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ABSTRACT IN ENGLISH

IN this work, we consider a one-dimensional swelling problem in porous elastic soils with second

sound and a constant internal delay, where the heat conduction is given by Cattaneo’s law. The

system’s well-posedness is established using the semigroup approach, ensuring the existence and

uniqueness of the solution. Furthermore, through energy analysis and the construction of a suitable

Lyapunov functional, it is proven that the dissipation provided by the second sound mechanism leads

to exponential stability, regardless of the system parameters. Finally, we give some numerical tests

to illustrate the theoretical results by carrying out an Euler scheme for time discretization and finite

difference method for spatial discretization. Then, we introduce a fixed point algorithm to solve the

discretized problem.

Key words : Hyperbolic problems, Delay, Swelling porous system, Porous system, Heat conduction

equations, Semigroup theory, Lyapunov functional, Exponential stability.



ABSTRACT IN FRENCH

DAns ce travail, nous étudions un problème de gonflement uni-dimensionnel dans des sols élastiques

poreux, avec la prise en compte du second son et d’un retard interne constant, où la conduction

thermique est décrite par la loi de Cattaneo. On démontre que le système admet une solution unique,

stable et bien définie, en utilisant la théorie des semi-groupes, ce qui garantit l’existence et l’unicité

de la solution.Par ailleurs, à travers une analyse énergétique et la construction d’une fonctionnelle de

Lyapunov appropriée, il est démontré que la dissipation induite par le mécanisme du second son conduit

à une stabilité exponentielle, indépendamment des paramètres du système. Enfin, nous présentons

quelques tests numériques afin d’illustrer les résultats théoriques, en appliquant un schéma d’Euler

pour la discrétisation temporelle et la méthode des différences finies pour la discrétisation spatiale.

Ensuite, nous introduisons un algorithme du point fixe pour résoudre le problème discrétisé..

Mots-clés : Problèmes hyperboliques, Retard, Système poreux gonflant, Système poreux, Équations de

conduction thermique, Théorie des semi-groupes, Fonctionnelle de Lyapunov, Stabilité exponentielle.



 

 

 

 صخمل      

، حيث يتم ثابت وتأخير داخليمع وجود الصوت الثاني  ،حادي البعدتم التطرق إلى دراسة نظام مسامي مرن حراري أ ،في هذا العمل

ومن  ،لى ذلكإإضافة  .نصاف الزمرية أباستخدام نظر ووحدانية الحلثبات وجود لى إنهدف إ لقانون كاتانيو. انتقال الحرارة وفقوصف إ

 .سيلى إستقرار أالصوت الثاني يؤدي إ ليةيتم إثبات أن التخميد الناتج عن آ ،نوف مناسبةووبناء دالة ليابتحليل الطاقة  خلال

 لمنتهية للتقديرا وطريقة الفروقولر لتقدير الزمن أ لال تنفيذ مخططالنتائج النظرية من خ لتأكيدالعددية ختبارات نقدم بعض الإ ،في النهاية

 ثم نقوم باعتماد خوارزمية النقطة الثابتة لحل المسالة بعد تفكيكها. ،المكاني

 

مسائل زائدية، تأخير، نظام مسامي منتفخ، نظام مسامي، معادلة توصيل حراري، نظرية أنصاف الزمر،  كلمات مفتاحية:        

 دالة ليابونوف، إستقرار أسي.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



NOTATIONS

• PDEs: the abbreviation for " partial differential equations".

• R: the set of real numbers (1-dimensional real Euclidean space).

• Ω: the open domain in RN

• Lp(Ω): Lebesgue space.

• Wk,p(Ω): the Sobolev space.

• Ck(Ω): the space of k times continously differentiable functions.

• C∞(Ω) = ∩k∈NCk(Ω).

• C∞
c (Ω): the space of C∞(Ω) functions with compact support.

• < ., . >: the scalar product.

• ∥.∥: the norm.

• C0: the abbreviation for "CesÃ ro summable of order 0".



GENERAL INTRODUCTION

Swelling porous soils are among the most important topics of interest in geotechnical engineering and

soil mechanics due to their significant and often hazardous impact on structural safety and stability

particularly in regions with high concentrations of active clay minerals such as montmorillonite.

When these minerals absorb water, the interlayer spacing between clay particles increases, resulting in

considerable volumetric expansion. This swelling can lead to cracks, uneven settlement, and foundation

failure. Therefore, understanding the behavior of such soils is crucial for preventing structural damage

and improving construction design.

In this context, we consider a mathematical framework which is a type of model that describes the

coupled dynamics of mechanical displacement, thermal conduction and delayed response within a

porous medium. Here’s a breakdown of the model ([3])
ρzztt = α1zxx + α2uxx, in (0, L)× (0, ∞)

ρuutt = α3uxx + α2zxx + βθx − µut(x, t − τ), in (0, L)× (0, ∞)

cθt = −qx + βutx, in (0, L)× (0, ∞)

τ0qt = −q − kθx, in (0, L)× (0, ∞)

(1.1)

Where z, u, θ, q represent respectively solid matrix displacement, pore fluid displacement, temperature

field and the heat flux.

The system parameters:

ρz : Density of the solid.

ρu : Density of the fluid.

c : Specific heat.



2 General introduction

τ0 : Relaxation time in Cattaneo’s law.

α1 : Elastic stiffness of solid.

α2 : Coupling coefficient (solid-fluid).

α3 : Fluid stiffness / viscosity.

β : Thermoelastic coupling coefficient.

µ : Damping or memory coefficient related to the delay response.

k : Thermal conductivity.

τ : Delay time.

The first equation describes the motion of the solid matrix z in a porous medium. The second equation

describes the fluid motion u within the pores.The third equation models the energy balance (heat

equation). The fourth equation describes the heat conduction via Cattaneo’s law which introduces

finite propagation speed for heat (Hyperbolic thermal model).

In this dissertation, we investigate the existence and uniqueness of solution of the system( 1.1) subject

to the following initial and boundary conditions
z(x, 0) = z0(x) , zt(x, 0) = z1(x) , θ(x, 0) = θ0(x) , x ∈ (0, L)

u(x, 0) = u0(x) , ut(x, 0) = u1(x) , q(x, 0) = q0(x) , x ∈ (0, L)

ut(x,−t) = f0(x, t) in (0, L)× (0, τ)

z(0, t) = zx(L, t) = u(0, t) = ux(L, t) = θx(0, t) = θ(L, t) = q(0, t) = 0, t > 0

(1.2)

To ensure the physical consistency and mathematical well-posedness of the system, we impose the

following conditions on the material parameters:

α1α3 > α2
2. (1.3)

Our study is based on the semi-group theory, more precisely Lumer Phillips theorem or Hille-Yosida

theorem ([7],[13]). Then, we establish an exponential decay result of the solution by using the

multipliers method to construct a Lyapunov function which is equivalent to the energy’s system (see

([3],[10])). Moreover, we give a numerical simulation by introducing a fixed point algorithm to solve
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the discretized problem ([3]). Finally, we illustrate the theoretical result by choosing different choices

of the coefficients of the system and initial conditions.

This dissertation is structured into four chapters as follows:

• Chapter 1 presents essential mathematical definitions and theoretical tools that are used throughout

the following chapters, including functional analysis concepts and preliminary results.

• Chapter 2 focuses on the existence and uniqueness of the solution to the delayed swelling porous

thermoelastic system, using the theory of semigroups of linear operators.

• Chapter 3 is devoted to the study of energy estimates and stability analysis. Lyapunov functionals are

constructed to demonstrate the asymptotic behavior of the solution.

• Chapter 4 presents a numerical test that illustrates the theoretical results and simulates the behavior

of the model under specific physical conditions.
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Preliminaries

1.1 Partial differential equations (PDEs)

Definition 1.1.1. [16] A partial differential equation (PDE) is relation involving an unknown function u

defined from Rn to R, the variables x, y, ..., and their partial derivatives ux, uy, ..., uxx, uyy, ...It is generally

written as

F(x, y, ..., u, ux, uy, ...., uxx, uxy, uyy, ...) = 0, (1)

where

ux =
∂u
∂x

, uy =
∂u
∂y

.

Equation (1) is considered in a domain Ω ⊂ Rn.

The solutions of equation (1) are functions that satisfy it in Ω.

Definition 1.1.2. [16] The order of a partial differential equation is the highest order of partial derivative

appearing in the equation.

Definition 1.1.3. [16] A partial differential equation is called linear if the function F is linear with

respect to the function u and all its partial derivatives. In other words, if u and its partial derivatives

appear separately and to the power 1, the equation is said to be linear.

Definition 1.1.4. [16] A homogeneous partial differential equation is satisfied for u = 0. (That is, if
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written in the usual form, the right-hand side containing neither u nor its partial derivatives is identically

zero.)

1.1.1 First-order Linear PDE

The most general form of a first-order linear PDE with two variables is:

A(x, y)
∂u
∂x

+ B(x, y)
∂u
∂y

+ C(x, y)u = D(x, y).

where A, B, C, D are functions.

Example 1.1.1.
∂u
∂x

+
∂u
∂y

= 0.

1.1.2 Classification of Second-order Linear PDEs with Constant Coefficients

A second-order linear PDE with constant coefficients can be written as:

A
∂2u
∂x2 + B

∂2u
∂x∂y

+ C
∂2u
∂y2 + D

∂u
∂x

+ E
∂u
∂y

+ Fu + G = 0.

The first three terms correspond to the principal part. The constants A, B, C, D, E, F, G are constants.

1.1.3 The type of the PDE depends on the sign of B2 − 4AC

• If B2 − 4AC > 0, the PDE is said to be hyperbolic.

• If B2 − 4AC = 0, the PDE is said to be parabolic.

• If B2 − 4AC < 0, the PDE is said to be elliptic.

1.1.4 Initial and Boundary conditions

PDEs problems typically involve initial conditions, which define the value of the solution at a given

initial time, such problems also require boundary conditions which are imposed on a partial differential

equation to determine a unique solution. These conditions are specified at the boundaries of the

domain on which the PDE is defined.
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Boundary conditions can be classified into different types, depending on the nature of the problem and

the physical or mathematical requirements. Here are some commonly encountered types of boundary

conditions

• Dirichlet boundary condition: Specifies the values of the unknown function at the boundaries.

• Neumann boundary condition: Which can be defined as the derivative of the solution with respect

to the normal on a part of the boundary.

• Mixed condition: There are several ways to obtain mixed conditions:

The first is to impose Dirichlet conditions in some directions and Neumann conditions in others at the

same point on the boundary.

The second way is a linear combination of a Dirichlet condition and a Neumann condition which called

Robin conditions.

1.2 Functional spaces

1.2.1 Banach space

Standing assumptions for this chapter

• F denotes R or C.

• V denotes vector space over F.

Definition 1.2.1. [5] (Inner product): An inner product on V is a function that takes each ordered pair

(u, v) of elements of V to a number ⟨u, v⟩ ∈ F and has the following properties

• Positivity

⟨v, v⟩ ≥ 0 for all v ∈ V.

• Definiteness

⟨v, v⟩ = 0 if and only if v = 0.

• Additivity in first slot

⟨u + v, w⟩ = ⟨u, w⟩+ ⟨v, w⟩ for all u, v, w ∈ V.
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• Homogeneity in first slot

⟨λu, v⟩ = λ ⟨u, v⟩ for all λ ∈ F and all u, v ∈ V.

• Conjugate symmetry

⟨u, v⟩ = ⟨v, u⟩ for all u, v ∈ V.

Definition 1.2.2. [15] (Norm): For v ∈ V, the norm of V denoted by ∥v∥ is defined by ∥v∥ =
√
⟨v, v⟩

satisfying the following properties

• ∥v∥ = 0 if and only if v = 0.

• ∥λv∥ = |λ| ∥v∥ , for all λ ∈ F.

• ∥u + v∥ ≤ ∥u∥+ ∥v∥ , ∀u ∈ V.

Definition 1.2.3. [5] (Banach space) Let (V, ∥.∥) be a normed space, we said that V is a Banach space

if V is a complete space.

1.2.2 Hilbert space

Definition 1.2.4. [5] (Hilbert space) A Hilbert space is a vector space H equipped with an inner product

such that H is complete for the norm ∥u∥ = ⟨u, u⟩
1
2 .

1.2.3 Lebesgue space LP(Ω)

Definition 1.2.5. [5] Let p ∈ R with 1 ≤ p < ∞ and Ω open domain in Rn, n ∈ N, we set

Lp(Ω) =

{
f : Ω → R : f is measurable and

∫
Ω
| f (x)|p dx < +∞

}
,

with

∥ f ∥LP(Ω) = ∥ f ∥p =

(∫
Ω
| f (x)|p dx

) 1
p

.

Definition 1.2.6. [5] For p = ∞, we have

L∞(Ω) =

 f : Ω → R : f is measurable and there exists a positive constant constant C

such that | f (x)| ≤ C a.e on Ω

 ,
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with

∥ f ∥L∞ = ∥ f ∥∞ = sup ess | f (x)| = inf
{

C ∈ R+ such that | f (x)| ≤ C a.e in Ω
}

.

Remark 1.2.1. For p = 2, the space L2(Ω) is a Hilbert space equipped with the inner product

⟨ f , g⟩ =
∫

Ω
f (x)g(x)dx,

hence

∥ f ∥L2(Ω) =

(∫
Ω
| f (x)|2 dx

) 1
2

.

1.2.4 Distribution spaces

Definition 1.2.7. [2] Let Ω be a non-empty open set in Rn. The support of a function f : Ω → R denoted

as supp( f ), is the closed subset defined by

sup p( f ) = {x ∈ Ω : f (x) ̸= 0},

which means that

x0 /∈ sup p( f ) ⇔ ∃V ∈ V(x0) : f (x) = 0, ∀x ∈ V.

Definition 1.2.8. [1] Let Ω be an open set of Rn. We denote by C∞
c (Ω) or D(Ω) the space of functions

of class C∞(Ω) with compact support in Ω, such that

D(Ω) = {φ ∈ C∞(Ω) : sup p(φ) is compact} .

Example 1.2.1. Let the function φ : Rn → R given by

x → φ(x) =


exp(

−1

1 − |x|2
) if |x| < 1

0 if |x| ≥ 1
.

Then φ ∈ D(Ω) and its support is exactly the closed unit ball

B(0, 1) = {x ∈ Rn : |x| ≤ 1}

Definition 1.2.9. [5] Let Ω be an open set of Rn. A distribution on Ω is defined as a continuous linear
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form on D(Ω). We denoted D′(Ω) the set of distributions on Ω.

In general, we use the notation ⟨T, φ⟩ or ⟨T, φ⟩D′(Ω),D(Ω) rather than T(φ) for the image of the test

function φ ∈ D(Ω) by the distribution T ∈ D′(Ω).

Lemma 1.2.1. [11] Let f ∈ L2(Ω), if for any function φ ∈ D(Ω) we have

∫
Ω

f (x)φ(x) = 0,

then f (x) = 0 almost every where in Ω.

1.2.4.1 Weak derivative

Definition 1.2.10. [4] Let u ∈ L2(Ω) and g ∈ L2(Ω), we say that g is a weak derivative of u in L2(Ω)

if for every test function φ ∈ C∞
c (Ω), we have

b∫
a

u(x)φ′(x)dx = −
b∫

a

g(x)φ(x)dx.

Theorem 1.2.1. [4] If such a weak derivative exists, it is unique (almost everywhere), and it is denote it

by ∂xu.

1.2.5 Sobolev space Wm,p(Ω)

Definition 1.2.11. [5] Let m ≥ 0 be an integer and p a real number with 1 ≤ p ≤ ∞, we define the

space Wm,p(Ω) by

Wm,p(Ω) = { f ∈ Lp(Ω); Dα f ∈ Lp(Ω), ∀α ∈ Nn; |α| ≤ m} ,

such that |α| =
n

∑
j=1

αj ≤ m and Dα f =
∂α1+α2+......+αn

∂xα1
1 ∂xα2

2 ......∂xαn
n

f , where Dα f represents a weak partial derivative

of f (in the sense of distributions).

Theorem 1.2.2. [2] The space Wm,p(Ω) is a Banach space with their usual norm

∥ f ∥Wm,p(Ω) =

 ∑
|α|≤m

∥Dα f ∥p
Lp(Ω)

 1
p

,
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Remark 1.2.2. If p = 2, Sobolev spaces become particularly due to their property of being Hilbert spaces,

denoted as Hm(Ω) and Wm,2(Ω) = Hm(Ω).

Definition 1.2.12. [1] For an integer m ≥ 1, the Sobolev space Hm(Ω) is defined by

Hm(Ω) =
{

f ∈ L2(Ω) such that ∀α ∈ Nn; |α| ≤ m, ∂α f ∈ L2(Ω)
}

,

where the partial derivative ∂α f is taken in the weak sense.

Proposition 1.2.1. [5] equipped with the scalar product

⟨ f , g⟩Hm(Ω) = ∑
|α|≤m

∫
Ω

∂α f ∂αgdx.

and with the norm ∥ f ∥Hm(Ω) =
√
⟨ f , f ⟩, the sobolev space Hm(Ω) is a Hilbert space.

Definition 1.2.13. Given an integer m ≥ 2 and a real number 1 ≤ p < ∞, the space Wm,p
0 (Ω) is defined

as the closure of Cm
c (Ω) in Wm,p(Ω). One shows that

Wm,p
0 (Ω) =

{
u ∈ Wm,p(Ω); u = Du = ... = Dm−1u = 0 on ∂Ω

}
.

It is essential to notice the distinction between

W2,p
0 (Ω) =

{
u ∈ W2,p(Ω); u = Du = 0 on ∂Ω

}
,

and

W2,p(Ω) ∩ W1,p
0 (Ω) =

{
u ∈ W2,p(Ω); u = 0 on ∂Ω

}
.

Theorem 1.2.3. [2] Let u ∈ W1,p (Ω) then u ∈ W1,p
0 (Ω) if and only if u = 0 on ∂Ω.

Definition 1.2.14. [4] The Sobolev space H1(Ω) is defined as the set of functions in L2(Ω) that admit a

weak derivative in L2(Ω)

H1(Ω) =
{

u ∈ L2(Ω), ∃∂xu ∈ L2(Ω)
}

,

and it is equipped with the norm :

∥u∥H1 =
√
∥u∥2

L2 + ∥▽u∥2
L2 .

The key point to retain is the following "integration by parts" formula, which is in fact the definition of the



1.3 Some useful inequalities 11

weak derivative

∀φ ∈ C∞
c (Ω),

b∫
a

u(x)φ′(x)dx = −
b∫

a

∂xu(x)φ(x)dx.

1.3 Some useful inequalities

Lemma 1.3.1. [5] (Young’s inequality) Let a, b ∈ R and p, q ∈ ]1,+∞] such that
1
p
+

1
q
= 1. So

ab ≤ ap

p
+

bq

q
,

in addition, if f , g ∈ L2(Ω) and f .g ∈ L1(Ω), then

∫
Ω

| f g| dx ≤ ε
∫
Ω

| f |2 dx +
1
4ε

∫
Ω

|g|2 dx, ∀ε > 0.

Lemma 1.3.2. [5] (Poincaré’s inequality) For all f ∈ H1
0(Ω), the following inequality holds

∥ f ∥L2(Ω) ≤ Cp ∥∂x f ∥L2(Ω) .

Lemma 1.3.3. [2] (Holder’s inequality) Assume that f ∈ Lp(Ω) and g ∈ Lq(Ω) with 1 ≤ p, q ≤ +∞,

such that
1
p
+

1
q
= 1, then

f .g ∈ L1(Ω) and
∫

Ω
| f g| dx ≤ ∥ f ∥LP(Ω) ∥g∥Lq(Ω) .

Lemma 1.3.4. [5] (Cauchy-Shwarz’s inequality) We put p = q = 2 in Holder’s inequality, we obtain the

Cauchy-Shwarz’s inequality ∫
Ω
| f g| dx ≤ ∥ f ∥L2(Ω) ∥g∥L2(Ω) .

1.4 Lax-Milgram Theorem

Definition 1.4.1. [10] A bilinear form a : H × H → R is said to be
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• Continuous if there exists a constant C such that

|a(u, v)| ≤ C ∥u∥H ∥v∥H , ∀u, v ∈ H.

• Coercive if there exists a constant α > 0 such that

|a(v, v)| ≥ α ∥v∥2
H , ∀v ∈ H.

Theorem 1.4.1. [14] (Lax-Milgram) Assume that a(u, v) is a continuous coercive bilinear form on H and

L : H → R a continuous linear form.

Then, there exists a unique element u ∈ H such that

a(u, v) = L(v), ∀v ∈ H.

1.5 Definitions and notions

Definition 1.5.1. [14] An unbounded linear operator on X is a pair (A, D(A)), where D(A) is a vector

subspace of X, referred to as the domain of A and A is a linear mapping from D(A) into X.

Definition 1.5.2. [14] An unbounded linear operator (A, D(A)) in X, is closed if its graph

G(A) = {(x, Ax) | x ∈ D(A)} is closed in X × X.

Definition 1.5.3. [14] Let (A, D(A)) an unbounded linear operator in X. If the domain D(A) is dense

in X, then (A, D(A)) is said to be densely defined in X.

1.5.1 The m-dissipative operators in a Banach space

Definition 1.5.4. [7] A linear unbounded operator A is dissipative if and only if

∥(λI − A) x∥ ≥ λ ∥x∥ for all x ∈ D(A) and λ > 0.

Definition 1.5.5. [9] An unbounded linear operator (A, D(A)) on X is said to be m−dissipative if :
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• A is dissipative.

• The operator (λI − A) is surjective, that’s

∀ f ∈ X, ∀λ > 0, ∃ x ∈ D(A) such that λx − Ax = f .

Theorem 1.5.1. [9] If A is m-dissipative, then, for all λ > 0 the operator (λI − A) admits an inverse,

(λI − A)−1 f belongs to D(A) for all f ∈ X, and (λI − A)−1 is a bounded linear operator verifying

∥∥∥(λI − A)−1
∥∥∥ ≤ 1

λ
.

Theorem 1.5.2. [9] Let (A, D(A)) an unbounded dissipative linear operator in X. The operator A is

m-dissipative if and only if

∃ λ0 such that ∀ f ∈ X, ∃ x ∈ D(A) veri f ies λ0x − Ax = f .

Theorem 1.5.3. [9] Let (A, D(A)) an unbounded linear operator in X. If it exists λ0 > 0 for which the

operator λ0 I − A is bijection of D(A) on X, and if (λ0 I − A)−1 is a bounded operator on X then A is

closed.

Definition 1.5.6. [13] Let A be dissipative with R(I − A) = X. If X is reflexive then

D(A) = X.

1.5.2 The m-dissipative operators in a Hilbert space

Definition 1.5.7. [9] An unbounded linear operator A : D(A) ⊂ H −→ H, is said to be dissipative if it

satisfies

(Ax, x) ≤ 0 ∀x ∈ D(A).

A is maximal if R (I − A) = H, i.e

∀ f ∈ H, ∃ x ∈ D(A) such that x − Ax = f .
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The operator A is said to be monotone if −A is dissipative, i.e

(Ax, x) ≥ 0 for all x ∈ D(A).

Proposition 1.5.1. [5] Let A : D(A) ⊂ H → H (H denotes a Hilbert space) be a m-dissipative operator,

then

• A is closed.

• D(A) is dense in H.

1.6 Strongly continuous semigroup of contractions of bounded

linear operators

Let X be a Banach space over the field F (C or R) and let B(X) be the Banach algebra of bounded

linear operators from X into X.

Definition 1.6.1. [13] A family of operators (T(t))t≥0 ⊂ B(X) is called a semigroup if it satisfies the

following properties

• T (0) = I (where I is the identity operator on X).

• T (t + s) = T (t) T (s) , for all t, s ≥ 0.

Definition 1.6.2. [13] A semigroup (T(t))t≥0 of bounded linear operators on X is a strongly continuous

semigroup of bounded linear operators if

lim
t→0

T(t)x = x, ∀x ∈ X.

A strongly continuous semigroup of bounded linear operators on X will be called a semigroup of class C0

or simply a C0-semigroup.

1.6.1 The infinitesimal generator

Definition 1.6.3. [13] The infinitesimal generator of the semigroup (T(t))t≥0 is the linear operator A

defined by

Ax = lim
t→0

T(t)x − x
t

=
d+T (t) x

dt
|t=0 f or any x ∈ D (A) ,
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with

D (A) =

{
x ∈ X : lim

t→0

T(t)x − x
t

exists
}

.

Theorem 1.6.1. [7] Let (T(t))t≥0 be a C0-semigroup. There exist constant ω ≥ 0 and M ≥ 1 such that

∥T (t)∥ ≤ M exp(ωt) for 0 ≤ t < ∞.

Theorem 1.6.2. [7] A C0-semigroup (T(t))t≥0 on X is of contractions if

∥T (t)∥ ≤ 1 for 0 ≤ t < ∞.

Theorem 1.6.3. [13] Let X be a Banach space and let A be the infinitesimal generator of a C0

semigroup(T(t))t≥0 on X, satisfying ∥T(t)∥ ≤ M exp(ωt). If B is a bounded linear operator on X then A+

B is the infinitesimal generator of a C0 semigroup S(t) on X, satisfying ∥S(t)∥ ≤ M exp((ω + M ∥B∥) t).

Theorem 1.6.4. [13] Let (T(t))t≥0 be a C0-semigroup and let A be its infinitesimal generator. Then

• For x ∈ X

lim
h→0

1
h

∫ t+h

t
T (s) xds = T (t) x.

• For x ∈ X,
∫ t

0
T(S)xds ∈ D(A) and

A
(∫ t

0
T (s) xds

)
= T (t) x − x.

• For x ∈ D(A), T(t)x ∈ D(A) and

d
dt

T (t) x = AT (t) x = T (t) Ax.

• For x ∈ D(A)

T (t) x − T (s) x =
∫ t

s
T (τ) Axdτ =

∫ t

s
AT (τ) xdτ.
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1.7 Hille-Yosida Theorem

Theorem 1.7.1. [13] An unbounded linear operator A : D(A) ⊂ X → X is the infinitesimal generator

of a C0-semigroup of a contractions on X if and only if the following conditions are satisfied

(a) D(A) is dense in X.

(b) A is a closed operator.

(c) For every λ > 0, the operator (λI − A) is bijective mapping from D(A) into X and (λI − A)−1 is a

bounded operator on X satisfying ∥∥∥(λI − A)−1
∥∥∥ ≤ 1

λ
.

Theorem 1.7.2. [13] An unbounded linear operator (A, D(A)) on X is the infinitesimal generator of a

C0-semigroup of contractions on X if and only if A is m-dissipative and of dense domaine in X.

Theorem 1.7.3. [5] Let A be a maximal monotone operator. Then, given any u0 ∈ D(A) there exists a

unique function

u ∈ C1([0,+∞); H) ∩ C([0,+∞); D(A)),

satisfying 
du
dt

+ Au = 0 on [0,+∞[

u (0) = u0.

Moreover,

|u(t)| ≤ |u0| and
∣∣∣∣du

dt
(t)
∣∣∣∣ = |Au (t)| ≤ |Au0| , ∀t ≥ 0.

1.8 Lumer-Phillips

Theorem 1.8.1. [13] Let A be a linear operator with dense domain D(A) in X

a) If A is dissipative and there exists a λ0 > 0 such that the range, R(λ0 I − A) = X, then A is the

infinitesimal generator of a C0-semigroup of contractions on X.

b) If A is the infinitesimal generator of a C0-semigroup of contractions on X then R(λI − A) = X for all

λ > 0 and A is dissipative.
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1.9 Fundamental Concepts of Stability

Stability is one of the essential aspects in the study of solutions to differential systems, and its concept

aims to formalize the properties of these systems. This means that the properties of differential systems

are closely related to the behavior of the properties of these systems. This also means that the properties

of differential systems are closely related to the behavior of the system’s equilibrium points.

Definition 1.9.1. [8] (equilibrium point) a point x∗is said to be an equilibrium point if and only if

f (x∗) = 0, in other words x∗ is a state solution of the equation

x′(t) = f (x(t)).

i.e If x(t0) = x∗ then, x(t) = x∗, ∀t ≥ t0.

1.9.1 Stability and Instability

Definition 1.9.2. [8] (Stability of an equilibrium point) The equilibrium point x∗(t) of the differential

equation x′(t) = f (x(t)) is

• Stable: If, for any ε > 0, there exists a δ > 0 such that for any solution x(t) of the differential equation,

if

∥x0 − x∗∥ ≤ δ,

then

∥x(t)− x∗∥ ≤ ε, for all t ≥ 0.

• Unstable: The equilibrium point is said to be unstable if it is not stable.

1.9.2 Types of Stability

Definition 1.9.3. [8] The equilibrium point x∗ is said to be asymptotically stable if it is stable, and if

there exists r > 0 such that for every solution x(t) of ẋ(t) = f (x(t)), we have

∥x0 − x∗∥ ≤ r =⇒ lim
t→∞

∥x(t)− x∗∥ = 0

Example 1.9.1. Consider the system
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
ẋ =

−x
1 + t

,

t ≥ t0 t0 ∈ R+

x(t0) = x0.

This system admits a solution of the form

X(t, t0, x0) = x0 exp(
∫ t

t0

−1
1 + s

ds)

= x0 exp(− [log(1 + s)]tt0

= x0

(
1 + t0

1 + t

)
.

Note that the equilibrium x∗ = 0 is stationary, and moreover, we have:

lim
t→∞

X(t, t0, x0) = 0.

Therefore, the equilibrium point is asymptotically stable.

1.9.2.1 Exponential Stability

Definition 1.9.4. [8] An equilibrium point xe is exponentially stable for the equation x′(t) = f (x) if

there exist two positive scalars α and K such that:

∥x(t)− xe∥ ≤ K ∥x(0)− xe∥ exp(−αt),

Example 1.9.2. consider the following system:

x = −(1 + sin2(x))x, withx(t) = x0

• It is clear that xe = 0 is an equilibrium point.

• The solution of the system is given by

x(t) = x(0) exp(
∫ t

0
−(1 + sin2(s)ds), ∀t ≥ 0.



1.9 Fundamental Concepts of Stability 19

Let

a(t) = (1 + sin2(t)).

We have exponential stability.

1.9.2.2 Stability (in the sense of Lyapunov)

Consider a dynamical system

ẋ = f (x), x ∈ Rn,

with an equilibrium point xe, typically xe = 0.

Definition 1.9.5. [8] (Lyapunov stability) The equilibrium point x = 0 is said to be stable in the sense of

Lyapunov if for every ε > 0, there exists a real number δ > 0 such that

∥x(0)∥ < δ =⇒ ∥x(t)∥ < ε, ∀t ≥ 0.

This means that any trajectory that starts "near" the equilibrium point remains close indefinitely.

1.9.2.3 Stability via Lyapunov function

Definition 1.9.6. [8] A function V : Rn −→ R is a Lyapunov function for the system if there exists a

neighborhood D of the origin such that

• V(0) = 0 and V(x) > 0 for all x ∈ D\ {0} (positive definite),

• The derivative along trajectories V̇(x) = ▽V(x)T f (x) ≤ 0 (negative semi-definite).

Interpretations

• if V̇(x) ≤ 0 :The equilibrium is stable

• if V̇(x) < 0 :The equilibrium is asymptotically stable.

• if V(x) ≥ α1 ∥x∥2 and V̇(x) ≤ −α2 ∥x∥2 for some positive constants α1, α2 > 0 the equilibrium is

exponentially stable.
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1.10 The delay differential equations (DDEs)

in the study of delay differential (DDEs), delays represent how the current rate of change of a system

depends not only on the current state but also on its past states. Delays are common in biological,

engineering and economic systems. There are three main types of delays: discrete, distributed, and

neutral delays.

1.10.1 Discrete Delay

Definition 1.10.1. [6] A discrete delay refers to a situation where the effect of the past state on the

present is localizes at a single point in time.

Mathematical form
dx (t)

dt
= f (x (t) , x (t − τ)) ,

where τ > 0 is a constant delay.

Example 1.10.1.
dx (t)

dt
= −ax (t − τ) .

Applications

• Control systems.

• Population dynamics (e.g, delayed birth rate)

1.10.2 Distributed Delay

Definition 1.10.2. [6] A distributed delay accounts for the influence of the state over an entire interval

in the past, rather than at a single instant.

Mathematical form
dx (t)

dt
= f

(
x (t) ,

∫ τ

0
k (s) x (t − s) ds

)
,

where k (s) is a kernel function describing the weight of the past states.

Example 1.10.2.
dx (t)

dt
= −ax (t) +

∫ τ

0
k (s) x (t − s) ds.



1.10 The delay differential equations (DDEs) 21

Applications

• Epidemiological models.

• Neural field equations.

• Thermal processes.

1.10.3 Neutral Delay

Definition 1.10.3. [6] In neutral delay differential equations, the derivative of the delayed state also

influences the present rate of change.

Mathematical form
d
dt

[x (t)− g (x (t − τ))] = f (x (t) , x (t − τ)) .

Example 1.10.3.
d
dt

[x (t)− bx (t − τ)] = −ax (t) .

Features

• More complex dynamics.

• Can introduce higher-order effects like oscillations or instability.

Application

• Transmission lines.

• Mechanical system with damping.
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Well-posedness

In this chapter, we prove the existence and uniqueness of solutions for system (1.1)-(1.2) based on the

semigroup theory and more precisely the Lummer Phillips theorem.

First, we introduce the following change of variable

φ (x, ρ, t) = ut(x, t − ρτ) in (0, L)× (0, 1)× (0, ∞), (1.3)

which satisfies

τφt(x, ρ, t) + φρ(x, ρ, t) = 0 in (0, L)× (0, 1)× (0, ∞).

Hence problem(1.1) takes the form

ρzztt = α1zxx + α2uxx in (0, L)× (0, ∞)

ρuutt = α3uxx + α2zxx + βθx − µφ (x, 1, t) in (0, L)× (0, ∞)

cθt = −qx + βutx in (0, L)× (0, ∞)

τ0qt = −q − kθx in (0, L)× (0, ∞)

τφt = −φρ in (0, L)× (0, 1)× (0, ∞)

(1.4)
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with the boundary and the initial data
z(0, t) = zx(L, t) = u(0, t) = ux(L, t) = θx(0, t) = θ(L, t) = q(0, t) = 0 , t > 0

z(x, 0) = z0(x) , zt(x, 0) = z1(x) , θ(x, 0) = θ0(x) , x ∈ (0, L)

u(x, 0) = u0(x) , ut(x, 0) = u1(x) , q(x, 0) = q0(x) , x ∈ (0, L)

φ (x, ρ, 0) = f0(x, ρt) in (0, L)× (0, τ)

(1.5)

Second, we start to transform the system (1.4)-(1.5) as a Cauchy problem. Indeed, we introduce the

vector function U = (z, v, u, ψ, θ, q, φ)T, where v = zt, and ψ = ut. Then, the system (1.4)-(1.5) can be

rewritten as follows  Ut = (A+ B)U, t > 0,

U(x, 0) = U0(x) = (z0, z1, u0, u1, θ0, q0, f0)
T ,

(2.1)

where

AU =



v
α1

ρz
zxx +

α2

ρz
uxx

ψ

α2

ρu
zxx +

α3

ρu
uxx +

β

ρu
θx −

µ

ρu
φ (x, 1, t)− |µ|

ρu
ψ

β

c
ψx −

1
c

qx

− k
τ0

θx −
1
τ0

q

−1
τ

φρ



, (2.2)

with A is unbounded linear operator on H defined by

A =



0 I 0 0 0 0 0
α1

ρz

∂2

∂x2 (.) 0
α2

ρz

∂2

∂x2 (.) 0 0 0 0

0 0 0 I 0 0 0
α2

ρu

∂2

∂x2 (.) 0
α3

ρu

∂2

∂x2 (.) −|µ|
ρu

I
β

ρu

∂

∂x
(.) 0 − µ

ρu
I
∣∣
ρ=1

0 0 0
β

c
∂

∂x
(.) 0 −1

c
∂

∂x
(.) 0

0 0 0 0 − k
τ0

∂

∂x
(.) − 1

τ0
I 0

0 0 0 0 0 0 −1
τ

∂

∂ρ
(.)



,
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and the operator B : D(B) = H → H is given by

BU =
|µ|
ρu

(0, 0, 0, ψ, 0, 0, 0)T .

We define the energy space as

H = H̃1 (0, L)× L2 (0, L)× H̃1 (0, L)× L2 (0, L)× L2 (0, L)× L2 (0, L)

× L2 ((0, L)× (0, 1)) .

The domain of A is given by

D (A) =
{

U ∈ H | z, u ∈ H̃2 (0, L) ; v, ψ, q ∈ H̃1 (0, L) ;

θ ∈ H̃1
∗ (0, L) ; φ, φρ ∈ L2 ((0, L)× (0, 1))

zx (L) = ux (L) = θx (0) = 0} .

Where
H̃1 (0, L) =

{
f ∈ H1 (0, L) ; f (0) = 0

}
,

H̃1
∗ (0, L) =

{
f ∈ H1 (0, L) ; f (L) = 0

}
,

H̃2 (0, L) = H2 (0, L) ∩ H̃1 (0, L) .

2.1 Energy space

We define the energy functional of the system (1.4)-(1.5) as follows

E (t) =
1
2

∫ L

0

(
ρzz2

t + ρuu2
t +

(
α3 −

α2
2

α1

)
u2

x +

(
α2√
α1

ux +
√

α1zx

)2

+cθ2 +
τ0

k
q2 + |µ| τ

∫ 1

0
φ2 (x, ρ, t) dρ

)
dx, (2.3)

and we will demonstrate later in chapter 3 how to calculate this quantity. To assure that the energy

functional is well defined, it’s necessary that the following conditions hold

∫ L

0
z2

t dx < ∞,
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which implies that zt ∈ L2 (0, L), we have zt = v, it follows that v ∈ L2 (0, L). Also we

∫ L

0
u2

t dx < ∞,

since ut ∈ L2 (0, L) and ut = ψ, we conclude that ψ ∈ L2 (0, L). In addition

∫ L

0
u2

xdx < ∞,

and by Poincaré’s inequality, we deduce that

∫ L

0
u2dx < ∞.

Then, by taking into account the boundary conditions, we conclude that

u ∈ H̃1 (0, L) .

Furthermore ∫ L

0
zx

2dx < ∞,

by applying the Poincaré’s inequality, we also obtain

∫ L

0
z2dx < ∞.

Then, by taking into account the boundary conditions, we conclude that

z ∈ H̃1 (0, L) .

Moreover ∫ L

0
θ2dx < ∞,

therefore, θ ∈ L2 (0, L). Then ∫ L

0
q2dx < ∞.

This is implies that q ∈ L2 (0, L). Finally

∫ L

0

∫ 1

0
φ2 (x, ρ, t) dρdx < ∞,
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which confirm that φ ∈ L2 ((0, L)× (0, 1)) .

2.2 Domain of the operator A

Because U ∈ H, we assume that the components
z, u ∈ H̃1 (0, L) ,

v, ψ ∈ L2 (0, L) ,

θ, q ∈ L2 (0, L) ,

φ ∈ L2 ((0, L)× (0, 1)) .

(2.4)

In order to AU belongs to H, it’s necessary to impose the following conditions

v ∈ H̃1 (0, L) ,
α1

ρz
zxx +

α2

ρz
uxx ∈ L2 (0, L) ,

ψ ∈ H̃1 (0, L) ,
α2

ρu
zxx +

α3

ρu
uxx +

β

ρu
θx −

µ

ρu
φ (x, 1, t)− |µ|

ρu
ψ ∈ L2 (0, L) ,

β

c
ψx −

1
c

qx ∈ L2 (0, L) ,

− k
τ0

θx −
1
τ0

q ∈ L2 (0, L) ,

−1
τ

φρ ∈ L2 ((0, L)× (0, 1)) .

According to the definition of D(A), we get

v, ψ ∈ H̃1 (0, L) ,

and
α1

ρz
zxx +

α2

ρz
uxx ∈ L2 (0, L) ,

so ∫ L

0
|(zxx + uxx)|2 dx < ∞ =⇒

∫ L

0

(
z2

xx + u2
xx + 2zxxuxx

)
dx < ∞,
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Young’s inequality leads to

−
∫ L

0
zxxuxxdx ≤ ε

2

∫ L

0
z2

xxdx +
1
2ε

∫ L

0
u2

xxdx,

−2
∫ L

0
zxxuxxdx ≤ ε

∫ L

0
z2

xxdx +
1
ε

∫ L

0
u2

xxdx,

2
∫ L

0
zxxuxxdx ≥ −ε

∫ L

0
z2

xxdx − 1
ε

∫ L

0
u2

xxdx,

(1 − ε)
∫ L

0
z2

xxdx +

(
1 − 1

ε

) ∫ L

0
u2

xxdx ≤
∫ L

0
z2

xxdx +
∫ L

0
u2

xxdx + 2
∫ L

0
zxxuxxdx < ∞.

Which implies that

∫ L

0
z2

xx < ∞,∫ L

0
u2

xx < ∞,

so, we deduce

z, u ∈ H2 (0, L)

and from (2.4), we obtain z, u ∈ H̃1 (0, L) . Then

z, u ∈ H̃2 (0, L) .

Next, we consider the term
β

c
ψx −

1
c

qx ∈ L2 (0, L) .

Similarly ∫ L

0
q2

x < ∞.

Hence

qx ∈ L2 (0, L) and q ∈ L2 (0, L) ,

taking into account the boundary conditions, we have

q (0, t) = 0,
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so

q ∈ H̃1 (0, L) .

Moreover,

− k
τ0

θx −
1
τ0

q ∈ L2 (0, L) and q ∈ L2 (0, L) ,

thus, θx ∈ L2 (0, L) and from (2.4), we deduce

θ ∈ L2 (0, L) ,

and because

θ (L, t) = 0,

then,

θ ∈ H̃1
∗ (0, L) .

Finally, it is clear that

φ, φρ ∈ L2 ((0, L)× (0, 1)) .

For any U = (z, v, u, ψ, θ, q, φ)T ∈ H, Ũ =
(
z̃, ṽ, ũ, ψ̃, θ̃, q̃, φ̃

)T ∈ H, we equip H with the inner product

⟨U, Ũ⟩H = ρz

∫ L

0
vṽdx + ρu

∫ L

0
ψψ̃dx +

(
α3 −

α2
2

α1

) ∫ L

0
uxũxdx

+
∫ L

0

(
α2√
α1

ux +
√

α1zx

)(
α2√
α1

ũx +
√

α1z̃x

)
dx + c

∫ L

0
θθ̃dx

+
τ0

k

∫ L

0
qq̃dx + |µ| τ

∫ L

0

∫ 1

0
φ (x, ρ, t) φ̃ (x, ρ, t) dρdx.

2.3 Existence and uniqueness result

Theorem 2.3.1. Let U0 ∈ H and assume that (1.3) holds. Then, there exists a unique solution U ∈
C (R+,H) for the problem (1.4)-(1.5). Moreover, if U0 ∈ D (A), then

U ∈ C (R+, D (A)) ∩ C1 (R+,H) .

Proof. We use the semi-group approach. So, we prove that A is a maximal dissipative operator and
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that B is Lipschitz continuous operator. First, we prove that A is dissipative. For this reason, we use

formula (2.2.1). Let U ∈ D (A), then we have

⟨AU, U⟩H =

〈



v
α1

ρz
zxx +

α2

ρz
uxx

ψ

α2

ρu
zxx +

α3

ρu
uxx +

β

ρu
θx −

µ

ρu
φ (x, 1, t)− |µ|

ρu
ψ

β

c
ψx −

1
c

qx

− 1
τ0

q − k
τ0

θx

−1
τ

φρ



,



z

v

u

ψ

θ

q

φ



〉

H

,

then

⟨AU, U⟩H =
∫ L

0
(α1zxx + α2uxx) vdx +

∫ L

0
(α3uxx + α2zxx + βθx − µφ (x, 1, t)

− |µ|ψ)ψdx +
∫ L

0

(
α3 −

α2
2

α1

)
uxψxdx

+
∫ L

0

(
α2√
α1

ux +
√

α1zx

)(
α2√
α1

ψx +
√

α1vx

)
dx +

∫ L

0
(−qx + βψx) θdx

+
∫ L

0

(
−1

k
q − θx

)
qdx − |µ|

∫ L

0

∫ 1

0
φφρ (x, ρ, t) dρdx.

Integrating by parts and taking into account the boundary conditions, we get

⟨AU, U⟩H = −α1

∫ L

0
zxvxdx − α2

∫ L

0
uxvxdx − α3

∫ L

0
uxψxdx − α2

∫ L

0
zxψxdx

− β
∫ L

0
θψxdx − µ

∫ L

0
ψφ (x, 1, t) dx − |µ|

∫ L

0
ψ2dx + α3

∫ L

0
uxψxdx

− α2
2

α1

∫ L

0
uxψxdx +

α2
2

α1

∫ L

0
uxψxdx + α2

∫ L

0
uxvxdx + α2

∫ L

0
zxψxdx

+ α1

∫ L

0
zxvxdx +

∫ L

0
qθxdx + β

∫ L

0
θψxdx − 1

k

∫ L

0
q2dx −

∫ L

0
qθxdx

− |µ|
2

∫ L

0
φ2 (x, 1, t) dx +

|µ|
2

∫ L

0
ψ2dx.
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It follows that

⟨AU, U⟩H = −µ
∫ L

0
ψφ (x, 1, t) dx − 1

k

∫ L

0
q2dx − |µ|

2

∫ L

0
φ2 (x, 1, t) dx − |µ|

2

∫ L

0
ψ2dx. (2.6)

Also, using Young’s inequality, we get

−µ
∫ L

0
ψφ (x, 1, t) dx ≤ |µ|

2

∫ L

0
ψ2dx +

|µ|
2

∫ L

0
φ2 (x, 1, t) dx.

Finally, we obtain

⟨AU, U⟩H ≤ −1
k

∫ L

0
q2dx ≤ 0.

Therefore, the operator A is dissipative. Next, we prove that the operator (I −A) is surjective. For any

F = ( f1, f2, f3, f4, f5, f6, f7)
T ∈ H, we prove that there exists U ∈ D (A) such that

(I −A)U = F. (2.7)

The problem (2.7), leads to solve the following system

z − v = f1 ∈ H̃1 (0, L) ,

ρzv − α1zxx − α2uxx = ρz f2 ∈ L2 (0, L) ,

u − ψ = f3 ∈ H̃1 (0, L) ,

(ρu + |µ|)ψ − α3uxx − α2zxx − βθx + µφ (x, 1, t) = ρu f4 ∈ L2 (0, L) ,

cθ + qx − βψx = c f5 ∈ L2 (0, L) ,

(τ0 + 1) q + kθx = τ0 f6 ∈ L2 (0, L) ,

τφ + φρ = τ f7 ∈ L2 ((0, L)× (0, 1)) .

(2.8)

The last equation in (2.8) with φ (x, 0, t) = ψ (x, t) has a unique solution given by

φ (x, ρ, t) = ψ (x, t) exp (−τρ) + τ exp (−τρ)
∫ ρ

0
exp (τσ) f7 (x, σ, t) dσ. (2.9)

From the sixth equation in (2.8), we obtain

θx = − (τ0 + 1)
k

q +
τ0

k
f6, (2.10)
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integrating (2.10), we get

θ (x, t) =
τ0 + 1

k

∫ L

x
q (y) dy − τ0

k

∫ L

x
f6 (y) dy. (2.11)

Inserting v = z − f1, ψ = u − f3, (2.9), (2.11) in (2.8)2, (2.8)4, (2.8)5, we get
ρzz − α2uxx − α1zxx = g1 ∈ L2 (0, L) ,

−α3uxx + λu − α2zxx +
β (τ0 + 1)

k
q = g2 ∈ L2 (0, L) ,

qx +
c (τ0 + 1)

k

∫ L

x
q (y) dy − βux = g3 ∈ L2 (0, L) ,

(2.12)

where

g1 = ρz ( f1 + f2) ∈ L2 (0, L) ,

g2 = ρu f4 + λ f3 +
βτ0

k
f6 − τµ exp (−τ)

∫ 1

0
exp (τσ) f7 (x, σ, t) dσ ∈ L2 (0, L) ,

g3 = c f5 +
cτ0

k

∫ L

x
f6 (y) dy − β f3x ∈ L2 (0, L) ,

λ = ρu + |µ|+ µ exp (−τ) .

To solve (2.12), we consider

B ((z, u, q) ; (z̃, ũ, q̃)) = G (z̃, ũ, q̃) , (2.13)

where B : V2 → R is the bilinear form and G : V → R is a linear form with

V = H̃1 (0, L)× H̃1 (0, L)× L2 (0, L) .

In order to obtain B and G, we proceed by multiplying (2.12)1, (2.12)2, (2.12)3 by z̃, ũ,
τ0 + 1

k
q̃

respectively, integrating over (0, L) and summing them up, we find

B ((z, u, q) ; (z̃, ũ, q̃)) = ρz

∫ L

0
zz̃dx − α1

∫ L

0
zxx z̃dx − α2

∫ L

0
uxx z̃dx

− α3

∫ L

0
uxxũdx + λ

∫ L

0
uũdx − α2

∫ L

0
zxxũdx

+
β (τ0 + 1)

k

∫ L

0
qũdx +

τ0 + 1
k

∫ L

0
qx

(∫ L

x
q̃ (y) dy

)
dx
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+
c (τ0 + 1)2

k2

∫ L

0

(∫ L

x
q (y) dy

)(∫ L

x
q̃ (y) dy

)
dx

− β (τ0 + 1)
k

∫ L

0
ux

(∫ L

x
q̃ (y) dy

)
dx,

integrating by parts and taking into account the boundary conditions, we obtain

B ((z, u, q) ; (z̃, ũ, q̃)) = ρz

∫ L

0
zz̃dx + α1

∫ L

0
zx z̃xdx + α2

∫ L

0
ux z̃xdx + λ

∫ L

0
uũdx

+ α3

∫ L

0
uxũxdx + α2

∫ L

0
zxũxdx +

τ0 + 1
k

∫ L

0
qq̃dx

+
c (τ0 + 1)2

k2

∫ L

0

(∫ L

x
q (y) dy

)(∫ L

x
q̃ (y) dy

)
dx

+
β (τ0 + 1)

k

(∫ L

0
qũdx −

∫ L

0
uq̃dx

)
, (2.14)

and

G (z̃, ũ, q̃) =
∫ L

0
g1z̃dx +

∫ L

0
g2ũdx +

τ0 + 1
k

∫ L

0
g3

(∫ L

x
q̃ (y) dy

)
dx. (2.15)

Let V equipped with the norm

∥z, u, q∥2
V = ∥z∥2

2 + ∥u∥2
2 + ∥q∥2

2 + ∥zx∥2
2 + ∥ux∥2

2 ,

we proceed to prove the boundedness of B.

Using Cauchy Schwarz’s inequality, we get

ρz

∣∣∣∣∫ L

0
zz̃dx

∣∣∣∣ ≤ ρz ∥z∥2 ∥z̃∥2 ≤ ρz ∥(z, u, q)∥V ∥(z̃, ũ, q̃)∥V ,

λ

∣∣∣∣∫ L

0
uũdx

∣∣∣∣ ≤ λ ∥u∥2 ∥ũ∥2 ≤ λ ∥(z, u, q)∥V ∥(z̃, ũ, q̃)∥V ,

τ0 + 1
k

∣∣∣∣∫ L

0
qq̃dx

∣∣∣∣ ≤ τ0 + 1
k

∥q∥2 ∥q̃∥2 ≤ τ0 + 1
k

∥(z, u, q)∥V ∥(z̃, ũ, q̃)∥V ,

α1

∣∣∣∣∫ L

0
zx z̃x

∣∣∣∣ ≤ α1 ∥zx∥2 ∥z̃x∥2 ≤ α1 ∥(z, u, q)∥V ∥(z̃, ũ, q̃)∥V ,

α3

∣∣∣∣∫ L

0
uxũxdx

∣∣∣∣ ≤ α3 ∥ux∥2 ∥ũx∥2 ≤ α3 ∥(z, u, q)∥V ∥(z̃, ũ, q̃)∥V ,
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α2

∣∣∣∣∫ L

0
(ux z̃x + zxũx) dx

∣∣∣∣ ≤ α2 (∥ux∥2 ∥z̃x∥2 + ∥zx∥2 ∥ũx∥2)

≤ 2α2 ∥(z, u, q)∥V ∥(z̃, ũ, q̃)∥V ,

c (τ0 + 1)2

k2

∣∣∣∣∫ L

0

(∫ L

x
q (y) dy

)(∫ L

x
q̃ (y) dy

)
dx
∣∣∣∣ ≤ c (τ0 + 1)2

k2 ∥q∥2 ∥q̃∥2

≤ c (τ0 + 1)2

k2 ∥(z, u, q)∥V ∥(z̃, ũ, q̃)∥V ,

β (τ0 + 1)
k

∣∣∣∣∫ L

0
(qũ − uq̃) dx

∣∣∣∣ ≤ β (τ0 + 1)
k

(∥q∥2 ∥ũ∥2 + ∥u∥2 ∥q̃∥2)

≤ 2β (τ0 + 1)
k

∥(z, u, q)∥V ∥(z̃, ũ, q̃)∥V .

Summing them up, we obtain

|B ((z, u, q) ; (z̃, ũ, q̃))| ≤ C ∥(z, u, q)∥V ∥(z̃, ũ, q̃)∥V ,

where

C = max

(
ρz, λ,

τ0 + 1
k

, α1, α3, 2α2,
c (τ0 + 1)2

k2 ,
2β (τ0 + 1)

k

)
,

thus, B is bounded.

We establish that B is coercive

B ((z, u, q) ; (z, u, q)) = ρz

∫ L

0
z2dx + λ

∫ L

0
u2dx +

τ0 + 1
k

∫ L

0
q2dx + α1

∫ L

0
z2

xdx

+ α3

∫ L

0
u2

xdx + 2α2

∫ L

0
uxzxdx

+
c (τ0 + 1)2

k2

∫ L

0

(∫ L

x
q (y) dy

)2

dx.

Young’s inequality leads to

−2α2

∫ L

0
uxzxdx ≤ 2α2

(
ε

2

∫ L

0
u2

xdx +
1
2ε

∫ L

0
z2

xdx
)

= α2ε
∫ L

0
u2

xdx +
α2

ε

∫ L

0
z2

xdx.
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Hence

2α2

∫ L

0
uxzxdx ≥ −α2ε

∫ L

0
u2

xdx − α2

ε

∫ L

0
z2

xdx.

B ((z, u, q) ; (z, u, q)) ≥ ρz

∫ L

0
z2dx + λ

∫ L

0
u2dx +

τ0 + 1
k

∫ L

0
q2dx +

(
α1 −

α2

ε

) ∫ L

0
z2

xdx

+ (α3 − α2ε)
∫ L

0
u2

xdx +
c (τ0 + 1)2

k2

∫ L

0

(∫ L

x
q (y) dy

)2

dx.

We select ε as follows

α1 −
α2

ε
> 0 ⇐⇒ α1 >

α2

ε
⇐⇒ ε >

α2

α1
,

and

α3 − α2ε > 0 ⇐⇒ α3 > α2ε ⇐⇒ ε <
α3

α2
.

Therefore
α2

α1
< ε <

α3

α2
.

It’s sufficient to take

ε =
1
2

(
α3

α2
+

α2

α1

)
ε =

α1α3 + α2
2

2α1α2
.

Consequently, we obtain

B ((z, u, q) ; (z, u, q)) ≥ M0 ∥(z, u, q)∥2
V .

Where

M0 = min
{

ρz, λ,
τ0 + 1

k
, α1 −

α2

ε
, α3 − α2ε

}
.

Thus, B is coercive.

We now aim to prove that G is bounded

G (z̃, ũ, q̃) ≤ ∥g1∥ ∥z̃∥2 + ∥g2∥ ∥ũ∥2 +
τ0 + 1

k
∥g3∥ ∥q̃∥2

≤ C′ (∥z̃∥2 + ∥ũ∥2 + ∥q̃∥2) ,
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where

C′ = max
(
∥g1∥ , ∥g2∥ ,

τ0 + 1
k

∥g3∥
)

.

Since

C′ (∥z̃∥2 + ∥ũ∥2 + ∥q̃∥2) ≤ 3C′ ∥(z̃, ũ, q̃)∥v ,

assuming that 3C′ = M , it follows that

C′ (∥z̃∥2 + ∥ũ∥2 + ∥q̃∥2) ≤ M ∥(z̃, ũ, q̃)∥V .

Then

|G (z̃, ũ, q̃)| ≤ M ∥(z̃, ũ, q̃)∥V .

Thus, G is bounded. Consequently, by Lax-Milgram Lemma, system (2.12) has a unique solution

(z, u, q) ∈ V satisfying (2.13).

Substituting z and u in (2.8)1 and (2.8)3, respectively, we obtain

v, ψ ∈ H̃1(0, L),

then, inserting q in (2.11) and (2.8)6, we get

θ ∈ H̃1
∗ (0, L) .

Similarly, inserting ψ in (2.9) and bearing in mind (2.8)7, we obtain

φ, φρ ∈ L2 ((0, L)× (0, 1)) .

Moreover, if we take (z̃, ũ) ≡ (0, 0) ∈ H̃1(0, L)× H̃1(0, L), then (2.13) reduces to

∫ L

0
qq̃dx +

c(τ0 + 1)
k

∫ L

0

(∫ L

x
q(y)dy

)(∫ L

x
q̃(y)dy

)
dx − β

∫ L

0
uq̃dx

=
∫ L

0
g3

(∫ L

x
q̃(y)dy

)
dx, ∀q̃ ∈ L2(0, L). (2.16)
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That is

−
∫ L

0
(q − βu)

(∫ L

x
q̃(y)dy

)
x

dx

=
∫ L

0

[
−c(τ0 + 1)

k

(∫ L

x
q(y)dy

)
+ g3

] (∫ L

x
q̃(y)dy

)
dx, ∀q̃ ∈ L2(0, L), (2.17)

which implies

qx = βux −
c(τ0 + 1)

k

(∫ L

x
q(y)dy

)
+ g3, ∈ L2(0, L).

We conclude that

q ∈ H1(0, L),

and on the other hand, we have (2.17). Thus

q(0)
∫ L

0
q̃(y)dy = 0, ∀q̃ ∈ L2(0, L).

Since q̃ ∈ L2(0, L) is arbitrary. Then

q(0) = 0.

Consequently

q ∈ H̃1(0, L).

If we choose (ũ, q̃) ≡ (0, 0) ∈ H1 (0, L)× L2 (0, L) in (2.13), we have

∫ L

0
(α1zx + α2ux) z̃xdx =

∫ L

0
(g1 − ρzz) z̃dx, ∀z̃ ∈ H̃1(0, L). (2.18)

This last is also true for any function ϕ ∈ C1 (0, L) , ϕ (0) = 0 which is in H̃1(0, L), thus

−α1zxx − α2uxx = g1 − ρzz, ∈ L2 (0, L) .

Similarly, if we select (z̃, q̃) ≡ (0, 0) ∈ H1 (0, L)× L2 (0, L) in (2.13), we find

∫ L

0
(α3ux + α2zx) ũxdx =

∫ L

0

(
g2 − λu − β (τ0 + 1)

k
q
)

ũdx, ∀ũ ∈ H̃1(0, L). (2.19)
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This last is also true for any function ϕ ∈ C1(0, L), ϕ(0) = 0 which is in H̃1(0, L), thus

−α3uxx − α2zxx = g2 − λu − β(τ0 + 1)
k

q, ∈ L2(0, L).

Therefore,

uxx, zxx ∈ L2(0, L).

So,

z, u ∈ H̃2(0, L).

Finally, from (2.8)6, we get

θx(0) = 0,

and from (2.18), (2.19), we find

z̃(L) [α1zx(L) + α2ux(L)] = 0,

ũ(L) [α3ux(L) + α2zx(L)] = 0.

Since z̃, ũ ∈ H̃1(0, L) are arbitrary. Then

zx(L) = ux(L) = 0.

Hence, there exists a unique U ∈ D(A) such that (2.7) is satisfied. Consequently, the operator A is

dissipative. With this, we conclude that A is a maximal dissipative operator. On the other hand, it is

obvious that operator B is Lipschitz continuous. Consequently, A+ B is the infinitesimal generator of

a linear contraction C0 semigroup on H. Therefore, the well-posedness result follows from the Lumer

Phillips theorem.
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3
Stability result

In this section, we present an exponential stability result of solution of the considered problem using

the energy method (see [10], [12]). For this reason, we need some necessary results which help us to

achieve our goal.

3.1 Energy decay

In this section, we state and prove some lemmas needed for the proof of our stability result.

Lemma 3.1.1. Let (z, u, θ, q, φ) be the solution of (1.4)-(1.5). Then, the energy functional E (t) defined

by

E (t) =
1
2

∫ L

0

(
ρzz2

t + ρuu2
t +

(
α3 −

α2
2

α1

)
u2

x +

(
α2√
α1

ux +
√

α1zx

)2

+ cθ2

+
τ0

k
q2 + |µ| τ

∫ 1

0
φ2 (x, ρ, t) dρ

)
dx, (3.1)

satisfies

E
′
(t) ≤ −1

k

∫ L

0
q2dx + |µ|

∫ L

0
u2

t dx. (3.2)

Proof. Multiplying (1.4)1, (1.4)2, (1.4)3, (1.4)4 by zt, ut, θ,
1
k

q respectively, and multiplying (1.4)5 by
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|µ| φ, we obtain 

ρzzttzt = α1zxxzt + α2uxxzt,

ρuuttut = α3uxxut + α2zxxut + βθxut − µut φ (x, 1, t) ,

cθtθ = −qxθ + βutxθ,
τ0

k
qtq = −1

k
q2 − qθx,

|µ| τφt φ = − |µ| φρ φ.

Integrating over (0, L) and integrating (1.4)5 over (0, L)× (0, 1), we get

ρz

∫ L

0
zttztdx = α1

∫ L

0
zxxztdx + α2

∫ L

0
uxxztdx,

ρu

∫ L

0
uttutdx = α3

∫ L

0
uxxutdx + α2

∫ L

0
zxxutdx + β

∫ L

0
θxutdx − µ

∫ L

0
ut φ (x, 1, t) dx,

c
∫ L

0
θtθdx = −

∫ L

0
qxθdx + β

∫ L

0
utxθdx,

τ0

k

∫ L

0
qtqdx = −1

k

∫ L

0
q2dx −

∫ L

0
qθxdx,

|µ| τ
∫ L

0

(∫ 1

0
φt (x, ρ, t) φ (x, ρ, t) dρ

)
dx = − |µ|

∫ L

0

(∫ 1

0
φρ (x, ρ, t) φ (x, ρ, t) dρ

)
dx.

This last system is equivalent to

ρz
d

2dt

∫ L

0
z2

t dx = α1

∫ L

0
zxxztdx + α2

∫ L

0
uxxztdx,

ρu
d

2dt

∫ L

0
u2

t dx = α3

∫ L

0
uxxutdx + α2

∫ L

0
zxxutdx + β

∫ L

0
θxutdx,

−µ
∫ L

0
ut φ (x, 1, t) dx,

c
d

2dt

∫ L

0
θ2dx = −

∫ L

0
qxθdx + β

∫ L

0
utxθdx,

τ0

k
d

2dt

∫ L

0
q2dx = −1

k

∫ L

0
q2dx −

∫ L

0
θxqdx,

|µ| τ
d

2dt

∫ L

0

(∫ 1

0
φ2 (x, ρ, t) dρ

)
dx = − |µ|

∫ L

0

(∫ 1

0
φρ (x, ρ, t) φ (x, ρ, t) dρ

)
dx.
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Integrating by parts and taking into account the boundary conditions, we obtain

ρz
d

2dt

∫ L

0
z2

t dx = −α1

∫ L

0
ztxzxdx − α2

∫ L

0
ztxuxdx,

ρu
d

2dt

∫ L

0
u2

t dx = −α3

∫ L

0
utxuxdx − α2

∫ L

0
utxzxdx − β

∫ L

0
utxθdx − µ

∫ L

0
ut φ (x, 1, t) dx,

c
d

2dt

∫ L

0
θ2dx = −

∫ L

0
θqxdx + β

∫ L

0
θutxdx,

τ0

k
d

2dt

∫ L

0
q2dx = −1

k

∫ L

0
q2dx +

∫ L

0
qxθdx,

|µ| τ
d

2dt

∫ L

0

(∫ 1

0
φ2 (x, ρ, t) dρ

)
dx = −|µ|

2

∫ L

0

(
φ2 (x, 1, t)− u2

t

)
dx.

Summing them up, we obtain

d
2dt

∫ L

0

(
ρzz2

t + ρuu2
t + cθ2 +

τ0

k
q2 + |µ| τ

∫ 1

0
φ2 (x, ρ, t) dρ

+α1z2
x + α3u2

x + 2α2zxux

)
dx

= −1
k

∫ L

0
q2dx − |µ|

2

∫ L

0
φ2 (x, 1, t) dx +

|µ|
2

∫ L

0
u2

t dx − µ
∫ L

0
ut φ (x, 1, t) dx. (3.3)

Using the fact that

α1

∫ L

0
z2

xdx + α3

∫ L

0
u2

xdx + 2α2

∫ L

0
uxzxdx

= α1

∫ L

0
z2

xdx + α3

∫ L

0
u2

xdx + 2α2

∫ L

0
uxzxdx +

α2
2

α1

∫ L

0
u2

xdx − α2
2

α1

∫ L

0
u2

xdx

=

(
α3 −

α2
2

α1

) ∫ L

0
u2

xdx +
∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx. (3.4)

Inserting (3.4) into (3.3), we get

d
2dt

∫ L

0

(
ρzz2

t + ρuu2
t + cθ2 +

τ0

k
q2 + |µ| τ

∫ 1

0
φ2 (x, ρ, t) dρ

+

(
α3 −

α2
2

α1

)
u2

x +

(
α2√
α1

ux +
√

α1zx

)2
)

dx

= −1
k

∫ L

0
q2dx − |µ|

2

∫ L

0
φ2 (x, 1, t) dx +

|µ|
2

∫ L

0
u2

t dx − µ
∫ L

0
ut φ (x, 1, t) dx.
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Then, using Young’s inequality to estimate the last term in (3.3), we have

−µ
∫ L

0
ut φ (x, 1, t) dx ≤ |µ|

2

∫ L

0
u2

t dx +
|µ|
2

∫ L

0
φ2 (x, 1, t) dx, (3.5)

which leads to (3.2).

3.2 Lyapunov functional

To construct the Lyapunov functional, we consider the following lemmas

Lemma 3.2.1. Let (z, u, θ, q, φ) be the solution of (1.4)-(1.5). Then, the functional

I1(t) = ρu

∫ L

0
utudx − α2

α1
ρz

∫ L

0
ztudx, t ≥ 0, (3.6)

satisfies, for any ε1 > 0,

I′1(t) ≤ −1
2

(
α3 −

α2
2

α1

) ∫ L

0
u2

xdx +

(
ρu +

α2
2ρ2

z

4α2
1ε1

) ∫ L

0
u2

t dx

+ ε1

∫ L

0
z2

t dx + C
′
0

∫ L

0
θ2dx + C0

∫ L

0
φ2(x, 1, t)dx, ∀t ≥ 0. (3.7)

Proof. Multiplying (1.4)2 by u and integrating over (0, L), we obtain

ρu

∫ L

0
uttudx

= α3

∫ L

0
uxxudx + α2

∫ L

0
zxxudx + β

∫ L

0
θxudx − µ

∫ L

0
φ(x, 1, t)udx,

integrating by parts

ρu

∫ L

0
uttu dx

= −α3

∫ L

0
u2

xdx − α2

∫ L

0
zxuxdx − β

∫ L

0
θuxdx − µ

∫ L

0
φ(x, 1, t)udx,

thus

ρu

∫ L

0
uttudx + ρu

∫ L

0
u2

t dx − ρu

∫ L

0
u2

t dx

= −α3

∫ L

0
u2

xdx − α2

∫ L

0
zxuxdx − β

∫ L

0
θuxdx − µ

∫ L

0
φ(x, 1, t)udx,
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which is equivalent to

ρu
d
dt

∫ L

0
utudx = ρu

∫ L

0
u2

t dx − α3

∫ L

0
u2

xdx − α2

∫ L

0
zxuxdx

− β
∫ L

0
θuxdx − µ

∫ L

0
φ(x, 1, t)udx. (3.8)

Multiplying (1.4)1 by
−α2

α1
u and integrating over (0, L) , we get

−α2

α1
ρz

∫ L

0
zttudx = −α2

∫ L

0
zxxudx − α2

2
α1

∫ L

0
uxxudx,

which is equivalent to

− α2

α1
ρz

∫ L

0
zttudx − α2

α1
ρz

∫ L

0
ztutdx +

α2

α1
ρz

∫ L

0
ztutdx

= −α2

∫ L

0
zxxudx − α2

2
α1

∫ L

0
uxxudx,

therefore

−α2

α1
ρz

d
dt

∫ L

0
ztudx = −α2

α1
ρz

∫ L

0
ztutdx − α2

∫ L

0
zxxudx − α2

2
α1

∫ L

0
uxxudx,

integrating by parts, we arrive at

−α2

α1
ρz

d
dt

∫ L

0
ztudx = −α2

α1
ρz

∫ L

0
ztutdx + α2

∫ L

0
zxuxdx +

α2
2

α1

∫ L

0
u2

xdx, (3.9)

summing (3.8) and (3.9), we obtain

d
dt

[
ρu

∫ L

0
uutdx − α2

α1
ρz

∫ L

0
ztudx

]
= −

(
α3 −

α2
2

α1

) ∫ L

0
u2

x dx + ρu

∫ L

0
u2

t dx − β
∫ L

0
θuxdx

− α2

α1
ρz

∫ L

0
ztut dx − µ

∫ L

0
uφ(x, 1, t)dx. (3.10)
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Using Young’s and Poincaré’s inequalities

−µ
∫ L

0
uφ(x, 1, t)dx = −

∫ L

0
(
√

χu)
(

µ√
χ

φ(x, 1, t)
)

dx

≤ 1
4

χ
∫ L

0
u2

x dx + C0

∫ L

0
φ2(x, 1, t)dx, (3.11)

where χ =

(
α3 −

α2
2

α1

)
> 0 and C0 =

µ2

χ
.

Young’s inequality leads to

−β
∫ L

0
θuxdx = −

∫ L

0

(
β√
χ

θ

)
(
√

χux)dx

≤ C′
0

∫ L

0
θ2dx +

1
4

χ
∫ L

0
u2

x dx, (3.12)

where C′
0 =

β2

χ
.

−α2

α1
ρz

∫ L

0
ztut dx = −

∫ L

0
zt

((
α2

α1
ρz

)
ut

)
dx

≤ ε1

∫ L

0
z2

t dx +
α2

2ρ2
z

4α2
1ε1

∫ L

0
u2

t dx. (3.13)

Substituting (3.11),(3.12) and (3.13) into (3.10), we get (3.7).

Lemma 3.2.2. Let (z, u, θ, q, φ) be the solution of (1.4)-(1.5). Then, the functional

I2(t) = ρuα2

∫ L

0
ut

(
α2√
α1

u +
√

α1z
)

dx − α2
2

α1
ρz

∫ L

0
zt

(
α2√
α1

u +
√

α1z
)

dx, t ≥ 0, (3.14)

satisfies, for any ε2 > 0,

I′2(t) ≤ − α2
2ρz

2
√

α1

∫ L

0
z2

t dx +

(
C1 +

α2
2√
α1

ρu

) ∫ L

0
u2

t dx + Cε2

∫ L

0
u2

xdx + C′
ε2

∫ L

0
θ2dx+

+ C′′
ε2

∫ L

0
φ2(x, 1, t)dx + ε2

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx. (3.15)
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Proof. Multiplying (1.4)2 by
α2

2√
α1

u and integrating over (0, L), we obtain

ρu
α2

2√
α1

∫ L

0
uttudx = α3

α2
2√
α1

∫ L

0
uxxudx +

α3
2√
α1

∫ L

0
zxxudx

+ β
α2

2√
α1

∫ L

0
θxudx − µ

α2
2√
α1

∫ L

0
uφ(x, 1, t)dx,

integrating by parts with the boundary conditions

ρu
α2

2√
α1

∫ L

0
uttudx

= −α3
α2

2√
α1

∫ L

0
u2

xdx −
α3

2√
α1

∫ L

0
zxuxdx − β

α2
2√
α1

∫ L

0
θuxdx

− µ
α2

2√
α1

∫ L

0
uφ(x, 1, t)dx,

thus

ρu
α2

2√
α1

∫ L

0
uttudx + ρu

α2
2√
α1

∫ L

0
u2

t dx − ρu
α2

2√
α1

∫ L

0
u2

t dx

= −α3
α2

2√
α1

∫ L

0
u2

xdx −
α3

2√
α1

∫ L

0
zxuxdx − β

α2
2√
α1

∫ L

0
θuxdx

− µ
α2

2√
α1

∫ L

0
uφ(x, 1, t)dx,

which implies that

d
dt

[
ρu

α2
2√
α1

∫ L

0
utudx

]
= ρu

α2
2√
α1

∫ L

0
u2

t dx − α3
α2

2√
α1

∫ L

0
u2

xdx

−
α3

2√
α1

∫ L

0
zxuxdx − β

α2
2√
α1

∫ L

0
θuxdx

− µ
α2

2√
α1

∫ L

0
uφ(x, 1, t)dx. (3.16)
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Multiplying (1.4)2 by
√

α1α2z and integrating over (0, L) , we arrive at

ρu
√

α1α2

∫ L

0
uttzdx

= α3
√

α1α2

∫ L

0
uxxzdx +

√
α1α2

2

∫ L

0
zxxzdx + β

√
α1α2

∫ L

0
θxzdx

− µ
√

α1α2

∫ L

0
zφ(x, 1, t)dx,

integrating by parts

ρu
√

α1α2

∫ L

0
uttzdx

= −α3
√

α1α2

∫ L

0
uxzxdx −

√
α1α2

2

∫ L

0
z2

xdx − β
√

α1α2

∫ L

0
θzxdx

− µ
√

α1α2

∫ L

0
zφ(x, 1, t)dx,

therefore

ρu
√

α1α2

∫ L

0
uttzdx + ρu

√
α1α2

∫ L

0
ztutdx − ρu

√
α1α2

∫ L

0
ztutdx

= −α3
√

α1α2

∫ L

0
uxzxdx −

√
α1α2

2

∫ L

0
z2

xdx − β
√

α1α2

∫ L

0
θzxdx

− µ
√

α1α2

∫ L

0
zφ(x, 1, t)dx,

which is equivalent to

d
dt

[
ρu
√

α1α2

∫ L

0
uttzdx

]
= ρu

√
α1α2

∫ L

0
ztutdx − α3

√
α1α2

∫ L

0
uxzxdx

−
√

α1α2
2

∫ L

0
z2

xdx − β
√

α1α2

∫ L

0
θzxdx

− µ
√

α1α2

∫ L

0
zφ(x, 1, t)dx. (3.17)

Multiplying (1.4)1 by −
α3

2
α1
√

α1
u and integrating over (0, L) , we obtain

−
α3

2
α1
√

α1
ρz

∫ L

0
zttudx = −

α3
2√
α1

∫ L

0
zxxudx − α4

2
α1
√

α1

∫ L

0
uxxudx,
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integrating by parts

−
α3

2
α1
√

α1
ρz

∫ L

0
zttudx =

α3
2√
α1

∫ L

0
zxuxdx +

α4
2

α1
√

α1

∫ L

0
u2

xdx,

thus

−
α3

2
α1
√

α1
ρz

∫ L

0
zttudx −

α3
2

α1
√

α1
ρz

∫ L

0
ztutdx +

α3
2

α1
√

α1
ρz

∫ L

0
ztutdx

=
α3

2√
α1

∫ L

0
zxuxdx +

α4
2

α1
√

α1

∫ L

0
u2

xdx,

which is equivalent to

d
dt

[
−α2

2
α1

ρz

∫ L

0
zt

(
α2√
α1

u
)

dx

]
= −

α3
2

α1
√

α1
ρz

∫ L

0
ztutdx +

α3
2√
α1

∫ L

0
zxuxdx +

α4
2

α1
√

α1

∫ L

0
u2

xdx. (3.18)

Multiplying (1.4)1 by − α2
2√
α1

z and integrating over (0, L) , we obtain

− α2
2√
α1

ρz

∫ L

0
zttzdx = −α2

2
√

α1

∫ L

0
zxxzdx −

α3
2√
α1

∫ L

0
uxxzdx,

integrating by parts

− α2
2√
α1

ρz

∫ L

0
zttzdx = α2

2
√

α1

∫ L

0
z2

xdx +
α3

2√
α1

∫ L

0
uxzxdx,

thus

− α2
2√
α1

ρz

∫ L

0
zttzdx − α2

2√
α1

ρz

∫ L

0
z2

t dx +
α2

2√
α1

ρz

∫ L

0
z2

t dx

= α2
2
√

α1

∫ L

0
z2

xdx +
α3

2√
α1

∫ L

0
uxzxdx,
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which is equivalent to

d
dt

[
−α2

2
α1

ρz

∫ L

0
zt(

√
α1z)dx

]
= − α2

2√
α1

ρz

∫ L

0
z2

t dx + α2
2
√

α1

∫ L

0
z2

xdx +
α3

2√
α1

∫ L

0
uxzxdx. (3.19)

Summing (3.16)-(3.19), we obtain

d
dt

[
ρuα2

∫ L

0
ut

(
α2√
α1

u +
√

α1z
)

dx − α2
2

α1
ρz

∫ L

0
zt

(
α2√
α1

u +
√

α1z
)

dx

]
= − α2

2√
α1

ρz

∫ L

0
z2

t dx + α2(ρu
√

α1 −
α2

2
α1
√

α1
ρz)

∫ L

0
utztdx +

α2
2√
α1

ρu

∫ L

0
u2

t dx

− α2χ
∫ L

0
ux

(
α2√
α1

ux +
√

α1zx

)
dx − α2β

∫ L

0
θ

(
α2√
α1

ux +
√

α1zx

)
dx

− µα2

∫ L

0
φ(x, 1, t)

(
α2√
α1

u +
√

α1z
)

dx. (3.20)

Using Young’s inequality, with ξ = α2(ρu
√

α1 −
α2

2ρz

α1
√

α1
), we get

ξ
∫ L

0
utztdx =

∫ L

0
(ξut)ztdx ≤

∫ L

0
|ξut||zt|dx,

ξ
∫ L

0
utztdx =

∫ L

0

4
√

α1

α2
√

ρz
|ξ| |ut|

α2
√

ρz
4
√

α1
|zt| dx

≤ α2
2ρz

2
√

α1

∫ L

0
z2

t dx + C1

∫ L

0
u2

t dx, (3.21)

where C1 =

√
α1

2α2
2ρz

ξ2.

−α2χ
∫ L

0
ux

(
α2√
α1

ux +
√

α1zx

)
dx ≤ α2χ

∫ L

0
|ux|

∣∣∣∣ α2√
α1

ux +
√

α1zx

∣∣∣∣ dx

=
∫ L

0
α2χ|ux|

∣∣∣∣ α2√
α1

ux +
√

α1zx

∣∣∣∣ dx

≤ ε2

3

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx + Cε2

∫ L

0
u2

xdx, (3.22)
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where Cε2 =
3α2

2χ2

4ε2
.

−α2β
∫ L

0
θ

(
α2√
α1

ux +
√

α1zx

)
dx ≤ α2β

∫ L

0
|θ|
∣∣∣∣ α2√

α1
ux +

√
α1zx

∣∣∣∣ dx

≤ ε2

3

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx + C′
ε2

∫ L

0
θ2dx, (3.23)

where C′
ε2
=

3α2
2β2

4ε2
.

Using Young’s and Poincaré’s inequalities, leads to

−µα2

∫ L

0
φ(x, 1, t)

(
α2√
α1

u +
√

α1z
)

dx ≤ µα2

∫ L

0
|φ(x, 1, t)|

∣∣∣∣ α2√
α1

u +
√

α1z
∣∣∣∣ dx

≤ ε2

3

∫ L

0

(
α2√
α1

u +
√

α1z
)2

dx + C′′
ε2

∫ L

0
φ2(x, 1, t)dx

≤ ε2

3

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx + C′′
ε2

∫ L

0
φ2(x, 1, t)dx,

(3.24)

where C′′
ε2
=

3α2
2µ2

4ε2
.

Substituting (3.21)-(3.24) into (3.20), we obtain (3.15).

Lemma 3.2.3. Let (z, u, θ, q, φ) be the solution of (1.4)-(1.5). Then, the functional

I3 (t) = ρu

∫ L

0
utudx + ρz

∫ L

0
zztdx, t ≥ 0, (3.25)

satisfies

I
′
3 (t) ≤ −

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx − 1
2

(
α3 −

α2
2

α1

) ∫ L

0
u2

xdx

+ ρz

∫ L

0
z2

t dx + ρu

∫ L

0
u2

t dx + C2

∫ L

0
θ2 + C′

2

∫ L

0
φ2 (x, 1, t) dx. (3.26)

Proof. Multiplying (1.4)2 by u and integrating over (0, L) , we arrive at

ρu

∫ L

0
uttudx = α3

∫ L

0
uxxudx + α2

∫ L

0
zxxudx + β

∫ L

0
θxudx − µ

∫ L

0
uφ (x, 1, t) dx,
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integrating by parts, we obtain

ρu

∫ L

0
uttudx = −α3

∫ L

0
u2

xdx − α2

∫ L

0
zxuxdx − β

∫ L

0
θuxdx − µ

∫ L

0
uφ (x, 1, t) dx,

thus

ρu

∫ L

0
uttudx + ρu

∫ L

0
u2

t dx − ρu

∫ L

0
u2

t dx

= −α3

∫ L

0
u2

xdx − α2

∫ L

0
zxuxdx − β

∫ L

0
θuxdx − µ

∫ L

0
uφ (x, 1, t) dx,

which implies that

ρu
d
dt

∫ L

0
utudx = ρu

∫ L

0
u2

t dx − α3

∫ L

0
u2

xdx − α2

∫ L

0
zxuxdx

− β
∫ L

0
θuxdx − µ

∫ L

0
uφ (x, 1, t) dx. (3.27)

Multiplying (1.4)1 by z and integrating over (0, L) , we obtain

ρz

∫ L

0
zzttdx = α1

∫ L

0
zzxxdx + α2

∫ L

0
zuxxdx,

integrating by parts

ρz

∫ L

0
zzttdx + ρz

∫ L

0
z2

t dx − ρz

∫ L

0
z2

t dx = −α1

∫ L

0
z2

xdx − α2

∫ L

0
zxuxdx,

which is equivalent to

ρz
d
dt

∫ L

0
zztdx = ρz

∫ L

0
z2

t dx − α1

∫ L

0
z2

xdx − α2

∫ L

0
zxuxdx, (3.28)

summing (3.27)-(3.23) and using (3.4), we obtain

d
dt

[
ρu

∫ L

0
utudx + ρz

∫ L

0
zztdx

]
= −

(
α3 −

α2
2

α1

) ∫ L

0
u2

xdx −
∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx − β
∫ L

0
θuxdx

− µ
∫ L

0
uφ (x, 1, t) dx + ρz

∫ L

0
z2

t dx + ρu

∫ L

0
u2

t dx. (3.29)
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Using Young’s inequality, we get

−β
∫ L

0
θuxdx = −

∫ L

0

β√
χ

θ
√

χuxdx ≤
∣∣∣∣− ∫ L

0

β√
χ

θ
√

χuxdx
∣∣∣∣

≤ C2

∫ L

0
θ2dx +

1
4

χ
∫ L

0
u2

xdx, (3.30)

where C2 =
β2

χ
.

Using Young’s and Poincaré’s inequalities, we find

−µ
∫ L

0
uφ (x, 1, t) dx = −

∫ L

0

(
1√
χ

µφ (x, 1, t)
)
(
√

χu) dx

≤ 1
χ

µ2
∫ L

0
φ2 (x, 1, t) dx +

1
4

χ
∫ L

0
u2dx

≤ C
′
2

∫ L

0
φ2 (x, 1, t) dx +

1
4

χ
∫ L

0
u2

xdx, (3.31)

where C′
2 =

µ2

χ
. Substituting (3.30) and (3.31) into (3.29), we get (3.26).

Lemma 3.2.4. Let (z, u, θ, q, φ) be the solution of (1.4)-(1.5). Then, the functional

I4 (t) = −cρu

∫ L

0
θ

(∫ L

x
ut (y) dy

)
dx, ∀t ≥ 0, (3.32)

satisfies, for any ε3, ε4, ε5 > 0, the following estimate

I′4 (t) ≤ −βρu

2

∫ L

0
u2

t dx + ε3

∫ L

0
u2

xdx + ε4

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx

+
ρu

2β

∫ L

0
q2dx +

(
cβ +

C3

ε3
+

C′
3

ε4
+

C′′
3

ε5

) ∫ L

0
θ2dx

+ L2ε5

∫ L

0
φ2 (x, 1, t) dx. (3.33)

Proof. Multiplying (1.4)3 by −ρu

∫ L

x
ut(y)dy and integrating over (0, L) , we have

− cρu

∫ L

0
θt

(∫ L

x
ut (y) dy

)
dx

= ρu

∫ L

0
qx

(∫ L

x
ut (y) dy

)
dx − βρu

∫ L

0
utx

(∫ L

x
ut (y) dy

)
dx,
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integrating by parts

− cρu

∫ L

0
θt

(∫ L

x
ut (y) dy

)
dx − cρu

∫ L

0
θ

(∫ L

x
utt (y) dy

)
dx

+ cρu

∫ L

0
θ

(∫ L

x
utt (y) dy

)
dx

= ρu

∫ L

0
qutdx − βρu

∫ L

0
u2

t dx,

which is equivalent to

− cρu
d
dt

∫ L

0
θ

(∫ L

x
ut (y) dy

)
dx

= ρu

∫ L

0
qutdx − βρu

∫ L

0
u2

t dx

− c
∫ L

0
θ
∫ L

x

[
α3uyy + α2zyy + βθy − µφ(y, 1, t)

]
dydx,

therefore

I′4(t) = ρu

∫ L

0
qutdx − βρu

∫ L

0
u2

t dx

− c
∫ L

0
θ

[
−α3ux − α2zx − βθ − µ

∫ L

x
φ(y, 1, t)dy

]
dx

= ρu

∫ L

0
qutdx − βρu

∫ L

0
u2

t dx + cα3

∫ L

0
θuxdx + cα2

∫ L

0
θzxdx

+ cβ
∫ L

0
θ2dx + cµ

∫ L

0
θ
∫ L

x
φ(y, 1, t)dydx, (3.34)

using the fact that

cα3

∫ L

0
θuxdx + cα2

∫ L

0
θzxdx

= cχ
∫ L

0
θuxdx + c

α2√
α1

∫ L

0
θ

(
α2√
α1

ux +
√

α1zx

)
dx,

then, (3.29) can be rewritten as follows

I′4(t) = ρu

∫ L

0
qutdx − βρu

∫ L

0
u2

t dx + cχ
∫ L

0
θuxdx

+ c
α2√
α1

∫ L

0
θ

(
α2√
α1

ux +
√

α1zx

)
dx (3.35)
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+cβ
∫ L

0
θ2dx + cµ

∫ L

0
θ
∫ L

x
φ(y, 1, t)dydx.

Using Young’s inequality, we obtain

cχ
∫ L

0
θuxdx =

∫ L

0
(cχθ)uxdx

≤ ε3

∫ L

0
u2

xdx +
C3

ε3

∫ L

0
θ2dx, (3.36)

with C3 =
c2χ2

4
.

c
α2√
α1

∫ L

0
θ

(
α2√
α1

ux +
√

α1zx

)
dx

=
∫ L

0

(
c

α2√
α1

θ

)(
α2√
α1

ux +
√

α1zx

)
dx

≤ ε4

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx +
C

′
3

ε4

∫ L

0
θ2dx, (3.37)

where C′
3 =

c2α2
2

4α1
.

and

ρu

∫ L

0
qutdx ≤ βρu

2

∫ L

0
u2

t dx +
ρu

2β

∫ L

0
q2dx. (3.38)

Young’s inequality, leads to

cµ
∫ L

0
θ
∫ L

x
φ(y, 1, t)dydx ≤ ε5

∫ L

0

(∫ L

x
φ(y, 1, t)dy

)2

dx +
c2µ2

4ε5

∫ L

0
θ2dx,

it follows from Cauchy Schwarz’s inequality that

∫ L

0

(∫ L

x
φ(y, 1, t)dy

)2

dx ≤
∫ L

0

((∫ L

x
12dy

) 1
2
(∫ L

x
φ2(y, 1, t)dy

) 1
2
)2

dx

≤
∫ L

0

(∫ L

x
dy
)(∫ L

x
φ2(y, 1, t)dy

)
dx

≤
∫ L

0
L
(∫ L

0
φ2(y, 1, t)dy

)
dx

≤ L2
∫ L

0
φ2(x, 1, t)dx,
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then

cµ
∫ L

0
θ
∫ L

x
φ(y, 1, t)dydx ≤ L2ε5

∫ L

0
φ2(x, 1, t)dx +

C′′
3

ε5

∫ L

0
θ2dx, (3.39)

where C′′
3 =

c2µ2

4
.

Inserting (3.36)-(3.39) into (3.35), we get (3.33).

Lemma 3.2.5. Let (z, u, θ, q, φ) be the solution of (1.4)-(1.5). Then, the functional

I5(t) = −cτ0

∫ L

0
θ

(∫ L

x
q(y)dy

)
dx, ∀t ≥ 0, (3.40)

satisfies, for any ε6 > 0, the following estimate

I′5(t) ≤ − ck
2

∫ L

0
θ2dx + ε6

∫ L

0
u2

t dx +

(
C′

4 +
C4

ε6

) ∫ L

0
q2dx. (3.41)

Proof. Multiplying (1.4)3 by −τ0

∫ L

x
q(y)dy and integrating by parts, we obtain

−cτ0

∫ L

0
θt

(∫ L

x
q(y)dy

)
dx = τ0

∫ L

0
q2dx − τ0β

∫ L

0
utqdx,

which implies that

− cτ0

∫ L

0
θt

(∫ L

x
q(y)dy

)
dx − cτ0

∫ L

0
θ

(∫ L

x
qt(y)dy

)
dx

+ cτ0

∫ L

0
θ

(∫ L

x
qt(y)dy

)
dx

= τ0

∫ L

0
q2dx − τ0β

∫ L

0
utqdx.

Then

d
dt

[
−cτ0

∫ L

0
θ

(∫ L

x
q(y)dy

)
dx
]

= τ0

∫ L

0
q2dx − τ0β

∫ L

0
utqdx − cτ0

∫ L

0
θ

(∫ L

x
qt(y)dy

)
dx,



54 Stability result

using (1.4)4, we get

d
dt

[
−cτ0

∫ L

0
θ

(∫ L

x
q(y)dy

)
dx
]

= τ0

∫ L

0
q2dx − τ0β

∫ L

0
utqdx − c

∫ L

0
θ

(∫ L

x
(−q(y)− kθy)dy

)
dx,

thus

d
dt

[
−cτ0

∫ L

0
θ

(∫ L

x
q(y)dy

)
dx
]

= −ck
∫ L

0
θ2dx + τ0

∫ L

0
q2dx − τ0β

∫ L

0
utqdx + c

∫ L

0
θ

(∫ L

x
q(y)dy

)
dx. (3.42)

Young’s inequality, leads to

−τ0β
∫ L

0
utqdx ≤ ε6

∫ L

0
u2

t dx +
τ2

0 β2

4ε6

∫ L

0
q2dx

= ε6

∫ L

0
u2

t dx +
C4

ε6

∫ L

0
q2dx. (3.43)

where C4 =
τ2

0 β2

4
.

Applying Young’s and Cauchy’s inequalities yields

c
∫ L

0
θ

(∫ L

x
q(y)dy

)
dx ≤ ck

2

∫ L

0
θ2dx +

cL2

2k

∫ L

0
q2dx.

=
ck
2

∫ L

0
θ2dx + C′

4

∫ L

0
q2dx. (3.44)

where C′
4 =

cL2

2k
. Inserting (3.43) and (3.44) in (3.42), we get (3.41).

Lemma 3.2.6. Let (z, u, θ, q, φ) be the solution of (1.4) - (1.5). Then, the functional

I6 (t) = τ
∫ L

0

∫ 1

0
exp (−τρ) φ2 (x, ρ, t) dρdx, (3.45)

satisfies

I′6 (t) ≤
∫ L

0
u2

t dx − exp (−τ)

(∫ L

0
φ2 (x, 1, t) dx + τ

∫ L

0

∫ 1

0
φ2 (x, ρ, t) dρdx

)
. (3.46)
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Proof. Multiplying (1.4)5 by 2 exp (−τρ) φ (x, ρ, t) and integrating over (0, L)× (0, 1), we get

∫ L

0

∫ 1

0
τ exp (−τρ)

d
dt

(
φ2 (x, ρ, t)

)
dρdx = −

∫ L

0

∫ 1

0
exp (−τρ)

d
dρ

(
φ2 (x, ρ, t)

)
dρdx,

which implies that

τ
d
dt

∫ L

0

∫ 1

0
exp (−τρ) φ2 (x, ρ, t) dρdx = −

∫ L

0

∫ 1

0
exp (−τρ)

d
dρ

(
φ2 (x, ρ, t)

)
dρdx.

The right-hand side of the last formula represents the time derivative of the functional I6 (t)

I′6 (t) = −
∫ L

0

∫ 1

0
exp (−τρ)

d
dρ

(
φ2 (x, ρ, t)

)
dρdx. (3.47)

integrating by parts to the second integral in (3.47) yields

∫ 1

0
exp (−τρ)

d
dρ

(
φ2 (x, ρ, t)

)
dρ = exp (−τ) φ2 (x, 1, t)− φ2 (x, 0, t)

+
∫ 1

0
τ exp (−τρ) φ2 (x, ρ, t) dρ, (3.48)

substituting (3.48) into (3.47), we obtain

I′6 (t) =
∫ L

0
φ2 (x, 0, t) dx − exp (−τ)

∫ L

0
φ2 (x, 1, t) dx − τ

∫ L

0

∫ 1

0
exp (−τρ) φ2 (x, ρ, t) dρdx,

where φ (x, 0, t) = ψ (x, t) = ut, thus

I′6 (t) =
∫ L

0
u2

t dx − exp (−τ)
∫ L

0
φ2 (x, 1, t) dx − τ

∫ L

0

∫ 1

0
exp (−τρ) φ2 (x, ρ, t) dρdx.

Note that

exp (−τ) ≤ exp (−τρ) ≤ 1 for all ρ ∈ [0, 1] ,

hence

I′6 (t) ≤
∫ L

0
u2

t dx − exp (−τ)

(∫ L

0
φ2 (x, 1, t) dx + τ

∫ L

0

∫ 1

0
φ2 (x, ρ, t) dρdx

)
.
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3.3 Lyapunov functional properties
Now, we define the Lyapunov functional L(t) by

L(t) = NE(t) + N1 I1(t) + N2 I2(t) + 2(I3(t) + I4(t)) + N3 I5(t) + N4 I6(t), (3.49)

where N, N1, N2, N3, N4 are positive constants.

Theorem 3.3.1. Let (z, u, θ, q, φ) be the solution of (1.4)-(1.5). Then, there exist two positive constants

K1 and K2 such that the Lyapunov functional (3.49) satisfies

K1E(t) ≤ L(t) ≤ K2E(t), ∀t ≥ 0, (3.50)

and

L′(t) ≤ −β1E(t), β1 > 0. (3.51)

Proof. From (3.49), we have

|L(t)− NE(t)| ≤ N1ρu

∫ L

0
|utu| dx + N1

α2

α1
ρz

∫ L

0
|ztu| dx

+ N2ρuα2

∫ L

0

∣∣∣∣ut

(
α2√
α1

u +
√

α1z
)∣∣∣∣ dx

+ N2
α2

2
α1

ρz

∫ L

0

∣∣∣∣zt

(
α2√
α1

u +
√

α1z
)∣∣∣∣ dx

+ 2ρu

∫ L

0
|uut| dx + 2ρz

∫ L

0
|zzt| dx

+ 2cρu

∫ L

0

∣∣∣∣θ (∫ L

x
ut(y)dy

)∣∣∣∣ dx

+ N3cτ0

∫ L

0

∣∣∣∣θ (∫ L

x
q(y)dy

)∣∣∣∣ dx

+ N4τ
∫ L

0

∫ 1

0
e−τρ φ2(x, ρ, t)dρdx.

By using the Young’s, Poincaré’s and Cauchy-Schwarz’s inequalities, we obtain

|L(t)− NE(t)| ≤ δ1

∫ L

0
z2

t dx + δ2

∫ L

0
u2

t dx + δ3

∫ L

0
u2

xdx

+ δ4

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx + δ5

∫ L

0
θ2dx

+ δ6

∫ L

0
q2dx + δ7

∫ L

0

∫ 1

0
φ2 (x, ρ, t) dρdx,
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then

|L(t)− NE(t)| ≤ γ1

∫ L

0
(z2

t + u2
t + u2

x +

(
α2√
α1

ux +
√

α1zx

)2

+ θ2 + q2 +
∫ 1

0
φ2 (x, ρ, t) dρ)dx,

where

γ1 = max {δ1, δ2, δ3, δ4, δ5, δ6, δ7} > 0.

Let

γ2 = min

{
ρz

2
,

ρu

2
,

1
2

(
α3 −

α2
2

α3

)
,

1
2

,
c
2

,
τ0

2k
,
|µ| τ

2

}
> 0.

Then

∫ L

0

(
z2

t + u2
t + u2

x +

(
α2√
α1

ux +
√

α1zx

)2

+ θ2 + q2 +
∫ 1

0
φ2 (x, ρ, t) dρ

)
dx ≤ E(t)

γ2
.

Consequently

γ1

∫ L

0

(
z2

t + u2
t + u2

x +

(
α2√
α1

ux +
√

α1zx

)2

+ θ2 + q2 +
∫ 1

0
φ2 (x, ρ, t) dρdx

)
≤ γ1

γ2
E (t) ,

It means that

|L(t)− NE(t)| ≤ γE(t), with γ =
γ1

γ2
> 0,

which yields

(N − γ)E(t) ≤ L(t) ≤ (N + γ)E(t).

By choosing N (depending on N1, N2, N3 and N4) sufficiently large we obtain (3.49).

Now, By differentiating L(t), exploiting (3.2), (3.7), (3.15), (3.26), (3.31), (3.41), (3.46) and setting

ε1 =
1

N1
, ε2 =

1
N2

, ε3 = ε5 =
1
2

, ε4 =
1
4

, ε6 =
1

N3
, we get

L′(t) ≤ −
[

ρuβ − |µ|N − N1

(
ρu +

α2
2ρ2

z

4α2
1

N1

)
− N2

(
C1 +

α2
2√
α1

ρu

)
− 2ρu − 1 − N4

] ∫ L

0
u2

t dx
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−
[

N
k
− ρu

β
− N3(C′

4 + C4N3)

] ∫ L

0
q2dx

−
[(

α3 −
α2

2
α1

)(
N1

2
+ 1
)
− Cε2 N2 − 1

] ∫ L

0
u2

xdx

−
[

α2
2ρzN2

2
√

α1
− 1 − 2ρz

] ∫ L

0
z2

t dx

−
[

ckN3

2
− 8C′

3 − 2(C2 + cβ)− 4(C3 + C′′
3 )− C′

ε2
N2 − C′

0N1

] ∫ L

0
θ2dx

− 1
2

∫ L

0

(
α2√
α1

ux +
√

α1zx

)2

dx

−
[
e−τ N4 − L2 − 2C′

2 − N2C′′
ε2
− N1C0

] ∫ L

0
φ2(x, 1, t)dx

− τe−τ N4

∫ L

0

∫ 1

0
φ2(x, ρ, t)dρdx.

Now, we select our parameters appropriately as follows: First, we choose N2 large enough so that

ξ1 =
α2

2ρz

2
√

α1
N2 − 1 − 2ρz > 0.

Next, we select N1 large enough so that

ξ2 =
1
2

(
α3 −

α2
2

2α1

)
(N1 + 2)− Cε2 N2 − 1 > 0.

We take N3 large such that

ξ3 =
ckN3

2
− 8C′

3 − 2(C2 + cβ)− 4(C3 + C′′
3 )− C′

ε2
N2 − C′

0N1 > 0.

We pick N4 large so that

ξ4 = e−τ N4 − L2 − 2C′
2 − N2C′′

ε2
− N1C0 > 0.

We choose N large enough so that (3.50) remains valid, further

ξ5 =
N
k
− ρu

β
− N3(C′

4 + C4N3) > 0.
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Finally, by taking |µ| small enough so that

ξ6 = ρuβ − |µ|N − N1

(
ρu +

α2
2ρ2

z

4α2
1

N1

)
− N2

(
C1 +

α2
2√
α1

ρu

)
− 2ρu − 1 − N4 > 0

All these choices, leads to

L′(t) ≤ −ζ1

∫ L

0
(z2

t + u2
t + u2

x +

(
α2√
α1

ux +
√

α1zx

)2

+ θ2 + q2 +
∫ 1

0
φ2 (x, ρ, t) dρ)dx, (3.52)

we set

ζ1 = min{ξ1, ξ2, ξ3, ξ4, ξ5, ξ6} > 0,

and

ζ2 = max

{
ρz

2
,

ρu

2
,

1
2

(
α3 −

α2
2

α3

)
,

1
2

,
c
2

,
τ0

2k
,
|µ| τ

2

}
> 0.

Then

∫ L

0

(
z2

t + u2
t + u2

x +

(
α2√
α1

ux +
√

α1zx

)2

+ θ2 + q2 +
∫ 1

0
φ2 (x, ρ, t) dρ

)
dx

≥ 1
ζ2

E(t),

consequently

− ζ1

∫ L

0

(
z2

t + u2
t + u2

x +

(
α2√
α1

ux +
√

α1zx

)2

+ θ2 + q2 +
∫ 1

0
φ2 (x, ρ, t) dρ

)
dx

≤ −ζ1

ζ2
E(t), (3.53)

The combination of (3.52) and (3.53) gives (3.51) where β1 =
ζ1

ζ2
> 0.

3.4 Main exponential stability result

Now, we can state and prove the following stability result

Lemma 3.4.1. Let (z, u, θ, q, φ) be the solution of (1.4)-(1.5). Then, for any U0 ∈ D(A), there exist two
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positive constants λ1 and λ2 such that

E(t) ≤ λ2 exp (−λ1t) , ∀t ≥ 0. (3.54)

Proof. By using the estimation (3.51), we get

L′(t) ≤ −β1E(t), t ≥ 0,

having in mind the equivalence of E(t) and L(t), we infer that

L′(t) ≤ − β1

K2
L(t), t ≥ 0,

we set λ1 =
β1

K2
,

L′(t)
L(t) ≤ −λ1, (3.55)

integrating (3.55) yields

L(t) ≤ L(0) exp (−λ1t) , t ≥ 0,

using the left side of the equivalence relation (3.50), we get

K1E(t) ≤ L(0) exp (−λ1t) .

Thus

E(t) ≤ λ2 exp (−λ1t) , ∀t ≥ 0,

where λ2 =
L(0)
K1

.
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4
Numerical simulation

In the second section, we established the existence and uniqueness of the solution to system(1.4)-(1.5) ,

but it is challenging to determine the exact value of the solution. To address this, in the following, we

will numerically solve the system in the one-dimension domain Ω of length L., allowing us to determine

approximations of the solution. To this end, we will employ the Euler scheme for discretizing temporal

variable and the classical finite differences method for discretizing space. To solve the discretized problem,

we use a fixed point algorithm with study of their convergence ([1],[3], [4]). In addition, we provide an

example where the numerical experiment demonstrates that the discrete energy En decays exponentially

for different choices of the system parameters, supporting the asymptotic behavior of the discretized issue

solution.

4.1 Discretization of the continuous problem

Let us introduce the functions ẑ = zt, û = ut and for any N, m, M ∈ N, we introduce the nets

ΩN = {xi = ρi = ih, i = 0, 1, ..., N + 1 , where h =
L

N + 1
},

ΓM = {tn = n∆t, n = 0, 1, ..., M + 1 , where ∆t =
T

M + 1
},

ΥM = {tn = n∆t, n = −M′,−M′ + 1, ..., 0 , with 0 < M′ < M }.

such that the width of delay mesh is τ = M′∆t. Now, using a backward Euler scheme in time and finite

differences in space, we define the following approximation of the derivatives:
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ϕxx (xi, tn) =
ϕn

i+1 − 2ϕn
i + ϕn

i−1
h2 , ϕx (xi, tn) =

ϕn
i+1 − ϕn

i−1
2h

, ϕt (xi, tn) =
ϕn

i − ϕn−1
i

∆t
,

ϕt (xi, tn−M′) =
ϕn−M′

i − ϕn−M′−1
i

∆t
, 1 ≤ i ≤ N, 1 ≤ n ≤ M.

where ϕ = ϕ (x, t) be a function with second order partial derivatives. As a result, our problem consists to

find (ẑ, û, θ, q, φ) satisfying the discrete formulation of the system(1.4)-(1.5) presented by the following

numerical scheme

ρz

∆t
(ẑn

i − ẑn−1
i ) =

α1

h2 (z
n
i+1 − 2zn

i + zn
i−1) +

α2

h2 (u
n
i+1 − 2un

i + un
i−1),

ρu

∆t
(ûn

i − ûn−1
i ) =

α3

h2 (u
n
i+1 − 2un

i + un
i−1) +

α2

h2 (z
n
i+1 − 2zn

i + zn
i−1)

+
β

2h
(
θn

i+1 − θn
i−1
)
− µ

∆t

(
un−M′

i − un−M′−1
i

)
,

c
∆t

(θn
i − θn−1

i ) =
−1
2h
(
qn

i+1 − qn
i−1
)
+

β

2h
(ûn

i+1 − ûn
i−1),

τ0

∆t
(qn

i − qn−1
i ) = −qn

i −
k

2h
(
θn

i+1 − θn
i−1
)

,

τ

∆t

(
φn

i,j − φn−1
i,j

)
= − 1

2h

(
φn

i,j+1 − φn
i,j−1

)
,

(4.1.1)

where zn
i = z (xi, tn) , ẑn

i = zt (xi, tn) , un
i = u (xi, tn) , ûn

i = ut (xi, tn) , θn
i = θ (xi, tn) , qn

i = q (xi, tn) ,

un−M′
i = u (xi, tn−M′), φn

i,j = φ
(
xi, ρj, tn

)
for all i = 1, 2, ..., N , j = 1, 2, ..., m and n = 1, 2, ..., M, with

φ (xi, ρm+1, tn) = un−M′
i according to (1.3). To simplicity our numerical calculations in our scheme, we

consider the discrete boundary conditions given by

zn
0 = un

0 = θn
N+1 = qn

0 = 0, zn
N+1 = zn

N, un
N+1 = un

N, θn
1 = θn

0 , (4.1.2)
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and initial conditions
z0

i = z0 (xi) , u0
i = u0 (xi) , θ0

i = θ0 (xi) , q0
i = q0 (xi)

ẑ0
i = z1 (xi) and û0

i = u1 (xi)

φn
i,0 = ûn

i , un−M′
i = f0 (xi, tn−M′) , φ0

i,j = f0
(
xi, ρj.t−M′

)
, tn−M′ ∈ ΥM,

φn
N+1,N+1 = ûn−M′

N+1

(4.1.3)

where

zn
i = zn−1

i + ∆tẑn
i and un

i = un−1
i + ∆tûn

i

for all i = 1, 2, ..., N and n = 1, 2, ..., M.

Note that to find {ẑn, ûn, θn, qn, φn} , we need to solve five coupled systems of algebraic equations. So,

to solve the problem (4.1.1)-(4.1.3) at each time step we propose to consider the following fixed-point

algorithm:



ẑn,l
i =

α1∆t
ρzh2 (z

n,l−1
i+1 − 2zn,l−1

i + zn,l−1
i−1 ) +

α2∆t
ρzh2 (u

n,l−1
i+1 − 2un,l−1

i + un,l−1
i−1 ) + ẑn−1

i ,

ûn,l
i =

α3∆t
ρuh2 (u

n,l−1
i+1 − 2un,l−1

i + un,l−1
i−1 ) +

α2∆t
ρuh2 (z

n,l−1
i+1 − 2zn,l−1

i + zn,l−1
i−1 )

+
β∆t
2ρuh

(
θn,l−1

i+1 − θn,l−1
i−1

)
+ ûn−1

i − µ

ρu

(
un−M′

i − un−M′−1
i

)
,

θn,l
i = θn−1

i − ∆t
2ch

(
qn,l−1

i+1 − qn,l−1
i−1

)
+

β∆t
2ch

(ûn,l
i+1 − ûn,l

i−1),

(1 +
∆t
τ0

)qn,l
i = − k∆t

2hτ0

(
θn,l

i+1 − θn,l
i−1

)
+ qn−1

i ,

φn,l
i,j = φn−1,l−1

i,j − ∆t
2hτ

(
φn,l−1

i,j+1 − φn,l−1
i,j−1

)

(4.1.4)

with  zn,0
i = zn−1

i , un,0
i = un−1

i , θn,0
i = θn−1

i , qn,0
i = qn−1

i , zn,l
i = zn−1,l

i + ∆tẑn,l
i ,

un,l
i = un−1,l

i + ∆tûn,l
i , φn,0

i,j = ûn−M′
i,j ,

(4.1.5)

for all i, j = 1, 2, ..., N, n = 1, 2, ..., M and l = 1, 2, ....

At each time step, we solve the scheme (4.1.4) by an iterative procedure that was stopped when the
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difference between two successive iterations became smaller than a given tolerance ε.

4.2 Matrix form of the discretized problem

Let Ẑn,l =
(

ẑn,l
i

)
1≤i≤N

, Ûn,l =
(

ûn,l
i

)
1≤i≤N

, Θ̂n,l =
(

θ̂n,l
i

)
1≤i≤N

, Q̂n,l =
(

q̂n,l
i

)
1≤i≤N

, ϑn,l =
(

φn,l
i,j

)
1≤i,j≤N

.

Then, the system (4.1.4)-(4.1.5) can be rewritten as follows



Ẑn,l =
α1 ∆t
ρzh2 A Zn,l−1 +

α2 ∆t
ρzh2 A Un,l−1 + Ẑn−1

Ûn,l =
α3 ∆t
ρuh2 A Un,l−1 +

α2 ∆t
ρuh2 A Zn,l +

β ∆t
2ρuh

B Θn,l−1 + Ûn−1

− µ

ρu

(
Un−M′ − Un−M′−1

)

Θn,l = Θn−1 − ∆t
2c h

C Qn,l−1 +
β ∆t
2c h

D Ûn,l

(
1 +

∆t
τ0

)
Qn,l = − k ∆t

2h τ0
B Θn,l + Qn−1

ϑn,l = ϑn−1,l−1 − ∆t
2h τ

E ϑn,l−1

(4.2.6)

with  Zn,0 = Zn−1, Un,0 = Un−1, Θn,0 = Θn−1, Qn,0 = Qn−1, Zn,l = Zn−1,l + ∆tẐn,l,

Un,l = Un−1,l + ∆tÛn,l
i , ϑn,0 =Ûn−M′ (4.2.7)

where A, B, C, D are real matrices of dimensions (n × n) and E is a real matrix of dimension
(

n2 × n2
)

defined as follows

D = diag(−1, 0, 1), C = diag(−1, 1, 0),

E =


D E1 · · · E1

E1 D . . . ...
... . . . . . . E1

E1 · · · E1 D

 , E1 = 0Rn×Rn
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B =



−1 1 0 0 · · · 0

−1 0 1 0 · · · 0

0 −1 0 1 . . . ...

0 0 −1 . . . . . . 0
...

...
... . . . 0 1

0 0 0 · · · −1 0


, A =



−2 1 0 0 · · · 0

1 −2 1 0 · · · 0

0 1 −2 1 . . . ...

0 0 1 . . . . . . 0
...

...
... . . . −2 1

0 0 0 · · · 1 −1


Now, we are ready to state and prove the following convergence result

4.3 Approximation of the discrete energy

To approximate the continuous energy (3.1), we use the trapezoidal quadrature formula to compute the

integral I =
∫ L

0
f (x)dx

IN =
N+1

∑
i=0

ai f (xi) ≃ I,

where the weights {ai}N
i=1 are given by a0 = aN+1 =

h
2

and for i = 1, 2, ..., N, ai = h. Concerning the

trapezoidal quadrature formula in tow dimensional case to compute the last part of (3.1), we use the

following approximation

∫ L

0

∫ 1

0
f (x, y)dydx ≃ h2

4
( f (x0, y0) + f (x0, yN+1) + f (xN+1, y0) + f (xN+1, yN+1))

+
h2

2

N

∑
i=1

( f (xi, y0) + f (xi, yN+1))

+
h2

2

N

∑
j=1

(
f (x0, yj) + f (xN+1, yj)

)
+h2

N

∑
i=1

N

∑
j=1

f (xi, yj).

Therefore, the discrete energy at the time step tn of system (4.1.1)-(4.1.3) is given by

En =
1
2

N+1

∑
i=0

ai[ρz (ẑn
i )

2 + ρu (ûn
i )

2 + c (θn
i )

2 +
τ0

k
(qn

i )
2 + α1

(
(zx)

n
i
)2 (4.3.8)

+ α3
(
(ux)

n
i
)2

+ 2b (ux)
n
i (zx)

n
i ] +

|µ| τ

2
[
h2

4

((
φn

0,0
)2

+
(

φn
0,N+1

)2
+
(

φn
N+1,0

)2
+
(

φn
N+1,N+1

)2
)
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+
h2

2

N

∑
j=1

(
φn

0,j

)2
+

h2

2

N

∑
j=1

(
φn

N+1,j

)2
+

h2

2

N

∑
i=1

(
φn

i,0
)2

+
h2

2

N

∑
i=1

(
φn

i,N+1
)2

+ h2
N

∑
i=1

N

∑
j=1

(
φn

i,j

)2
],

with

ûn
i = ut (xi, tn) , (ux)

n
i =

un
i+1 − un

i−1
2h

,

ẑn
i = zt (xi, tn) , (zx)

n
i =

zn
i+1 − zn

i−1
2h

.

which is a discretization of the continuous energy (3.1).

4.4 Numerical illustration

In the table below, we consider five different choices of delay’s weight and we note that the asymptotic

behavior was reached in the last case even if in the first four cases the weights of delay are not considerable.

This shows the great influence of the delay on the stability of this type of system throughout time. In the

Case Weight of delay Iterations time Asymptotic behavior
1 µ = 0.9 200 Unreached
2 µ = 0.03 200 Unreached
3 µ = 0.005 200 Unreached
4 µ = 0.0004 200 Unreached
5 µ = 0.00008 200 Reached

Table 4.1: Asymptotic behavior for different cases of delay’s weight.

next, we describe the following numerical example where the asymptotic behavior was reached, that is the

case when µ0 = 0.00008 and for different choices of the system parameters with the condition (1.3) holds.

Test 1 For this numerical test, we choose the following different values for the coefficients of the system

ρz = 3.5, α3 = 0.2, µ = 0.8, α2 = 0.1, β = 0.05, τ = 0.1

ρu = 1.5, α1 = 0.1, c = 4, τ0 = 0.06, c = 1.5, k = 10−5

We run our code for the following discretization parameters: N = 100, m = 150, M = 200, L = 1,
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T = 1 and take ε = 10−5. With the following initial conditions

z0 (x) = 10−2
(

x3 − 3
2

x2
)

, z1 (x) =
1
8

(
2x2 − 4x

)
, u0 (x) =

1
8

(
2x2 − 2x

)
,

u1 (x) = 0, θ0 (x) = 0, q0 (x) =
1
5

x3e−
3
2 x2

,

f0 (x, t − τ) =
1
2

.10−3 cos(x). cos(
1

10π
(t − τ))

Here are the evolution in time of the solutions z, u, θ, q, φ (x, 1, t) and of the discrete energy.
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Figure 4.1: Evolution in time of the func-
tion z

0

50

100

150

200

0

0.5

1
−0.2

0

0.2

0.4

0.6

tx

U
(x

,t
)

Figure 4.2: Evolution in time of the func-
tion u
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Figure 4.3: Evolution in time of the func-
tion θ
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Figure 4.4: Evolution in time of the func-
tion q
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Figure 4.5: Evolution in time of the func-
tion φ(x, 1, t)
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Figure 4.6: Evolution in time of the dis-
crete energy

In above numerical test, the condition (1.3) holds and graphics presented in the Figures 4.1–4.5 show

the evolution in time of the approximations solutions z, u, θ, q and φ(x, 1, t) on the interval [0, T], for

different choices of the system parameters and of the initial data. Furthermore, the Figure 4.6 shows that

the approximate energy (4.3.8) decays in an exponential manner which confirms the main theoretical

result obtained.



CONCLUSION

In this manuscript, we have conducted a theoretical and numerical investigation of a one-dimensional

model describing the behavior of swelling porous thermoelastic soils, incorporating both thermal effects

via Cattaneo’s law and a constant internal time delay. We showed that the system is well-posed using

semigroup theory, which allowed us to prove the existence and uniqueness of the solution. Furthermore, by

constructing an appropriate Lyapunov functional, we demonstrated that the dissipation induced by the

second sound effect is sufficient to ensure exponential stability of the system, despite the presence of time

delay. Finally, we validate the theoritical results by carrying out some numerical experiments.
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