|| is defined by ||v|| = 1/ (v, v)
satisfying the following properties

e |[v|| = 0ifand only if v = 0.
o |[Av|| = |A]||v]|, forall A € F.

o [[u+ol <|lul+|of, Vu e V.
Definition 1.2.3. [5] (Banach space) Let (V, ||.||) be a normed space, we said that V is a Banach space

if V is a complete space.

1.2.2 Hilbert space

Definition 1.2.4. [5]] (Hilbert space) A Hilbert space is a vector space H equipped with an inner product

such that H is complete for the norm |ju|| = (u, u)%

1.2.3 Lebesgue space L”(Q)

Definition 1.2.5. [5] Let p € R with 1 < p < oo and Q) open domain in R", n € IN, we set
LF(O) = {f : ) — R: f is measurable and / If (x)|P dx < —i—oo},
Q

with )
sy = 171 = ([ 1F 7 ax) "

Definition 1.2.6. [5] For p = oo, we have

[2(Q) = f:Q — R: fis measurable and there exists a positive constant constant C
such that |f(x)| < Ca.e on Q) ’
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with
1]l = || fllc = supess |f(x)| = inf {C € R such that |f (x)| < Ca.ein Q}.

Remark 1.2.1. For p = 2, the space L*>(Q) is a Hilbert space equipped with the inner product

(f.9)= [ f@sEx

hence
Il = ( [, 1F)Pax) "

1.2.4 Distribution spaces

Definition 1.2.7. [2]] Let () be a non-empty open set in R". The support of a function f : () — R denoted
as supp(f), is the closed subset defined by

sup p(f) = {x € Q: f(x) #0},

which means that
xo ¢supp(f) e IVeVixg): f(x)=0, VxeV.

Definition 1.2.8. [[I]] Let Q) be an open set of R". We denote by C°(Q)) or D(Q)) the space of functions
of class C*(Q)) with compact support in Q), such that

D(Q) = {¢ € C(Q) : sup p(¢) is compact} .

Example 1.2.1. Let the function ¢ : R" — R given by

exp(
t g =4 1

0 if x| >1

) i ¥ <1

Then ¢ € D(Q) and its support is exactly the closed unit ball

B(0,1) = {x e R": |x| <1}

Definition 1.2.9. [5]] Let Q) be an open set of R". A distribution on Q) is defined as a continuous linear
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form on D(Q)). We denoted D' (Q)) the set of distributions on Q).

In general, we use the notation (T, ¢) or (T, ¢)pi(q) p( rather than T(g) for the image of the test
function ¢ € D(Q) by the distribution T € D' (Q)).
Lemma 1.2.1. [T1] Let f € L*(Q), if for any function ¢ € D(Q) we have

[ f@e) =0,

then f(x) = 0 almost every where in Q).

1.2.4.1 Weak derivative

Definition 1.2.10. [4] Let u € L?(Q)) and g € L*(Q)), we say that g is a weak derivative of u in L*(Q))
if for every test function ¢ € C2°(Q)), we have

b

/wmqux:—iguqux

a

Theorem 1.2.1. [4] If such a weak derivative exists, it is unique (almost everywhere), and it is denote it

by d.u.

1.2.5 Sobolev space W"?(Q)

Definition 1.2.11. [5] Let m > 0 be an integer and p a real number with 1 < p < oo, we define the
space WP (Q)) by

W™P(Q) = {f € LP(Q); D*f € LP(Q)), Ya € N"; |a| < m},

n u aaﬁ—zxﬁ— ...... +ay
such that |a| = a; <mand D*f =
] ; I= f 0x719x52......0x},
]7
of f (in the sense of distributions).

~f, where D" f represents a weak partial derivative

Theorem 1.2.2. [2] The space W"?(Q)) is a Banach space with their usual norm

1
p
fwmm><Z:nyﬂmJ :

|| <m




10 Preliminaries

Remark 1.2.2. If p = 2, Sobolev spaces become particularly due to their property of being Hilbert spaces,
denoted as H™(Q)) and W™2(Q)) = H™(Q)).
Definition 1.2.12. [1]] For an integer m > 1, the Sobolev space H" (Q)) is defined by

H™(Q) = {f € L2(Q) such that Ya € N |a| < m, 9*f € Lz(Q)},

where the partial derivative 9" f is taken in the weak sense.

Proposition 1.2.1. [5] equipped with the scalar product

(f 8 mma) = X /a"‘fa"‘gdx.

la|<m ¢

and with the norm || f || gm(qy = 1/ (f, f), the sobolev space H™(Q)) is a Hilbert space.
Definition 1.2.13. Given an integer m > 2 and a real number 1 < p < oo, the space ng P(Q) is defined
as the closure of C!'(Q)) in W™P(Q)). One shows that

W(T'p(ﬂ) = {” e W"P(Q)); u=Du=..= D" 1y = 0on BQ} )
It is essential to notice the distinction between
Wz’p(Q) = {u e W (Q); u=Du =0on BQ}
0 — 7 - - 7

and
W22 (Q) N W, 7 (Q) = {u € W¥P(Q); u=0on aQ} .

Theorem 1.2.3. [2] Let u € WY (QQ) then u € Wé’p (Q) if and only if u = 0 on oQ).
Definition 1.2.14. [4] The Sobolev space H'(Q) is defined as the set of functions in L>(Q)) that admit a
weak derivative in L?(Q)

HY(Q) = {u € L2(Q)), Fosu € LZ(Q)},

and it is equipped with the norm :

2 2
lull g = /11wl + (922

The key point to retain is the following "integration by parts" formula, which is in fact the definition of the
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weak derivative

b b
Vo € CZ(Q), /u(x)go'(x)dx = — /axu(x)(p(x)dx.

1.3 Some useful inequalities

1 1
Lemma 1.3.1. [5]] (Young’s inequality) Let a,b € R and p,q € |1, +oo] such that v + p =1.So

Pob
abéa—+b—,

P 1
in addition, if f,g € L>(Q) and f.g € L}(Q), then

/|fg|dx§S/|f]2dx+%/|g\2dx, Ve > 0.
0 0 0

Lemma 1.3.2. [5] (Poincaré’s inequality) For all f € H}(QY), the following inequality holds

1f11z2(q) < Cp lI9xfll 120y -

Lemma 1.3.3. [2] (Holder’s inequality) Assume that f € LP(Q)) and g € L1(Q) with 1 < p, q < +o0,
such that 1 + 1 =1, then
p 4

fg €L (Q)and | |fgldx < ||fllr(q) I8l -
Q

Lemma 1.3.4. [5] (Cauchy-Shwarz’s inequality) We put p = q = 2 in Holder’s inequality, we obtain the
Cauchy-Shwarg’s inequality

| 1£814x < 1 fll 2 Ngllz-

1.4 Lax-Milgram Theorem

Definition 1.4.1. [[10] A bilinear form a : H x H — R is said to be
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e Continuous if there exists a constant C such that

ja(u,0)| < Cllullg [0l Yu,0 € H.

e Coercive if there exists a constant & > 0 such that

la(v,0)| > a||v||3, Vo € H.

Theorem 1.4.1. [14] (Lax-Milgram) Assume that a(u,v) is a continuous coercive bilinear form on H and

L : H — R a continuous linear form.

Then, there exists a unique element u € H such that

a(u,v) = L(v), Vv € H.

1.5 Definitions and notions

Definition 1.5.1. [14]] An unbounded linear operator on X is a pair (A, D(A)), where D(A) is a vector
subspace of X, referred to as the domain of A and A is a linear mapping from D(A) into X.
Definition 1.5.2. [[14] An unbounded linear operator (A, D(A)) in X, is closed if its graph

G(A) ={(x,Ax) | x € D(A)} is closed in X x X.

Definition 1.5.3. [14] Let (A, D(A)) an unbounded linear operator in X. If the domain D(A) is dense
in X, then (A, D(A)) is said to be densely defined in X.

1.5.1 The m-dissipative operators in a Banach space

Definition 1.5.4. [7] A linear unbounded operator A is dissipative if and only if
|(AI — A)x|| > A||x|| forall x € D(A) and A > 0.

Definition 1.5.5. [9] An unbounded linear operator (A, D(A)) on X is said to be m—dissipative if :
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e A is dissipative.

e The operator (Al — A) is surjective, that’s
Vf e X,VA>0,3x € D(A) such that A\x — Ax = f.

Theorem 1.5.1. [9] If A is m-dissipative, then, for all A > 0 the operator (Al — A) admits an inverse,
(AI — A)~1f belongs to D(A) for all f € X, and (Al — A)~! is a bounded linear operator verifying

o217

>

Theorem 1.5.2. [9] Let (A, D(A)) an unbounded dissipative linear operator in X. The operator A is

m-dissipative if and only if
d Ao such that Vf € X, 3x € D(A) verifies Agpx — Ax = f.

Theorem 1.5.3. [9] Let (A, D(A)) an unbounded linear operator in X. If it exists Ay > 0 for which the
operator Ayl — A is bijection of D(A) on X, and if (Agl — A)_1 is a bounded operator on X then A is
closed.

Definition 1.5.6. [13] Let A be dissipative with R(I — A) = X. If X is reflexive then

D(A) = X.

1.5.2 The m-dissipative operators in a Hilbert space

Definition 1.5.7. [9] An unbounded linear operator A : D(A) C H — H, is said to be dissipative if it
satisfies
(Ax,x) <0Vx e D(A).

Ais maximal if R(I— A) = H, i.e

Vfe H,3x € D(A) such that x — Ax = f.
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The operator A is said to be monotone if — A is dissipative, i.e
(Ax,x) > 0 forall x € D(A).

Proposition 1.5.1. [5] Let A : D(A) C H — H (H denotes a Hilbert space) be a m-dissipative operator,
then

e A is closed.

e D(A) is dense in H.

1.6 Strongly continuous semigroup of contractions of bounded
linear operators

Let X be a Banach space over the field F (C or R) and let B(X) be the Banach algebra of bounded
linear operators from X into X.
Definition 1.6.1. [13]] A family of operators (T(t));~o C B(X) is called a semigroup if it satisfies the

following properties
e T (0) = I (where I is the identity operator on X).

oT(t+s)=T(t)T(s),forallt,s>0.
Definition 1.6.2. [[13] A semigroup (T (t));>, of bounded linear operators on X is a strongly continuous

semigroup of bounded linear operators if

IimT(t)x =x, Vx € X.

t—0

A strongly continuous semigroup of bounded linear operators on X will be called a semigroup of class Cy

or simply a Cy-semigroup.

1.6.1 The infinitesimal generator

Definition 1.6.3. [[13] The infinitesimal generator of the semigroup (T(t)), is the linear operator A

defined by

_ +
Ax = lim T(t)x = x _ AT (M)x li=0 foranyx e D (A),
t—0 t dt
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with
D(A) = {x € X :lim Wexists} .

t—0

Theorem 1.6.1. [[7] Let (T(t));>( be a Co-semigroup. There exist constant w > 0 and M > 1 such that
|IT (t)]] < Mexp(wt) for 0 < t < oo.
Theorem 1.6.2. [[7] A Co-semigroup (T(t))~ on X is of contractions if
IT(#)]] <1for0 <t < oo.

Theorem 1.6.3. [13] Let X be a Banach space and let A be the infinitesimal generator of a Cy
semigroup (T (t));>q on X, satisfying | T(t)|| < Mexp(wt).If B is a bounded linear operator on X then A +
B is the infinitesimal generator of a Cy semigroup S(t) on X, satisfying ||S(t)|| < Mexp((w + M ||B]|) t).
Theorem 1.6.4. [[13] Let (T(t)),>q be a Co-semigroup and let A be its infinitesimal generator. Then

eforxec X

y 1 rtth p
hlgtl)ﬁ/t T (s)xds =T (t) x.

e For x € X, /OtT(S)xds € D(A) and
A (/OtT(s)xds> =T(t)x—x

e For x € D(A), T(t)x € D(A) and

d
ET(t)x = AT (t)x = T (t) Ax.

e For x € D(A)
T(t)x—T(s)x:/tT(T)AxdT:/tAT(T)xdT.
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1.7 Hille-Yosida Theorem

Theorem 1.7.1. [[13] An unbounded linear operator A : D(A) C X — X is the infinitesimal generator

of a Cy-semigroup of a contractions on X if and only if the following conditions are satisfied
(a) D(A) is dense in X.
(b) A is a closed operator.

(c) For every A > 0, the operator (Al — A) is bijective mapping from D(A) into X and (A — A) lisa
bounded operator on X satisfying

o4 5

==

Theorem 1.7.2. [13]] An unbounded linear operator (A, D(A)) on X is the infinitesimal generator of a
Co-semigroup of contractions on X if and only if A is m-dissipative and of dense domaine in X.

Theorem 1.7.3. [5]] Let A be a maximal monotone operator. Then, given any uy € D(A) there exists a

unique function
u € CY([0, +00); H) N C([0, +0); D(A)),
satisfying
du + Au =0 on [0,4o0]
dt B ’
u (0) = up.
Moreover,

lu(t)| < |ug| and

%) = 14w 0] < 4], e >0

1.8 Lumer-Phillips

Theorem 1.8.1. [13] Let A be a linear operator with dense domain D(A) in X

a) If A is dissipative and there exists a Ay > 0 such that the range, R(A¢gl — A) = X, then A is the

infinitesimal generator of a Cy-semigroup of contractions on X.

b) If A is the infinitesimal generator of a Cy-semigroup of contractions on X then R(AI — A) = X for all
A > 0 and A is dissipative.
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1.9 Fundamental Concepts of Stability

Stability is one of the essential aspects in the study of solutions to differential systems, and its concept
aims to formalize the properties of these systems. This means that the properties of differential systems
are closely related to the behavior of the properties of these systems. This also means that the properties
of differential systems are closely related to the behavior of the system’s equilibrium points.

Definition 1.9.1. [8] (equilibrium point) a point x*is said to be an equilibrium point if and only if

f(x*) =0, in other words x* is a state solution of the equation

ielf x(tg) = x* then, x(t) = x*, Vt > t.

1.9.1 Stability and Instability

Definition 1.9.2. [8] (Stability of an equilibrium point) The equilibrium point x*(t) of the differential
equation x'(t) = f(x(t)) is

e Stable: If, for any € > 0, there exists a > 0 such that for any solution x(t) of the differential equation,
if

[0 = x| <9,

then
|x(t) —x*|| <e, forall t > 0.

e Unstable: The equilibrium point is said to be unstable if it is not stable.

1.9.2 Types of Stability

Definition 1.9.3. [8] The equilibrium point x* is said to be asymptotically stable if it is stable, and if
there exists r > 0 such that for every solution x(t) of x(t) = f(x(t)), we have

|xo — x*|| < r = lim ||x(¢) —x*|| =0
t—o0

Example 1.9.1. Consider the system
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= —X
1+t
t >ty tp € Ry

x(t()) = Xp.
This system admits a solution of the form
toq

to 1+s
= xgexp(— [log(1 + )]},

- 1+i’0
0\ )

Note that the equilibrium x* = 0 is stationary, and moreover, we have:

X(t, to, xo) = X exp( dS)

lim X(t, tp, x9) = 0.

t—o0

Therefore, the equilibrium point is asymptotically stable.

1.9.2.1 Exponential Stability

Definition 1.9.4. [8] An equilibrium point x, is exponentially stable for the equation x'(t) = f(x) if

there exist two positive scalars « and K such that:

[[2(8) = xe|| < K[x(0) — xe[| exp(—at),

Example 1.9.2. consider the following system:

x = —(1 +sin?(x))x, withx(t) = xg

e It is clear that x, = 0 is an equilibrium point.

e The solution of the system is given by

x(t) = x(0) exp(/ot —(1 4 sin(s)ds), Vt > 0.
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Let
a(t) = (1+sin(t)).

We have exponential stability.

1.9.2.2 Stability (in the sense of Lyapunov)

Consider a dynamical system
x=f(x), x e R",

with an equilibrium point x,, typically x, = 0.
Definition 1.9.5. [8] (Lyapunov stability) The equilibrium point x = 0 is said to be stable in the sense of
Lyapunov if for every € > 0, there exists a real number 6 > 0 such that

|x(0)|| <6 = ||x(t)]| <& Vt>0.

This means that any trajectory that starts "near" the equilibrium point remains close indefinitely.

1.9.2.3 Stability via Lyapunov function

Definition 1.9.6. [I8] A function V : R" — R is a Lyapunov function for the system if there exists a
neighborhood D of the origin such that

e V(0) =0and V(x) > 0 for all x € D\ {0} (positive definite),

e The derivative along trajectories V(x) = VV (x)T f(x) < 0 (negative semi-definite).
Interpretations

e if V(x) < 0 :The equilibrium is stable

e if V(x) < 0 :The equilibrium is asymptotically stable.

o if V(x) > a1 ||x||* and V(x) < —ay ||x||* for some positive constants a1, a, > 0 the equilibrium is

exponentially stable.




20 Preliminaries

1.10 The delay differential equations (DDEs)

in the study of delay differential (DDEs), delays represent how the current rate of change of a system
depends not only on the current state but also on its past states. Delays are common in biological,
engineering and economic systems. There are three main types of delays: discrete, distributed, and

neutral delays.

1.10.1 Discrete Delay

Definition 1.10.1. [6] A discrete delay refers to a situation where the effect of the past state on the

present is localizes at a single point in time.

Mathematical form

where T > 0 is a constant delay.

Example 1.10.1.

Applications
e Control systems.

e Population dynamics (e.g, delayed birth rate)

1.10.2 Distributed Delay

Definition 1.10.2. [[6]] A distributed delay accounts for the influence of the state over an entire interval
in the past, rather than at a single instant.
Mathematical form
dx (t T
7;5 ) :f<x(t),/0 k(s)x(t—s)ds),
where k (s) is a kernel function describing the weight of the past states.
Example 1.10.2.

dxdl(ft) = —ax (t) + /Ork(s) x(t—s)ds.
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Applications
¢ Epidemiological models.
e Neural field equations.

e Thermal processes.

1.10.3 Neutral Delay

Definition 1.10.3. [6]] In neutral delay differential equations, the derivative of the delayed state also

influences the present rate of change.

Mathematical form

Example 1.10.3.

Features

e More complex dynamics.

e Can introduce higher-order effects like oscillations or instability.
Application

e Transmission lines.

e Mechanical system with damping.




CHAPTER

Well-posedness

In this chapter, we prove the existence and uniqueness of solutions for system ((1.1)-(1.2) based on the

semigroup theory and more precisely the Lummer Phillips theorem.

First, we introduce the following change of variable

¢ (x,0,t) = us(x,t —pt) in (0,L) x (0,1) x (0,00), (1.3)

which satisfies

T@i(x,0,t) + @p(x,0,t) = 0in (0,L) x (0,1) x (0, 00).

Hence problem(1.1) takes the form

(

0221 = 01 Zxx + Qolizy in (0,L) x (0,00)

Pullst = A3Uxx + &oZxx + BOx — ue (x,1,1) in (0,L) x (0,0)

cfr = —qx + Puirx in (0, L) x (0, 00) (1.4)
Toqr = —q — kbx in (0,L) x (0,0)

| TPt = —@p in (0,L) x (0,1) x (0,0)
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with the boundary and the initial data
( z(0,t) = zx(L,t) = u(0,t) = ux(L,t) = 6,(0,¢t) = 0(L,t) = q(0,£) =0 , t>0
z(x,0) = zo(x) , z¢(x,0) =z1(x) , 6(x,0)=6u(x) , xe€(0L) (1.5)
u(x,0) =up(x) , ue(x,0) =wuy(x) , q(x,0)=4qo(x) , x€(0,L)

[ ¢ (x,0,0) = fo(x,pt) in(0,L) x (0,7)

Second, we start to transform the system ((1.4)-(1.5) as a Cauchy problem. Indeed, we introduce the
vector function U = (z,v,u,¢,0,q, (p)T, where v = z¢, and ¢ = u;. Then, the system Il di can be

rewritten as follows

u=(A+B)U, t >0,

. (2.1)
U(X,O) = U()(X) = (ZOIle Up, Uy, 90/ qOIfO) ’
where
v
o
_lzxx + %uxx
0z z
2
&2 a3 P W I
_ | =z —uer + —0r — —o¢ (x,1,t) — —
AU = ou W o Puq)( ) Pu v ’ (2.2)
By 1
AR
k 1
— =0, — —q
0 1 0
%
with A is unbounded linear operator on ‘H defined by
0 0 0 0 0 0
ay 92 ay 02
Pz dx? () Oz dx2 () 0 0 0 0
0 0 I 0 0
ay 0 g 0 1| B o
A= |52 0 0 250 ﬁ ol om0 0 e
0 0 0 —==() —=I 0
Tp 0X T0 -
0 0 0 0 0 _?$C)
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and the operator 5 : D(B) = H — H is given by

BU = u(0,0,0,:,1;,0,0,0)T.

Pu

We define the energy space as

H =H'(0,L) x L*>(0,L) x AH' (0,L) x L?(0,L) x L*>(0,L) x L?(0, L)
x L2((0,L) x (0,1)).

The domain of A is given by

D(A) = {u €H|zueH(0,L);0¢,qcH (0L);
6 € H (0,L);9 ¢ € L*((0,L) x (0,1))
2 (L) = uy (L) = 6y (0) = 0} .

Where

2.1 Energy space

We define the energy functional of the system ((1.4)-(1.5) as follows

1 (L o2 « 2
E (t) = E/0 (pzzf + puu% + (ocg — “—i> u,zc + (\/i_lux + \/txlzx)
0

1
+c6 + p 7+ |u T/O @* (x,0,t) dp> dax, (2.3)

and we will demonstrate later in chapter 3 how to calculate this quantity. To assure that the energy

functional is well defined, it’s necessary that the following conditions hold

L
/ z2dx < oo,
0
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which implies that z; € L2 (0, L), we have z; = v, it follows that v € L? (0, L). Also we
L
/ u?dx < co,
0
since 1; € L? (0,L) and u; = ¢, we conclude that ¢ € L? (0, L). In addition

L
/ u2dx < oo,
0
and by Poincaré’s inequality, we deduce that

L
/ uldx < oco.
0

Then, by taking into account the boundary conditions, we conclude that
ue ' (0,L).

Furthermore
L
/ z:2dx < o0,
0

by applying the Poincaré’s inequality, we also obtain

L,
/zdx<oo.
0

Then, by taking into account the boundary conditions, we conclude that
ze HY(0,L).

Moreover
L
/ 0%dx < oo,
0

therefore, # € L? (0,L). Then
L
/ 7 dx < co.
0

This is implies that g € L? (0, L). Finally

L /1
/ / @? (x,0,t) dpdx < o,
0 Jo
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which confirm that ¢ € L% ((0,L) x (0,1)).

2.2 Domain of the operator A

Because U € H, we assume that the components

(

zue A (0,L),
v, P € L? (0,L),
0,0 € L>(0,L),
2
[ ¢ € L°((0,L) x (0,1)).

2.4)

In order to AU belongs to H, it’s necessary to impose the following conditions

(ved'(o,L),

ﬂzxx + &uxx clL? (0,L),
z Oz
pecH (0,L),
%zxx + &uxx + ﬁ()x — ﬁ(p (x,1,t) — mgb cl? (0,L),
pu 1 u u Pu pu
év,vx — =g, € L2(0,L),
c . c

1
——0,——gel?(0,L),
— TO”IE (0,L)

gy € 2((0,L) x (0,1)).

\

According to the definition of D(.A), we get

v,p € H (0,L),

and
14 (14
_12xx + _2uxx G L2 (0, L) 7

z z

SO

L L
o Moot ) < oo [ (3t 2t < oo




2.2 Domain of the operator A

Young’s inequality leads to

L e (L 1 /L
- / Zxxuxxdx S oy / ijcxdx + - / uixdx,
0 2 Jo 2¢ Jo

L L, 1 /L,
_2/0 ZaxUprdx < 8/0 zxxdx+g/0 Uy, dx,
L L, 1 /L,
2/0 ZxUprdX > —e/o Z5dx — E/o us,dx,

L, 1\ (L, L, L, L
(1—8)/0 Zopdx + (1_E>/0 uxxdxg/o zxxdx—l—/o uxxdx—l—Z/O ZyxUxxdx < 0o,

Which implies that

O\.~
=
N
=N
=
A
8

so, we deduce

z,u € H? (0,L)

and from (2.4), we obtain z,u € H' (0,L). Then
z,u € H*(0,L).

Next, we consider the term

él/Jx — %qx € L2(0,L).

c
F s
/oq"<°°'

gx € L*(0,L) and g € L*>(0,L),

Similarly

Hence

taking into account the boundary conditions, we have

q(0,t) =0,
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SO
g€ H(0,L).

Moreover,

_ng — lq c L2 (0,L) and g € L? (0,L),
T0 T0

thus, 6, € L?(0,L) and from (2.4), we deduce
0cL?(0,L),

and because
6(L,t)=0,

then,
Finally, it is clear that

For any U = (z,0,u,¢,0,q, (p)T eH, U= (204,904, (P)T € H, we equip H with the inner product

~ L L tx% L
<U,U>H:p2/ vdx + Py 1/)1de—|— “3_071 /Ouxﬂxdx

+/L(\/— \/_Zx> (\/_ux \/_zx>dx+c/ 00dx
k/qqu+|u| // ¢ (%,0,6) ¢ (x,0,t) dodx.

2.3 Existence and uniqueness result

Theorem 2.3.1. Let Uy € H and assume that holds. Then, there exists a unique solution U €
C (R4, M) for the problem ({1.4)-(1.5). Moreover, if Uy € D (A), then

UecC(Ry,D(A))NCHR,H).

Proof. We use the semi-group approach. So, we prove that 4 is a maximal dissipative operator and
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that B is Lipschitz continuous operator. First, we prove that A is dissipative. For this reason, we use

formula (2.2.1). Let U € D (\A), then we have

0
ﬂZxx‘f‘&uxx z
z Pz 0
IP u
%) &3 p [ 14
_ —Zyx + —Uxx + —0r — —0@ (x,1,¢
<Au,u>H_< 0u xx 04 xx 0u X Puq)( ) Pulp , 1}0 > ,
B 1
AR ’
q
0 1 0 @
% "

then

L L
(AU, U) 4, = /0 (01Zxx + Kolyy) VX + / (asttxy + apzxx + BOx — e (x,1,1)
)

— | 9) tpdx+/ ( 3——1> tpydx
+/ ( ux+¢_zx) (\/_2—¢x+\/“—0x) dx+/L(—qx+ﬁ¢x)9dx

+/( == H)qu—lul//qqupxpf)dpdx

Integrating by parts and taking into account the boundary conditions, we get

L L L L
(AU, U), = —aq / ZyUxdX — Ko / UxVrdX — a3 / Uy Pydx — zxz/ Zyydx
0 0 0 0

L L L L
—ﬁ/ wadx—y/ ¢¢x1tdx—|y|/ 1pzdx—|—(x3/ Uy prdx
0
L

2 L L
(14
1

L
—|—(x1/ zxvxdx—|—/ q6x dx-l—,B/ thxdx——/ qde—/ q0xdx
|pl|/ xltdx+y/tp2dx
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It follows that

(AU, U),, =—y/ 1p(px1tdx——/ qdx — i/ @* (x,1,t)d

Also, using Young’s inequality, we get

Finally, we obtain

—y/L¢¢(x 1 t)dx<m/Lgb2dx+M/L(p2(x 1,t)dx
0 7 =7 — 2 0 2 0 7 =7 M

L
(AU, U),, < —%/ g dx < 0.
0

|V|/ 2dx.

(2.6)

Therefore, the operator A is dissipative. Next, we prove that the operator (I — .A) is surjective. For any
F = (f1, f2 f3 fu, f5, fo, fr)T € H, we prove that there exists U € D (A) such that

(I-A)U=F.

The problem (2.7), leads to solve the following system

\

;

z—v=f € H(0,L),
0z0 — &1Zxx — K2Uxx szfz S Lz (O/ L)/
u—yp=feH (0L),

(ou + |p]) ¥ — aguzy — a2zxy — BOx + e (x,1,t) = pufs € L? (0,L),

0+ gy — Bx = cfs € L2 (0, L),
(To+1)qg+kb = 19fs € L>(0,L),
T+ ¢ =1f7 € L*((0,L) x (0,1)).

The last equation in (2.8) with ¢ (x,0,t) = ¥ (x, t) has a unique solution given by

¢ (x,0,t) =9 (x,t)exp (—7p) + Texp (—1p) /Op exp (to) f7 (x,0,t)do.

From the sixth equation in (2.8)), we obtain

T+ 1
o, — | Ok )q+ff6,

2.7)

(2.8)

(2.9)

(2.10)
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integrating (2.10), we get

+1 (L !
9(x,t)=T0k /xq(y)dy—%/x fo (y) dy. (2.11)

Inserting v =z — f1, ¥ = u — f3, (2.9, (2.11) in (2.8),, (2.8)4, (2.8)5, we get

022 — Mollyy — M1Zxy = 1 € L2 (0, L),

T+1
—3Uxyx + AU — Q2Zyy + WQ =27 € Lz (0, L) 5 (2.12)

c(p+1) L
qﬁ%/x 9(y)dy — pux = g3 € L* (0, L),

where

g1=pz(fi+f2) €L*(0,L),
2 = pufs+Afz+ %ﬁ —THexp (—71) /01 exp (10) f7 (x,0,t)do € L2(0,L),
=it [ foly)dy—pfs, € 20,1,
A=pu+ |l +pexp(—1).
To solve (2.12]), we consider
B((zu,q);(24,4) =G (24,4), (2.13)

where B : V? — R is the bilinear form and G : V — R is a linear form with

V =H'(0,L) x A'(0,L) x L?(0,L).

In order to obtain B and G, we proceed by multiplying (2.12)¢, (2.12),, (2.12)3 by Z, 1,

respectively, integrating over (0, L) and summing them up, we find

L L L
B((z,u,q);(Z,1,§)) = pz / zZdx — aq / ZexZdx — zxz/ Uy Zdx
0 0 0

L L L
— a3 / Uyylidx + /\/ uiidx — wy / Zxxlidx
0 0 0
1 L 1 L L
+—ﬁ(TO+ )/ qfwlirTOJr / qx(/ tj(y)dy)dx
k 0 k 0 X
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+C(T0k—§1)2/(f (/qu(y)dy) (/xLﬁ(y)dy> dx

— —ﬁ (T0k+ D) /OL Uy (/qu(y) dy) dx,

integrating by parts and taking into account the boundary conditions, we obtain

L L L
B((z,u,q);(z,4,9)) = pz/ zzdx+tx1/ zxzxdx+0¢2/ uxzxdx+/\ uut;lx
0 0

L L
—|—(Xg/ uxﬁxdx—i—txz/ zxuxdx—l—— qqu
0 0
c(+1)% /L L
+%/ (/ q(y)dy) (/ q(y)dy)dx
0 X . X
—|——ﬁ(TO+1 (/ qudx—/ uqu) (2.14)
and
o L L o+1 (L L
G(z1,q) :/0 glzdx—I—/O gzudx+T/() Q3 (/ g (y) dy) dx. (2.15)

Let V equipped with the norm
2 2 2 2 2 2
12w, qlly = {12115 + [[ully + llgllz + Izl + lJuxllz,

we proceed to prove the boundedness of B.

Using Cauchy Schwarz’s inequality, we get
L
/ zZdx
0
L
A ' / uiidx
0
T + 1 ‘ / ’
0
L
/ Uyilydx
0

oz < oz lzllz 1212 < oz 1z w, 9) v [1(Z & )|y,

< AMully lally, < Al w9y 12 8)llv,

@ uwg)ly 1z a9y,

17ll2 <

& < [|zafl [12xlly < @ [z u 9) ]Iy 12 2, 9) Iy,

< a3 [luxlly 8y < as [z w @)lly 12 @)y,

a3
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L
a2 /0 (uxZx + zxily) dx| < ao ([|uxlly |Zx]lo + 122 l|dx]]5)

< 202 [|(z,u, )l (2,2, D)l

20 /L L L 2
N (L away) ([ a6ay) ax] < Sl
2
<O Cugly iEaly.
L
BED| 17 (g gy x| < B (gl il + gl il
<20 G ugly @ aly.

Summing them up, we obtain

1B((zu,9);(Z8,0) <Cll(zwally [ aDly,

where
T+1
k

1)? 2 1
,zx1,tx3,20¢z,c(TO+ ) p o+ )>,

C = max (pz,)\, 2 , r

thus, B is bounded.

We establish that B is coercive

L, L, o+1 (L, L,
B((z,u,q9);(z,u,q)) :pz/ z dx+)\/ u dx+T/ q dx+oc1/ zedx
0 0 0 0

L L
+zx3/ uidx+2zx2/ UyZrdx
0 0
c(t+1)% /L L 2
+%/ﬂ (/x q(y) dy) dx.

Young’s inequality leads to

L e (L 1 /L
—Zocz/ Uyzrdx < 209 —/ u%dx + —/ zidx
0 2 Jo 2¢e Jo

b oo a L,
:ocze/ uxdx-l——/ zedx.
0 e Jo
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Hence
L L, a (L,
2062/ UyZrdx > —txzs/ uxdx——/ zdx.
0 0 e Jo

L L n+1 (L w L
B((z,u,q);(z,u,q))sz/o zzdx+)»/0 uzdx+0T/0 qzdx+<zx1— 2)/0 z2dx

e
L c(r+1)* (L [t 2
+(tx3—oczs)/0 uidx+%/o (/x q(y)dy) dx.

We select ¢ as follows

o o o
ocl——2>0<:>(x1>—2 <:>s>—2,
€ €

X1
and
o3
ng — e >0 <= a3 > are <— €<a—.
2
Therefore
2
— < e< =3
X1 X2
It’s sufficient to take
1/« &
£ = — _3 + _2
2\ g
_wpa3+ 04%
20(10(2 .

Consequently, we obtain
2
B((zu,q);(zu4q)) 2 Moll(zu,q)ly-

Where

1
My = min {pz,/\, o+ &2 } .

— /%1 — —/, &3 — &€
k 3
Thus, B is coercive.

We now aim to prove that G is bounded

f o~ o~ - _ T +1 N
G (zuq) <&l 1]l + Ig2l lll, + OT 1831l 1171l
< C" (2l + Il + 11g1l)
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where
O — max <I|g1|| g, 2o ||g3||)

Since
C" (2]l + llall, + [1g],) <3C(Z @ d)l,,

assuming that 3C’ = M , it follows that
C (12l + llally + lg1l,) < M [z, )]l -

Then
G (z,d,4)| <M [[(z,4,4)|y.

Thus, G is bounded. Consequently, by Lax-Milgram Lemma, system (2.12) has a unique solution

(z,u,q) € V satisfying (2.13])).
Substituting z and u in (2.8))1 and (2.8)3, respectively, we obtain

v,p € HY(0,L),
then, inserting g in and (2.8)¢, we get
0cH (L).
Similarly, inserting 1 in and bearing in mind (2.8)7, we obtain
¢, 9p € L*((0,L) x (0,1)).
Moreover, if we take (Z, ) = (0,0) € H'(0,L) x H(0, L), then (2.13) reduces to

/LW”@/OL (/qu(y)dy) </Lc7(y)dy) dx—/s/OL ugdx

_/ g, (/x dy) dx, Vi € L2(0,L). (2.16)
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That is

(y)dy) ) dx

/xL‘i(]/)dy) +g3} (/XL c7(y)dy) dx, Vg € L*(0,L),

I
o\
B
| — |
|
a
—~
=~
+/\
—_
N—
N Xy

which implies .
G = Pz — ———— (/x q(y)dy> +g3, € L*(0,L).

We conclude that
g€ HY(0,L),

and on the other hand, we have (2.17). Thus
b 572
10) [ 7»dy =0, v € 120, L).

Since § € L2(0, L) is arbitrary. Then
q(0) = 0.

Consequently
g€ HY(0,L).

If we choose (i, 4) = (0,0) € H! (0,L) x L*(0, L) in (2.13), we have
L L 5
/ (1zx + oty ) Zydx = / (g1 — p2z) Zdx, VZ € H(0,L).
0 0
This last is also true for any function ¢ € C! (0,L), ¢ (0) = 0 which is in A(0, L), thus
—01Zxy — QpUxxy = §1 — 022, € L? (0,L).

Similarly, if we select (2,4) = (0,0) € H' (0,L) x L*(0,L) in (2.13), we find

L L
/ (agtiy + apzy) tixdx = / (gz —Au— Mq) ddx, Vi € H(0,L).
0 0

k

(2.17)

(2.18)

(2.19)
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This last is also true for any function ¢ € C*(0,L), ¢(0) = 0 which is in A*(0, L), thus

IB(T() + 1)

2
w1 € L“(0,L).

—03Uxy — M2Zxx = g2 — AU —
Therefore,
Uxx, Zyx € LZ(O,L).

So,
z,u € H*(0,L).

Finally, from (2.8)¢, we get

and from (2.18), (2.19), we find
Z(L) [w1zx(L) + apux(L)] = 0,

(L) [wsux (L) + apzx(L)] = 0.

Since 2, i € H'(0, L) are arbitrary. Then

Hence, there exists a unique U € D(.A) such that (2.7) is satisfied. Consequently, the operator A is
dissipative. With this, we conclude that A is a maximal dissipative operator. On the other hand, it is
obvious that operator B is Lipschitz continuous. Consequently, A + B is the infinitesimal generator of
a linear contraction Cy semigroup on H. Therefore, the well-posedness result follows from the Lumer

Phillips theorem. O




CHAPTER

Stability result

In this section, we present an exponential stability result of solution of the considered problem using
the energy method (see [10], [12]). For this reason, we need some necessary results which help us to

achieve our goal.

3.1 Energy decay

In this section, we state and prove some lemmas needed for the proof of our stability result.
Lemma 3.1.1. Let (z,u,0,q, ) be the solution of (1.4)-(1.5). Then, the energy functional E (t) defined

by

1 L 2 « 2
E(t) = E/0 (pzz% + outi? + <a3 - zx_i> uz + (\/—;_lux + \/oc_lzx) + c6?

1
+ 7+ |V|T/0 ¢ (x,0,1) dp> dx, 3.1

satisfies
E (t) < _E/ g-dx + |pt|/O urdx. (3.2)
0

Proof. Multiplying (1.4])1, (1.4)2, (1.4])3, (1.4)4 by z¢, uy, 6, %q respectively, and multiplying (1.4)5 by
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|| @, we obtain

PzZ1Zt = K1ZxxZt + Ko UxxZt,

Pullptlly = Q3Uxxlt + XpZoxtly + POy — purg (x,1, 1),
€010 = —q0 + Pus0,

2 = —%qz — q6x,

1l Torp = — |1l 9o

\
Integrating over (0, L) and integrating (1.4)s over (0,L) x (0,1), we get

(

L L L
pz/ zpzidx :Dél/ zxxztdx+oc2/ UyrZdx,
o oL 0L
pu/ Upupdx = 043/ uxxutdx+oc2/ zxxutdx—l—ﬁ/ 0 utdx—y/ urg (x,1, ) dx,
0 0
/ 6,0dx = — / g:0dx + B / px0dx,
k/ qtqu———/ qzdx—/ q0xdx,
e [ ([ ooenrotupnde)de=—lul [ ([ gotxpt)oxpndp)x.

This last system is equivalent to

(

d L L L
Pz577 / Z%dx = “1/ ZxxZpdX + 062/ UxyZpdX,
21 0, .
Pusas 2dt / i rdx = “3/0 Uy UdX + 0‘2/0 ZyxUpdx + ,B 9 xurdx,

—]/t/ urg (x,1,t) dx,
2dt/ 0%dx = / qxf)dx+ﬁ/ U Odx,

k2dt/ i x_"/ qzdx_/ B,
kwTZdt/ (/fp x, 0t dp)ch— I#I/ (/ P (x,0,1) xsz)d.O)dx-
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Integrating by parts and taking into account the boundary conditions, we obtain

(d [t L L
pZﬁ/ dx = —061/ thZxdx — 062/ thuxdx
d o 0L 0.
puZdt/ i = _“3/ Hextixd _“2/ Uizl = [3/ UpBdx — P‘/ wrp (x,1,t) dx,
< Zdt/ 92‘1" = / Oqxdx + B / Ouprdx,

2
k2dt / qu+/ qx0dx,

Zdt/ (/q) x,p0,t dp)dx— |V|/ xlt—u%)dx.

Summing them up, we obtain

i/L 22+ puti? +c0? + 22 + | |r/1 2 (x,0,t)d
aat Jo \ =2t +put 0 Tt (o t)dp

—1—0(12,% + oc3u2 + Zazzxux> dx

L L
:—%/0 g dx ‘l/“/ (x,1,t)dx + ’l/"/ dx—y/o urg (x,1,t) dx. (3.3)

Using the fact that

L L L
ocl/ zidx—l—txg/ uidx—i—Zocz/ UyZydx
0 0 0 ) )
L L

L L L a a
=m / zidx + a3 / zdx + 207 / UyZydx + —2 de =2 u?cdx
0 061 0 a1 Jo

2
= <(X3 — %) / de —f-/ ( Uy + \/—Zx) (3.4)

Inserting (3.4)) into (3.3)), we get

i/L 22+ puti? + 0+ 22 + | yr/l 2 (x,0,t)d
ot Jo \ ==t putt e Tl et (e t)dp

2 2
+ (043 — %) uz + (\;Cz_uxﬁ— \/(x_lzx> ) dx

L
—%/0 q*dx |P"/ x1tdx+’y|/ u%dx—y/ urg (x,1,t) dx.
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Then, using Young’s inequality to estimate the last term in (3.3), we have
—y/L urg (x,1,4)dx < 1] /L u?dx + In] /L @? (x,1,t)dx, (3.5)
0 — 2 Jo 2 Jo
which leads to (3.2). O
3.2 Lyapunov functional
To construct the Lyapunov functional, we consider the following lemmas
Lemma 3.2.1. Let (z,u,0,q, ¢) be the solution of (1.4)-(1.5). Then, the functional
L a5 L
L(t) = pu/ upudx — —pz/ ziudx, t >0, (3.6)
0 a1 0
satisfies, for any g1 > 0,
1 a2 L w302 L
I[(t) < —= -2 / 2dx —20z / 2dx
1( ) =9 (“3 “1> 0 uxax + | pu + 406%81 0 Uy
L , /L L
+ 81/ z?dx + CO/ 0%dx + CO/ (pz(x,l,t)dx, vVt > 0. (3.7)
0 0 0

Proof. Multiplying (1.4), by u and integrating over (0, L), we obtain

- d
Upudx
Pu/o tt

L L L L
= ocg,/ Uy Udx + ocz/ ZyoxUdx + ﬁ/ O,udx — y/ o(x,1,t)udx,
0 0 0 0

integrating by parts

L
Ou / Upt dx
0

L L L L
= —ocg/ u?cdx — 062/ ZyUydXx — ,B/ Oudx — ;4/ ¢(x,1,t)udx,
0 0 0 0

thus

L L L
Pu/ upudx + pu/ u%dx - Pu/ u%dx
0 0 0

L L L L
= —043/ uZdx — ocZ/ ZyxUydx — ,B/ Ouydx — y/ o(x,1,t)udx,
0 0 0 0




42 Stability result

which is equivalent to

d L L 5 L ) L
Pu%/o utudxzpu/o utdx—ucg/o uxdx—ocz/o ZxUrxdx

L L
— ,3/ Ouydx — y/ ¢(x,1,t)udx. (3.8)
0 0

1 by ;—“zu and integrating over (0, L), we get
1

—a L L a2 L
2 _ 2
pz/ Zpudx = —zxz/ ZyxUdx — —/ Uyyldx,
X1 0 0 a1 Jo

—=
N

Multiplying

which is equivalent to

L L L
o X3 (L%
— —pz/ zpudx — —pz/ zZiupdx + —pz/ Ziupdx
0q 0 0 0 a1 0
L oc% L
= —ocz/ ZyxUdx — —= Uy Udx,
0 X1 J0

therefore ,

L L L L

[4%) d (1) 4

——pz—/ Ziudx = ——pz/ Ziupdx — ocz/ Zyyltdx — —2 Uy Udx,
0 X1 0 0 a1 Jo

integrating by parts, we arrive at
ay d (L o L L a3 (L
——zpz—/ Ziudx = ——sz/ ztutdx+oc2/ zxuxdx+—2/ uidx, (3.9)
ay “dt Jo x1 Jo 0 x1 Jo

summing (3.8 and (3.9), we obtain

d L « L
¥ [pu/O uudx — Dé_ipz/o ztudx]

o L, L, L
= — a3_(x_1 /Ouxdx-l—pu/o ”th—,B/O Ouydx

o

L L
— —zpz/ Ziuy dx — ;4/ up(x,1,t)dx. (3.10)
0 0

o1
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Using Young’s and Poincaré’s inequalities

_y/OLu(p(x,l,t)dx / (v/xu) <\/_ (Lx 1, t)> dx
< ZX/O uxdx—i—Co/o goz(x,l,t)dx, (3.11)

0(2 ‘1,[2
where x = “3_072 >OandC0:¥
1

Young’s inequality leads to

L L
< c{,/o 92dx+;lx/o 12 dx, (3.12)

where Cj = —.

ey wte= = [ (Gee) )
- VYz d = — - Mz d
alp /0 ZiUy dx ; Zt Pz | U X

L ZPz
<e¢ dx + dx. (3.13)
0 0

40&181

Substituting (3.11)),(3.12) and (3.13) into (3.10), we get (3.7). O

Lemma 3.2.2. Let (z,u,0,q, ¢) be the solution of (1.4)-(1.5). Then, the functional

L « o3 L o
L(t) = puaz/o i <\/—;_1u + \/oc_lz) dx — tx_ipz/o Z4 (\/—;_111 + \/[X_12) dx, t >0, (3.14)

satisfies, for any €, > 0,

I’(if)<—0€%pZ Lzzdx—i— C+“—% /Luzdx—i—C Luzdx+C’ /LGde+
2 = 2\/06_1 0 t 1 \/lx—lpu 0 t €2 0 x € 0

L L 2
+C2’2/0 goz(x,l,t)derez/O (;%uﬁr\/oc_lzx) dx. (3.15)
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2

Proof. Multiplying (1.4}, by %u and integrating over (0, L), we obtain
1

Upudx = a3 Uyrudx + —/ ZyxUdx

f/
2 Oxd——/ (x,1,)dx,
+'B\/tx_1/0 udx y\/lx_louq)x X

integrating by parts with the boundary conditions

3
Pu /
V&1

oc% L
pu\/—_ l/lttudx
&1 Jo
2 L 3 /L 2 L
o o X
= —a3—2 widx — —2 ZyUydx —2 Ou,dx
V&1 JOo V&1 J0 a1 Jo
9 (x,1,1)d
—u—= ug(x X
‘I/l\/a—l O q) Il 4
thus
2 L 2 L 2 L
x o o
pu—z Upudx + pu—z u%dx — pu—2 u?dx
/&1 J0 V&1 J0 v X1 J0
2 L 3 L 2 L
n o X
= —n3—2 ui X — —2/ ZyxUydx ,3—2 Ouydx
v/ /&1 J0 &1 J0
2 L

which implies that

ugo(x, 1,t)dx. (3.16)
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Multiplying (1.4), by /a1a,z and integrating over (0, L), we arrive at
L
puv/ias [ uzdx
o 1 L L
= zx3\/_¢x2/ uxxzdx—i-\/oc_lzx%/ zxxzdx+ﬁ\/oc_1a2/ Oxzdx
0 0
—y\/—txz/ zo(x,1,t)dx,
integrating by parts
L
Pur/ %142 / uprzdx
0 L L L
= —zxg\/zx_lzxzf UrZydx — \/oc_lzx%/ zidx—ﬁ\/oc_lzxz/ 0z, dx
0 0 0
L
—y\/zx_l(xz/ z(x,1,t)dx,
0
therefore
L L L
Pu\/ﬂé_wéz/o uttzdx—i—pu\/zx_l(xz/o ztutdx—pu\/(x—lzxz/o Ziudx
L L L
= —zxg\/tx_locz/ UrZydx — \/tx_loc%/ z,zcdx—,[%\/zx—lzxz/ 0zydx
0 0 0
L
—pt\/zx_locZ/ zo(x,1,t)dx,
0
which is equivalent to
d L L L
7 |:‘Ou\/0é_1062/ uttzdx] :pu\/oc_ucz/ ztutdx—ocg\/zx_ocz/ UrZrdx
0
—\/_ocz/ z2dx — \/_ocz/ 0z dx
L
—y\/oc—lzxz/ zp(x,1,t)dx. (3.17)
0
>
Multiplying (1.4); by — u and integrating over (0, L), we obtain
plying (1.4 by — grating over (0, L)
3 L 3 L
o) o)
— dx = ——= dx — dx,
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integrating by parts

o [ zudz = 2 [ 12d
‘alm"Z/o “ut "‘Ta—l/o Zxllx x+zx1\/_/ *

thus

3
X3

ocg L
le\/_pz/ Zpudx — al\/_pz/ Ziupdx +

_ "‘2 L / 2
\/_ zxuxdx—l—“l\/_ 2dx,

which is equivalent to

at | wm o P\

3

Dé% L
0z / Ziupdx
A1/ 01 0

o) 42
- dx + 2 / d / 2x. 3.18
“1\/—&/ zupdx + ZyxUyx x+a1\/_ X (3.18)
)
Multiplying (1.4}, by —\/fi_z and integrating over (0, L), we obtain
1
“% /L d 2\/—/L dx — 2 / d
- zpzdx = —a5./a Zaxzdx — —= [ UyyzdXx,
\/“—1PZ 0 tt 2V &1 ) \/“—1 o
integrating by parts
— “ / zuzdx = 05/ /Lzzdx+ 5 / UxZrdX
\/—,OZ tt — K12 1 0 X \/0(_1 0 X~X 7

thus

5 k o k 5 k 22
—\/“_1pz/0 zttzdx—\/—_pz/ dx—i—\/_pz/ zidx
ZIX%\/lx—l/ 2dx+—/ UyZydx,
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which is equivalent to
d zx2
i [—apz [ avaza ]
o 2 2 o) a5t
= \/_pz/ tdx—{—ocz\/rx_l/o Zde+\/_0C_1/() UyZydx. (3.19)
Summing (3.16))-(3.19), we obtain
d L a a5 L an
7 [puaz/o Uy <\/_zx_1u + \/oc_lz) dx — Dé_1pz/0 Z4 (\/_Dé_1u + \/0(—12> dx
:_\/oc—leZ/o ztdx—i—ocz(pu\/zx_—“ \/_pz)/ utztdx—l—\/_pu/ uydx
—arx A ux<\/_ux+\/_zx>dx zxzﬁ/ ( ux—i—\/_zx)dx
L
— U x,1,t 2yt Jagz ) dx. 3.20
pa [ gl 1) (S vaz (320
Using Young’s inequality, with § = ay (o, /a1 — 430 ), we get
8 8 q , 2\Puv 1 N 8
L L L
@/O utztdx:/o (Cut)ztdxg/o |Cug||z¢|dx,
\“/“_ a2y/Pz
g/ utztdx—/ T 160l L i
< (szz z 2dx + Cq /L udx (3.21)
2y Jo ! o
where C; = \/2“_1 &2
A0z
—zxp_)(/ ux( ux+\/_zx) dx < 062)(/ ™ ux+\/_zx
—/ 0‘2X|ux| ux+\/_zx
e, [L 2 L,
gg ; (\/“_1ux+\/lx_12x) dx+C82/0 usdx, (3.22)
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3a3x?
482 .

o [0

where Ce, =

ux + v 1zx|d
L

Uy + \/oclzx) dx + C, / 02dx,
0

ux+\/_zx)

€2 L(
<=
3 Jo v/ X1
30(%,32

482 ’
Using Young’s and Poincaré’s inequalities, leads to

where C;, =

_yaz/OL(P(xlt)(\/—_u+\/_z)dx<;ux2/ |(px1t]' u+\/_z

(3.23)

L
gé/ ( +\/_z) dx+cg’2/ o2(x,1,1)dx
0

sk (G

3062 2
where C;, = Ll

4e
Substituting (3.21)-(3.24)) into (3.20), we obtain (3.15)).

Lemma 3.2.3. Let (z,u,0,q, ¢) be the solution of (1.4)-(1.5). Then, the functional

L L
I3(t) = pu/ usudx + pz/ zzidx, t >0,
0 0

satisfies

13 (t) S—/O \/—(X_lux—'-\/leZx dx—i 3—“—1 /() uxdx
ko b P o [f o
+pz/0 ztdx-i—pu/o utdx-i—Cz/O 6 -|—C2/0 ¢” (x,1,t)dx.

Proof. Multiplying (1.4), by u and integrating over (0, L), we arrive at

L L L L L
Ou / Upudx = oc3/ Uy Udx + (xz/ ZyoxUdx + ﬁ/ O, udx — y/ ug (x,1,t)dx,
0 0 0 0 0

2 L
Uy + \/oclzx> dx + C¢, / ¢*(x,1,t)dx,
0

(3.24)

(3.25)

(3.26)
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integrating by parts, we obtain

L L L L L
pu/ upudx = —zxg/ uidx - zxz/ ZyUdx — ,B/ Ou.dx — ;4/ ug (x,1,t)dx,
0 0 0 0 0

thus

L L L
Ou / upudx + py / u%dx — Pu / u%dx
0 0 0

L L L L
= —ocg/ u%dx — zxz/ ZyUrdx — ,3/ Oudx — y/ ue (x,1,t)dx,
0 0 0 0

which implies that

d (L L L L
p”E/o utudx:pu/o u?dx—ocg/o uidx—zxz/o ZoUydx

L L
— ﬁ/ Ouydx — ;u/ up (x,1,t)dx. (3.27)
0 0
Multiplying (1.4); by z and integrating over (0, L), we obtain
L L L
pz/ zzpdx = ocl/ ZZxxdx+062/ ZUyxdX,
0 0 0
integrating by parts
L L, L, L, L
zzudx + /zdx— /zdx:—zx/zdx—oc/zudx,
PZ/O tt ont ont 10x 20xx
which is equivalent to
d rL L, L, L
pz%/o zzdx :pz/o ztdx—ocl/o zxdx—ocz/o ZyUydx, (3.28)

summing (3.27))-(3.23) and using (3.4), we obtain

d L L
T {pu/o utudx+pz/0 zztdx]

o3 L, L/ 2 L
= — a3—“—1 /Ouxdx—/o \/tx_lux%—\/zx_lzx dx—ﬁ/o Ou . dx

L L L
—u / up (x,1,t)dx + p / z2dx + py, / u?dx. (3.29)
0 0 0
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Using Young’s inequality, we get

2
where C, = —

—ﬁ/OL Ou,dx = — /OL %Gﬂuxdx < |- /OL %Qﬁuxdx

L 1 L
< Cz/ 0%dx + —X/ uldx,
0 4™ Jo

Using Young’s and Poincaré’s inequalities, we find

2
where Cé = % Substituting (3.30) and (3.31) into (3.29), we get (3.26)).

—y/ up (x,1,t)dx = /L(\/_y(p(xlt)) (V/xu) dx

/ (x,1,t)dx+ x/

<C2/ @? (x,1,t)dx + X/ udx,
0

Lemma 3.2.4. Let (z,u,0,q, ¢) be the solution of (1.4)-(1.5). Then, the functional

L L
I () = —cou /O 6 ( / u (y) dy> dx, Yt > 0,

satisfies, for any e3, €4, €5 > 0, the following estimate

L L 2
I(t) < /5Pu/ dx+€3/0 uzdx+€4/0 (ﬂuij\/tx_lzx) dx

Proof. Multiplying

/ / \/a_l
N L
/qzdx+<cﬁ+9+c C—3>/0 62dx

€4 €5
+L285/ @? (x,1,t) dx.
0

L
1.4)3 by —py / u:(y)dy and integrating over (0, L), we have
X

_cpu/OLGt (/xLut(y)dy> dx
Zpu/Oqu (/:uf(y)dy) dx—ﬁpu/OLufx (/xLut(y)dy) dx,

(3.30)

(3.31)

(3.32)

(3.33)
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integrating by parts

L L L L

_cpu/o 0; </ ut(y)dy) dx—cpu/o 9(/ utt(y)dy> dx
L L

+cpu/0 6 (/ ug (y) dy) dx
L i L',

:pu/O qutdx—ﬁpu/o uydx,

which is equivalent to

d L L
_cpuE/O 9(/3{ ut(y)dy> dx
L L,
= pu/O quedx — ﬁpu/o uydx
L L

— C/o 6/ [azityy + aozyy + BOy — ue(y,1,t)] dydx,
X
therefore
/ L L 2
I4(t) = pu /0 quedx — Ppy /O uydx
L L
- c/ 6 [—D@l/lx — wpzy — O — ;u/ o(y, 1,t)dy} dx
0 x

L L L L
= Pu / quidx — Bpy / u%dx + Cng/ Oudx + czxz/ 0z, dx
0 0 0 0

L L~ L
+ cﬁ/o 0%dx + cy/ 9/ ¢(y,1,t)dydx, (3.34)
0 x

using the fact that

L L
ca3/ Ouxdercocz/ 0z, dx
0

L
:c)(/o Guxdx—i—c—/ ( ux+\/_2x) X,

then, (3.29) can be rewritten as follows

L L L
/ quidx — Bpy / uzdx + cx/ Ouydx
—l—c—/ 0( &2 Uy + \/_zx) dx (3.35)
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L L L
+c/3/ 0%dx + cy/ 9/ ¢(y,1,t)dydx.
0 0 X

Using Young’s inequality, we obtain

L L
cx/o 9uxdx:/0 (cxO)uydx
L L
< 83/ u%dx—kg/ 92dx,
0 €3 Jo

2.2
with Cs = %.

L
cﬁ 0 (ﬁux + \/oc_lzx) dx
1

V&1 Jo VT
= L(cazé))(“zu—k\/a_z)dx
0 \/“—1 \/lx—lx 14x
<5/L 2 i+ vz 2dx+cé/L92dx
_40 \/(X—lx 14x es Jo ’
2,2
WhereCézgaz.
1

L Bou [t » pu (L5
< — .
Pu/o quidx < 5 /0 utdx+2ﬁ i q*dx

Young’s inequality, leads to

(3.36)

(3.37)

(3.38)

L /L L/ (L 2 22 Lo
cy/o G/x o(y,1,t)dydx §85/0 </x (p(y,l,t)dy) dx+E/0 0-dx,

it follows from Cauchy Schwarz’s inequality that

/oL (/xL fP(y,l,t)dy)zdx < /OL ((/xL 12dy)% (/xL (Pz(y,l,t)dyf)zdx

< /OL (/dey> (/xL(pz(y,Lf)dy) dx

< /OLL (/OL goz(y,l,t)dy) dx

L
< L2/ ¢*(x,1,t)dx,
0
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then
L /L L c! /L
cpt/ 9/ ¢(y,1,t)dydx < L255/ qoz(x, 1,t)dx—|——3/ 0%dx, (3.39)
0 Jx 0 €5 Jo
2.2
where Cj = CTF
Inserting (3.36))-(3.39) into (3.35)), we get (3.33). O

Lemma 3.2.5. Let (z,u,0,q, ¢) be the solution of (1.4)-(1.5). Then, the functional

L L
I5(t) = —CT()/O 6 </x q(y)dy) dx, Vt >0, (3.40)

satisfies, for any e¢ > 0, the following estimate

/ ck (L, Ly ;o Ca\ [,
I5(t) < ——/ 6 dx+€6/ urdx + | Cy + — / q-dx. (3.41)
2 Jo 0 € /) Jo

L
Proof. Multiplying (1.4)3 by — 19 / q(y)dy and integrating by parts, we obtain
X

L L L, L
—CT()/O 0; (/ q(y)dy> dx = TO/O g-dx — TO,B/O uiqdx,

which implies that

— T /OL 6; (/qu(y)dy) dx — ¢ /OLG (/xL qt(y)dy) dx
+c1 /OLG (/XL qt(y)dy) dx

L L
= To/ qzdx—Toﬁ/ urqdx.
0 0
Then

% {—CTO /OLG (/qu(y)dy) dx}
= T /oL 7 dx — 1o /OL ugdx — ¢ /OLO (/XL qt(y)dy> dax,
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using (1.4)4, we get

% [—cro /OLG (/qu(y)dy) dX]
— 5 /OL 2dx — 1B /OL wsqdx — C/OLe (/XL(—q(y) - kf)y)dy) dx,

thus

% {—CTO /OLG (/;q(y)dy> dx}

L L L L L
= —ck/ 0%dx + TO/ g dx — TO[S/ urgdx + c/ 6 (/ q(y)dy) dx. (3.42)
0 0 0 0 x

Young’s inequality, leads to

—TP /L ugdx < 86/ dx—|— %P / g*dx
0 - dee Jo
L C, (L
= 86/ u%dx + —/ qzdx. (3.43)
0 €6 JO

where Cy =

3
1
Applying Young’s and Cauchy’s inequalities yields

L L L 2
c/ 0(/ q(y)dy) dxgﬁ/ 92dx-|—CL / q*d
0 x 2 Jo

ck (L ,
:?AGM+QAqM. (3.44)

2

L
where C) = Cz_k

. Inserting (3.43) and (3.44) in (3.42), we get (3.41). O

Lemma 3.2.6. Let (z,u,0,q, ) be the solution of - (1.5). Then, the functional

L 1
_ _ 2
t) = T/O /0 exp (—Tp) ¢~ (x,p,t) dpdx, (3.45)

satisfies

L L L 1
I (t) < /o u?dx —exp (—7) (/0 @* (x,1,t) dx+r/0 /0 @* (x,p,1) dpdx) : (3.46)
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Proof. Multiplying (1.4)s by 2exp (—7p) ¢ (x, p, t) and integrating over (0,L) x (0,1), we get

d

/oL /o1 Texp (=) % <‘P2 (x’p’t)> dpdx = = /oL /01 exp (1) 17 (‘Pz (x, p,t)) dpdx,

which implies that

ri/L/lex (—70) @2 (x,0,t) d dx——/L/lex (-r)i( 2 (x,p,1) ) dpdx
7t o o OO (xopt)dpdx = — | [ exp (=) 2 (97 (x.p,1) ) dodx.

The right-hand side of the last formula represents the time derivative of the functional I, ()

I (t) = — /OL /01 exp (—1p) % (goz (x, p,t)> dpdx. (3.47)

integrating by parts to the second integral in (3.47) yields

1 d
| e (=10) 2 (¢ (x.0.) dp = exp (—1) 9 (x,1,1) = ¢ (x,0,1)

p
1
+/O Texp (—Tp) (p2 (x,p,t)dp, (3.48)
substituting (3.48)) into (3.47), we obtain

L L L ;1
I (t) = / (p2 (x,0,t)dx —exp (—T)/ (p2 (x,1,t)dx — T/ / exp (—1p) (p2 (x,p,t)dpdx,
0 0o Jo

0

where ¢ (x,0,t) = ¢ (x,t) = uy, thus

L L L 1
I(t) = /0 u?dx — exp (—T)/ ¢* (x,1,t) dx — T/O /0 exp (—1p) ¢* (x,0,t) dodx.

0

Note that
exp (—7) <exp(—1p) <1forallp € [0,1],

hence

L L L 1
I (t) < / u?dx —exp (—7) </ @* (x,1,t) dx + T/ / @* (x,0,t) dpdx> :
0 0 0 Jo
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3.3 Lyapunov functional properties
Now, we define the Lyapunov functional L(t) by

E(t) = NE(t) + Nlll(t) + Nz[z(t) + 2(13(t) + 14(1')) + N315(t) + N4I6(t), (3.49)

where N, Ny, Np, N3, N4 are positive constants.
Theorem 3.3.1. Let (z,u,0,q, ) be the solution of (1.4)-(1.5). Then, there exist two positive constants
K1 and K such that the Lyapunov functional satisfies

,ClE(t) < ﬁ(t) < ]CzE(t), vVt >0, (3.50)

and
L'(t) < —B1E(t), B1 > 0. (3.51)

Proof. From (3.49), we have

L " L
£(6) = NE()| < Ny | e dx N2 [ [z dx
+ Nopua /L u (ﬁqu/oc z) dx

2Puk2 o | i 1
+le% /L z < 2 U+ /o z) dx

2“1(92 0 t \/“—1 1

L L
—i—ZpM/O |uut|dx—|—2pz/0 |zz¢| dx

+2¢pu /OL 0 (/L ut(y)dy>
+ N3cto /OL 0 (/XLQ(]/)d]/>

L 1
+ N4T/ / e~ ¢*(x,p,t)dpdx.
o Jo

dx

dx

By using the Young’s, Poincaré’s and Cauchy-Schwarz’s inequalities, we obtain

L L L
|L(t) — NE(t)] g&l/o zfdx—kéz/o u%dx+(53/o uzdx

L 2 L
+c54/ <\/—_ux+\/_zx> dx+(55/0 02dx

+c56/ qzdx+(57/ / (x,p,t)dpdx,
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then
L 2
1£0) = NEW] < 71 [ 6+ +48 -+ (s iz
+60%+ qz + /0 q)z (x,p,t)dp)dx,
where
1 = max {41, 9, 03,64, 95, 06,07} > 0.
Let
2
pz pu 1 w3} 1 ¢ |puT
72_“““{2 2 2(“ zx3>'2'2'2' S
Then

L 2 E(t)
bt 4+ | —=uy +Jaizy | + 0%+ +/ x,0,t)do | dx <
/0 (t ! (\/“1 M ) 9 (P P ) P) T2

Consequently

L
T
z+u+u+ Uy + /012 + 0%+ +/ (x,p,t)dpdx | < —E(t),
'Yl/()(t t (,—x x) q © p>_’72()

It means that

IL(t) — NE(t)| < yE(t), with y = % >0,
2

which yields
(N —7)E(t) < L(t) < (N +7)E(t).

By choosing N (depending on Nj, N>, N3 and N,) sufficiently large we obtain (3.49)).

Now, By differentiating £(t), exploiting (3.2), (3.7), (3.15), (3.26), (3.31), (3.41), (3.46) and setting
1 1 1 1

1

81 =5, = 7,
Ny N,

€3 =65 = =, 84 = —, € = —, We get
3

o2 L
L(t) < — [puﬁ— ||N — Ny (pu+ 42P;N) N, <C1+—2pu) —20, — 1 —N4] /0 u?dx

i
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- % — g~ Ns(Cit C4N3)] / " ax

— (oc;; — z%) (% + 1) — C¢, Ny — 1] /OL uzdx

_ :lngp—\/zgz —1-2p; /OLz%dx

_ :Cké\k —8C, —2(Cy+cB) — 4(Cs+ CY) — CL N, — cg)Nl] /OL 62dx
_ % oL (;;_lux + \/oc_lzx)zdx

L
_ |:e_TN4 . 2C£ — NZCé'z — N1CO:| /0 (Pz(x, 1, t)dx

L 1
—Te_TN4/O /0 ¢*(x,p,t)dpdx.

Now, we select our parameters appropriately as follows: First, we choose N, large enough so that

LB VPRV
1_2\/06_12 Oz .

Next, we select Ny large enough so that
1 oc%
G2 =5 LIy (N1 +2) —Ce,N, —1 > 0.

We take Nj large such that

. CkN3

33 5

— SC:/), — 2(C2 + CIB) - 4(C3 + Cé’) — CézNz — C6N1 > 0.
We pick Ny large so that
gs=e "Ny—L* —2C) — NoCll — N1Co > 0.

We choose N large enough so that (3.50) remains valid, further

_ N pu

G5 X ‘B Ng(C:L + C4N3) > 0.
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Finally, by taking || small enough so that

“2‘02 062
G6 = puf — [N — Ny (pu+ ™ 22N1> - N <C1+\/—;_1pu> — 20, —1—=N; >0
1

All these choices, leads to

L 2
E’(t)g—él/o (27 4+ u? + u2 +(—ux+\/_zx>

N
+ 6% +¢° —|—/ @* (x,0,t)dp)dx, (3.52)
0
we set
gl = min{gl, 62/ €3/ 64/ 65/ §6} > 0/
and
P pu 1 1) 1cmfut
gz_ma {2 2 2(“3 “3)/2/2/2/ 2 >O
Then
t 2
/0 2+ ud +ul +<\/_ux \/_12x> +6°+g +/ (x,0,t)dp | dx
1

> —E(t),

) ®)
consequently

L « 2 1
—Cl/ (z%+u%+u§+(\/;_1ux+\/oc_12x) +92+q2+/0 qoz(x,p,t)dp>dx

C1
< — o E(t), (3.53)

The combination of (3.52) and (3.53) gives (3.51) where B = b

> 0. ]
8

3.4 Main exponential stability result

Now, we can state and prove the following stability result
Lemma 3.4.1. Let (z,u,0,q, ) be the solution of (1.4)-(1.5). Then, for any Uy € D(A), there exist two
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positive constants Ay and A; such that
E(t) < Ayexp (—Aqt), Vt > 0.
Proof. By using the estimation (3.51)), we get
L'(t) < —B1E(t), t >0,

having in mind the equivalence of E(¢) and L(t), we infer that

L(t) < —ﬁﬁ(t), t>0,
K2
_B
we set A = KKy’ »
L (t
< —
o =M

integrating (3.55)) yields

L(t) < L(0)exp(—Aqt), £ >0,

using the left side of the equivalence relation (3.50)), we get
IC1E(t) < L£(0) exp (—A1t).

Thus
E(t) < Agexp (—Aqt), YVt >0,

where A, = %0)
1

(3.54)

(3.55)
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Numerical simulation

In the second section, we established the existence and uniqueness of the solution to system(1.4)-(1.5) ,
but it is challenging to determine the exact value of the solution. To address this, in the following, we
will numerically solve the system in the one-dimension domain () of length L., allowing us to determine
approximations of the solution. To this end, we will employ the Euler scheme for discretizing temporal
variable and the classical finite differences method for discretizing space. To solve the discretized problem,
we use a fixed point algorithm with study of their convergence ([1]],[3], [4]). In addition, we provide an
example where the numerical experiment demonstrates that the discrete energy E" decays exponentially
for different choices of the system parameters, supporting the asymptotic behavior of the discretized issue

solution.

4.1 Discretization of the continuous problem

Let us introduce the functions z = z;, = u; and for any N, m, M € IN, we introduce the nets

L
Oy ={x;=p;=1ih, i=0,1,.,N+1, whereh = @ ,
Iy ={th =nAt, n=0,1,..,M+1, where At = M1 1,

Y= {th=nAt, n=-M,-M +1,..,0, with0< M <M }.

such that the width of delay mesh is T = M’At. Now, using a backward Euler scheme in time and finite

differences in space, we define the following approximation of the derivatives:
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Pt — 291 + P P, — 1 n_ pr—1
Prx (X 1) =~ hzl L gy (xi,tn) = %, e (xi, tn) = %,
(P?"l—M/ _ ¢7’l—M’—1
gbt(xi,tn_M/): L Ai’l ,1<i<N,1<n<M.

where ¢ = ¢ (x,t) be a function with second order partial derivatives. As a result, our problem consists to
find (2,1,0,q, ¢) satisfying the discrete formulation of the system(1.4)-(1.5) presented by the following

numerical scheme

X1 oo

i ) :ﬁ(zlﬁrl_zz?—{_zgil)_‘_hz( i+1 21/[ —|—1/l1 l)

= hz( i1 — 2w 1)+ﬁ(z?+1—22?+z;{1)
p N M —M'—1

o (B —01) — o (M =),

c _ -1 N N 4.1.1)
0 = (gl gl @ -y,

n k n n
A_t(qz' —Y4; ) = —q; —ﬁ( i+1 i—1)'

| (o= o) = = (ot — o).

where z!' = z (xj,tn), 21 = z¢ (xj,tn), Ul = w (x;,tn), 0] = us (x5, t,), 0 = 0 (x;,tn), g7 = q(xi, tn),

unM (Xistpntt), @ 1] = ¢ (xi,0j,tn) foralli=1,2,..,N, j=1,2,..,mand n = 1,2,.., M, with

1

@ (Xi, 0mst1,tn) = Ui~ M according to 1’ To simplicity our numerical calculations in our scheme, we

consider the discrete boundary conditions given by

n __ n _ ngn _ 4 __ n _ ~Nn n _ n n _ non
zg = up = Oni1 = 90 = 0, 2y41 = 2, Unp1 = Uns 01 = O, (4.1.2)
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and initial conditions
4
z) =20 (x;), u) = g (x;), 67 = 60 (x;), g5 = g0 (x;)
2? = 71 (x;) and 19 i; = uq (x;) 4.1.3)
~ _ ! .d.
Pio = Uy, u; M= fo (xistaomr).s 90?,]' = fo (xirpj't—M’) st € Y,
n—M'
L (PN+1 N+1 = ”111\1+1

where

n

2 =27+ AtEY and ul' = ul Tt + AtiE!
forali=1,2,..,Nandn=1,2,..., M.

Note that to find {Z",1",0",q", "} , we need to solve five coupled systems of algebraic equations. So,

to solve the problem -(.1.3) at each time step we propose to consider the following fixed-point
algorithm:

At - - At
ﬂ,l:lzlhz(zﬁll_zzn,l 1y, nl 1)+t;2hz(“ﬁ11 2 nl 1+unl 1)+zi*1,
z
a3 At ao At
il\;”l,l:p\?thz( ;:_lll Zunl 1+l/lnl 1)+p2h2( :l_,'_lll 22”1 l+an 1)
u

I ‘BAt <9nl 1 gnl 1) + il\;zfl _ ﬁ (ur‘sz/ . unfM’,1> ,

2p K Ui+l Ou ! i
4.1.9)
I an—1 At -1 1—1 ABAt ! A
6 =6" — 55 (‘77+1 1 ) e Wit — ),
1 At kAt gl in n—1
( + — T )qz - 2],”.0 i+1 + qi 4
I oa-11-1 At J-1 A1
i = ol g (o ol
with
e I L L el T el A i (4.1.5)
u?l _ un 1, +Atui , (Pi,j = uAZ] M’/

foralli,j=1,2,.,N,n=1,2,.,Mandl =1,2,....

At each time step, we solve the scheme by an iterative procedure that was stopped when the
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difference between two successive iterations became smaller than a given tolerance «.

4.2 Matrix form of the discretized problem

Let 2 = <A”’> it = (A”l> 0! = (@“'l> ,QM = (”-”) 9 = ( ’.".l> .
' J1<i<N’ ' J1<i<N b /J1<i<N Q 9 1<i<N Pi 1<i,j<N
Then, the system -(4.1.5) can be rewritten as follows

( Z\n,l ‘XlAtAan 1+“2AtAunl 1+Z\n—1
pzh? pzh?
u ==_Aaut+ 2_AzM + ——pert 4 U
puh? + puh? * 20,h *
K (un—M’ M 1)
Pu
(4.2.6)
At _ B At
n,l n—-1_ 2% n,l—1 ign,l
® ® ZChC Q + o —DUu"
At k At
14+ =2 nl _ B n,l n—1
( * T()) Q 2h T o +Q
At
ﬂnl l9n—1,l—1 — F 1.9”1_1
\ 2ht
with
Z — gh= 1 unO ur— 1 @710 " 1 1,0 n— 1 an Zn_l’l+At2n’l,
RT=0 (4.2.7)

= g + At 910 M

where A, B, C, D are real matrices of dimensions (n x n) and E is a real matrix of dimension (nz X n2>
defined as follows

D = diag(—1,0,1),C = diag(—1,1,0),

D E - E
E, D .

E=1] , E1 = ORrnxRre
. ‘. ‘. El

E; --- Ef D
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-1 1 0 O 0 -2 1 0 0 0
-1 0 1 0 1 -2 1 0
0 -1 0 1 0o 1 -2 1
B — ,A =
o 0 -1° 0 0 0 1 0
0 1 -2 1
0O 0 O -1 0 0O 0 O 1 -1

Now, we are ready to state and prove the following convergence result

4.3 Approximation of the discrete energy

To apprOleate the continuous energy (3.1), we use the trapezoidal quadrature formula to compute the

mtegrall—/ f(x)dx
N+1

IN = Z al-f(xl-) ~ ],

i=0

where the weights {ai}fil are given by ag = any1 = 5 and fori = 1,2,...,N, a; = h. Concerning the
trapezoidal quadrature formula in tow dimensional case to compute the last part of (3.1), we use the

following approximation

2
/OL /Olf(x,}/)d}/dx ~ Z (f (x0,v0) + f(x0,yn+1) + f(xNn+1,¥0) + f(XN+1, YN+1))
2
+hj Y (f(xiyo) + f(xi yni1))

i=
h2 N

+7 Z (f(x0,yj) + f(xN+1,Y)))

z

—_

N

+h?y Zf Xi, Yj)-

i=1j=1

Therefore, the discrete energy at the time step t, of system (4.1.1)-(.1.3) is given by

1 n
E" =3 Y ailos (217 + pu (0]) + ¢ (61)7 + 2 (g0 + o1 ((z0)]) (43.8)
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2 N 2 2 N 2 h2 N 2 h2 N 2 N N 2
n n n
+EZ<(P0]> T3 Z<(PN+1]> +?Z o) +§Z (PzN—H ZZ(%‘J) I
j=1 j=1 i=1 =1 i=1j=1
with
uld o —ut
ﬁ? = U (xiz tn)z (ux):'l = M/
z o=z
2 = oz (xitn), (20)] = %

which is a discretization of the continuous energy (3.1]).

4.4 Numerical illustration

In the table below, we consider five different choices of delay’s weight and we note that the asymptotic

behavior was reached in the last case even if in the first four cases the weights of delay are not considerable.

This shows the great influence of the delay on the stability of this type of system throughout time. In the

Case | Weight of delay | Iterations time | Asymptotic behavior
1 n=09 200 Unreached
2 u = 0.03 200 Unreached
3 u = 0.005 200 Unreached
4 u = 0.0004 200 Unreached
5 u = 0.00008 200 Reached

Table 4.1: Asymptotic behavior for different cases of delay’s weight.

next, we describe the following numerical example where the asymptotic behavior was reached, that is the

case when py = 0.00008 and for different choices of the system parameters with the condition (1.3)) holds.

Test 1 For this numerical test, we choose the following different values for the coefficients of the system

0. =35, 03 =02, u=08, ay =01, B =0.05, T =0.1

pu=15 a1 =01, c=

4, 19 =0.06, c =15, k=10"°

We run our code for the following discretization parameters: N = 100, m = 150, M = 200, L =1,
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T = 1 and take ¢ = 10~°. With the following initial conditions

zo (x) = 1072 <x3 - %xz) , 71 (x) = % <2x2 - 4x> , Up (x) = % (2x2 - Zx) ,

up (x) =0, 6 (x) =0, go (x) = %x?’e_gxz,
=510 R
fo(x,t—1) = 2.10 cos(x).cos(lon (t—1))

Here are the evolution in time of the solutions z,u,0,q, ¢ (x,1,t) and of the discrete energy.

2(x)

Figure 4.1: Evolution in time of the func- Figure 4.2: Evolution in time of the func-

tion z tion u

Figure 4.3: Evolution in time of the func- Figure 4.4: Evolution in time of the func-

tion 6 tion ¢
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The energy

phix,1,1)

|
&

200
05 150
100

100 150 200
t t

Figure 4.5: Evolution in time of the func- Figure 4.6: Evolution in time of the dis-
tion ¢(x,1,t) crete energy

In above numerical test, the condition (1.3]) holds and graphics presented in the Figures 4.1-4.5 show
the evolution in time of the approximations solutions z, u, 0, q and ¢(x,1,t) on the interval [0, T], for
different choices of the system parameters and of the initial data. Furthermore, the Figure 4.6 shows that

the approximate energy decays in an exponential manner which confirms the main theoretical
result obtained.




CONCLUSION

In this manuscript, we have conducted a theoretical and numerical investigation of a one-dimensional
model describing the behavior of swelling porous thermoelastic soils, incorporating both thermal effects
via Cattaneo’s law and a constant internal time delay. We showed that the system is well-posed using
semigroup theory, which allowed us to prove the existence and uniqueness of the solution. Furthermore, by
constructing an appropriate Lyapunov functional, we demonstrated that the dissipation induced by the
second sound effect is sufficient to ensure exponential stability of the system, despite the presence of time

delay. Finally, we validate the theoritical results by carrying out some numerical experiments.
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