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Abstract

In the present work, we consider a one dimensional porous-thermoelastic system
with dissipation only due to microtemperatures effect where the heat conduction
Is given by Cattaneo's law. First, we give an existence and uniqueness of the
solution using semiroup theory. Then, by constructing a suitable Lyapunov
functional using the multipliers method and by introducing a stability number
that obtained at the first in [20], we prove that the dissipation given only by the
microtemperature is strong enough to give an exponential stability of the energy.
Also, by constructing a suitable Lyapunov functional using the multipliers
method, we establish a polynomial decay result of the solution in the case when
the stability number not holds. Then, we give some numerical tests to illustrate
the theoretical results by carrying out an Euler scheme for time discretization
and the classical finite difference method for the spatial discretization.

Key words
Porous-elastic system, microtemperature effect, semigroups,
Lyapunov functional, energy method.
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Introduction

In 1972, Goodman and Cowin [10] have given an extension of the classical
elasticity theory to porous media by introducing the concept of a continuum
theory of granular materials with interstitial voids into the theory of elastic
solids with voids. In addition, Nunziato and Cowin [16] have presented
a nonlinear theory for the behavior of porous solids in which the skeletal
or matrix material is elastic and the interstices are void of material. In
this theory the bulk density is written as the product of two fields, the
matrix material density field and the volume fraction field. Furthermore,
this representation introduces an additional degree of kinematic freedom.
The intended applications of the theory of elastic materials with voids are
to geological materials like rocks and soils and to manufactured porous
materials. In [11], Grot has developed a theory of thermodynamics of
elastic materials with inner structure whose microelements, in addition to
microdeformations of the string, possess microtemperatures which represent
the variation of the temperature within a microvolume. Many investigations
were realized concerning the study of the asymptotic behavior of different
type of models and between them, we cited the following works ([1, 2, 3, 4,
5,7, 8, 12]) and the references therein.

In the present work, we consider the following porous thermoelastic
system that has been considered at the first in ([20])

Pl = gy + by — Y0, in (0,1) x (0, 400),
J(,Ott == (59021 - bum — fgp — dwx + mﬁ, n (O, 1) X (0, +OO), (1>
cly = — YUy — mpy — kiws, in (0,1) x (0,400),
awy = kowye — kaw — k10, — dpyy, in (0,1) x (0, 4+00),

iii



CHAPTER 0. INTRODUCTION

subject to the following initial and boundary conditions

u(z,0) =wug (), u(x,0) =u (), x € (0,1)
( ) (ZL’), t( ):901(‘%)7 $€(0,1)7
w (z, )—wo(ff), (,0) = 6o (2), z € (0,1)

ux(O t)=u, (1,t) = ¢ (0,t) =¢(1,t) =0, te(0,+00),
we (0,t) =w, (1,t) =60(0,t) =0 (1,t) =0, e (0,400),

where the initial data ug, u1, o, @1, wo, Oy belongs to the suitable functional
spaces. The functions u, ¢, 6, w represent, respectively, the displacement
of the solid elastic material, the volume fraction, the temperature differ-
ence and the microtemperature vector. The parameters p and J which are
assumed to be strictly positive constants, represent, respectively, the mass
density and product of the mass density by the equilibrated inertia. The
coefficients ¢, u, 0, v, &, m, d, ky, ko, k3, a are positive constants repre-
sent the constitutive parameters defining the coupling among the different
components of the materials such that

pé > b

First, we give the existence and uniqueness of solutions using semigroup
theory and based on the energy method, we prove that a unique dissipation
given by microtemperatures is sufficiently strong enough to produce an
exponential stability in the case when

n=L-2-T_q )

Later, we present the result that find in ([22]), where the authors showed
a polynomial decay in the case where x; # 0 by constructing an appro-
priate Lyapunov functional. Also, we present some numerical tests using
MATLAB software to illustrate the decay rate (x; = 0 and x; # 0).

In view of the boundary conditions, our system can have solutions (uniform
in the variable ), which do not decay. To avoid such case and also to be
able to use Poincaré’s inequality, we use the following transformation as in
([20]): By using (1); and (1), we arrive at

1 1 1

/udx = t/uldx+/u0d:z:,
0 0 0

1 1

/wd:z: = /U)le‘ e~ aks,
0 0

v



If we take

O\H D\H

we get

1 1
/ﬂdmz/@dmzo.
0 0

This work is organized as follows: In chapter 1, we introduce some assump-
tions and transformations needed in the next chapters to prove the main
results of this work. In chapter 2, we give the existence and uniqueness
result of the solution. In chapter 3, we use the energy method to prove the
decay rate presented in this work. Finally, some numerical simulations are
obtained using MATLAB software.
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Chapter 1

Preliminaries

In this chapter, we introduce all the mathematical background needed to
achieve the results presented in this manuscript

1.1 Functional spaces

1.1.1 Banach space

Definition 1.1.1 A Banach space is a complete normed vector space.

1.1.2 Hilbert space

The proper setting for the rigorous theory of partial differential equation
turns out to be the most important function space in modern physics and
modern analysis, known as Hilbert spaces. We will suffice to mention its
definition.

Definition 1.1.2 [6/ A Hilbert space H is a vectorial space supplied with
inner product (u,v) such that ||ul| = +/{u,u) is the norm which let H
complete.

1.1.3 The L? () spaces
Definition 1.1.3 [6/ Let 1 < p < oo, and let Q be an open domain in
R™, n € N. Define the standard Lebesque space LP (X)), by

LP(Q) =< f:Q— R: f is measurable and /|f($)|pd$ < 00
0

1



CHAPTER 1. PRELIMINARIES

Notation 1.1.1 Forp e R and 1 < p < oo, denote by

S

i1, = | [ 1 @

If p = 00, we have

L*(Q) = {f:Q—R: f is measurable and there exists a constant C
such that, |f(z)| < C a.e in Q}.

Also, we denote by

[flle = nf{C, [f(2)] < C a.einQ}.

Notation 1.1.2 Let 1 < p < oo, we denote by q the conjugate of p i.e.
1,1

=4 = =1.

p q

Remark 1.1.1 In particularly, when p = 2, L*(Q) equipped with the inner
product

{9120y = | [(2)g(2)de,
o

18 a Hilbert space.

1.1.4 The Sobolev spaces W™ () :

Definition 1.1.4 Let m € N and p € [1,00]. The W™P (Q) is the space of
all f € LP(R2), defined as

WmP(Q) = {feLP(Q), such that 0°f € LP(Q) for all « € N" such that

n
la| = Zaj < m, where 0% = 3?1820‘2...82‘"} .

j=1
Theorem 1.1.1 (/9]) W™ (Q) is a Banach space with their usual norm

oy = S 10°fle, 1< p < o0, forall f € I().

1<]a|<m



1.2. SOME INTEGRAL INEQUALITIES

Definition 1.1.5 Whenp = 2, we prefer to denote by W™? (Q) = H™ (Q) and
Wy () = HJ* () for p € [1,00] supplied with the norm

2

I ey = | D W0°fl)* |

laj<m

which do at H™ () a real Hilbert space with their usual scalar product

(U, V) () = Z /80‘u8°‘vd9§.

la|<m o
The next result provides a basic characterization of functions in W, ? (Q) .

Theorem 1.1.2 [6] Let uw € W' (Q). Then v € W, ” (Q) if and only if
u=0 on 0.

Remark 1.1.2 1. Theorem 1.1.2 explains the central role played by the
space VVO1 P(Q). Differential equations (or partial differential equa-
tions) are often coupled with boundary conditions, i.e., the value of u
18 prescribed on 0S2.

2. We have the following characterization of H" ()
H' Q) ={ucH"(Q), u=u=..=u""Y =0 on dQ}
It is essential to notice the distinction between
HZ (Q)={uec H*(Q), u=1u =0 on 09},

and

H*(QNH}(Q) ={uec H* (Q), u=0 on 00Q}.

1.2 Some integral inequalities

We will give here some important integral inequalities. These inequalities
play an important role in applied mathematics and also, it is very useful in
our next chapters.
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Lemma 1.2.1 (6], Hélder’s Inequality ) Let 1 < p < oo, assume that
f€LP(Q) and g € LY (Q) then, fg € L' (Q) and

[ 1s9ldz <1171, s, (L)

Q

The next result is an important prototype of a Sobolev inequality (also
called a Sobolev embedding).

Lemma 1.2.2 ([6]) There ezists a constant C' (depending only on
|I| < o0) such that

ull ey < €l Y w€ WH(I), ¥ 1< p < o0. (1.2)

Lemma 1.2.3 [6] (Poincaré’s inequality) Suppose I is a bounded interval.
Then there ezists a constant C' (depending on |I| < co) such that

lallyroy < C ey s for allu € Wy (1) (1.3)

Lemma 1.2.4 [1/] (Poincaré type Scheeffer’s inequality): Let h € H}(0, L).

Then it holds
L L L2
/|h|2d:c < l/\hx\2dx, == (1.4)
0 0

1.3 Some Algebraic inequalities

Since our study based on some known algebraic inequalities, we want to
recall few of them here.

Lemma 1.3.1 ([6/, Cauchy-Schwarz Inequality) Every inner product sat-
1sfies the Cauchy-Schwarz inequality

(1, 32) < [[m1]| [|22]] - (1.5)
The equality sign holds if and only if x; and x5 are dependent.

Lemma 1.3.2 [6/(Young’s Inequality) For all a,b € R*, we have

b2
ab < ea2+4—€, (1.6)

where € is any positive constant.



1.4. DEFINITIONS AND NOTIONS

Lax-Milgram Lemma

The existence and uniqueness of a solution to the weak formulation of the
problem can be proved using the Lax-Milgram Lemma. This states that
the weak formulation admits a unique solution.

Lemma 1.3.3 [6] (Lax-Milgram lemma). Let a(-,-) be a bilinear form on
a Hilbert space H equipped with norm ||-||,, and the following properties:
i) a(-,-) is continuous, that is
3y > 0 such that |a (w,v)| < 1 l|wll,, [[v];, Yw,v e H,

ii) a(-,-) coercive (or H-elliptic), that is

Ja > 0 such that |a(v,v)| < allv|7,, Yv € H,

iii) L is a linear mapping on H (thus L is continuous), that is
Jy2 > 0 such that |L (w)] < v fJwlly, Yw € H,
Then there exists a unique v € H such that

a(w,u) =L (w), Yw € H.

1.4 Definitions and notions

Definition 1.4.1 (/6/) An unbounded linear operatorin'Y is a pair (A, D(A))
where D(A) is a vector subspace of Y that represents the domain of A and
A is a linear map of D(A) inY.

Definition 1.4.2 (/6]) An unbounded linear operator (A; D(A)) in'Y, is
closed if its graph

G(A) ={(z,Az) | z € D(A)} is closed inY xY

Definition 1.4.3 ([17]) Let (A, D(A)) an unbounded linear operator in'Y
where D(A) is dense in' Y, it’s said that (A, D(A)) is of dense domain in
Y.
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Co-Semigroup of bounded linear operators

Let Y be a Banach space on the field C or R, and let B(Y') be the Banach
algebra of unbounded linear operators of Y in Y.

Definition 1.4.4 [17] Let Y be a Banach space. A one parameter family
(S (1)), of bounded linear operators defined from Y into Y is a strongly
continuous semigroup of bounded linear operators on Y if

e S(0) =1 (I identity operator on'Y ).

o S(t+s)=S(t)S(s) for every t,s > 0.

e S(t)r > x,ast—0, Ve eY.

A strongly continuous semigroup is called a Cyp-semigroup.

Definition 1.4.5 [17] The infinitesimal generator A of the semigroup (S (t)),~q is
defined by: -

t—0

D(A) = {x eyY: limw exists}

and
Ny — 2Bz =

t—0

, x€D(A).

1.5 The m-dissipatives operators

Definition 1.5.1 ([17]) An unbounded linear operator (A; D(A)) inY, is
dissipative if

Vz € D(A),VA >0, || Az — Azx| > A|z].

Definition 1.5.2 (/17]) An unbounded linear operator (A; D(A)) in'Y, is
m-dissipative if A is dissipative and

VfeY,YA>0, dzxe D(A) asthat \v — Az = f.

Theorem 1.5.1 ([17]) If A is m-dissipative, then, for all X > 0, the op-
erator (A — A) admits an inverse, (A — A)~'f belongs to D(A) for all f
€Y, and (\I — A)~Yis a bounded verifying linear operator

IAT = A7 <

> =



1.5. THE M-DISSIPATIVES OPERATORS

Theorem 1.5.2 ([17])Let (A, D(A)) an unbounded dissipative linear oper-
ator in Y. The operator A is m-dissipative if and only if

3 Ao such thatV f €Y, 3z & D(A) verifies \gx — Ax = [.

Theorem 1.5.3 (/17]) Let (A, D(A)) an unbounded linear operator in Y.
If it exists Ao > O for which the operator \oI — A is a bijection of D(A) o,
Y, and if (Aol — A)™! is a bounded operator on'Y then A is closed.

Particularly, if A is m-dissipative then A is closed.

Theorem 1.5.4 ([17]) Let A a dissipative operator and R(I — A) =Y, if
Y is reflexive, then

Theorem 1.5.5 Let A be a maximal monotone operator. Then, given any
up € D(A), there exists a unique function

u € C([0,00[, D (A)) N CH([0, 00, Y)

satisfying
w4+ At)u=0 on [0,00]
u (0) = up.

Moreover,
du
lu(t)] < |ugl, Yt >0 and |E(t)| = |Au(t)] < |Aupl|, Vt > 0.

Remark 1.5.1 1. The main interest of Theorem 1.5.5 lies in the fact
that we reduce the study of an “evolution problem” to the study of the
“stationary equation” u' + Au = f.

2. The space D(A) is equipped with the graph norm |u| + |Au| or with

the equivalent Hilbert norm /|u|?> + | Aul?.

3. We refer the interested readers to [15, 21] and references therein for
details discussion on existence and uniqueness of local or global solu-
tions of nonlinear evolution equations.

7
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Theorem 1.5.6 ([17]) Let (S(t)i>0) a strongly continued semigroup on'Y
and (A, D(A)) are infinitesimal generator, the following properties are ver-
ified:

i) For all x € X, we have

t+h

lim% / S(s)xds = S(t).

t—0
t

it) For all z € X, and all t > 0,

t

/ S(s)ads,

0

belongs to D(A) and

t

A(/ S(s)xds) = S(t)xr — x.

0
iii) If v € D(A) then S(t)x € D(A) and

d
aS()f):c = AS(t)x = S(t)Ax.

i) If v € D(A) so

t t

S(t)x — S(s)x = / S(r)Axdr = / As(r)xdr.

S S

1.5.1 The m-dissipative (m-monotone) operators in a
Hilbert space

Definition 1.5.3 /6] An unbounded linear operator A: D(A) CH — H
15 said to be monotone if it satisfies

(Au,u) >0, Yu € D (A),
It is called maximal monotone if, in addition

R(Z+A) =H,im. VfeH,Juec D(A) such that u+ Au = f.,

8



1.6. SEMI GROUPS OF UNBOUNDED LINEAR OPERATORS

Proposition 1.5.1 [6] Let A be a mazimal monotone operator. Then
D (A) is dense in H.

Theorem 1.5.7 ([6]) An unbounded linear operator (A, D(A)) in H, is
dissipative if and only if

Ve € D(A), (Az,z) <0.
In the case of a complex Hilbert space, the previous condition is replaced by
Vr € D(A), Re(Az,z) <0.

Theorem 1.5.8 ([6]) If A is m-dissipative then D(A) dense in H.

1.6 Semi groups of unbounded linear oper-
ators

1.6.1 Hille-Yosida theorem
Theorem 1.6.1 ([17])(Hille-Yosida 1) An unbounded linear operator (A, D(A))

in H is the infinitesimal generator of a strongly continued semigroup of con-
traction on H if and only if the following conditions are satisfied

i) A is closed.

ii) D(A) dense in H.

iii) For all X > 0, (M — A) is a bijective application of D(A) on H,
(M — A)~! is a bounded operator on H verifies

1AM = A)7H| <

> =

Theorem 1.6.2 ([17]) (Hille-Yosida 2) An unbounded linear operator (A, D(A))
in H is the infinitesimal generator of a strongly continued semigroup of con-
traction on H if and only if A is m-dissipative and of dense domain in X.

1.6.2 Lumer Phillips theorem

Theorem 1.6.3 ([17])Let A an unbounded linear operator of D(A) in H
of dense domain .
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a) If A is dissipative and if there exists Ao > 0 such that R(\ogl — A) =
H. Therefore A is an infinitesimal generator of a strongly continued Cjy-
semagroup of contraction in H.

b) If A is an infinitesimal generator of a strongly continued contraction

Co-semigroup, then
RN —A)=H YA>0

and
A dissipative.

1.7 Concept of stability

Definition 1.7.1 ([19])The semigroup T(t) = e is said to be exponen-
tially stable if there exists two constants o > 0 and M > 1 as that

IT ()] < Me* Vit >0

1.7.1 Stability in the Lyapunov sense

Definition 1.7.2 (Internal stability) An equilibrium point is stable if the
state trajectories of the system converge to an initial state different from
the equilibrium state.

Definition 1.7.3 (Balance state) x. is a state of balance if x (ty) = z. <=
z(t) =z, t >ty in the absence of control and disturbances.

Definition 1.7.4 (Asymptotic stability) The state of equilibrium point .
18 said to be stable if ¥Vt >0

Ve>0, da>0] [[z(0) -z <a= |z (t) — x| <e¢
Otherwise, x. is said to be unstable.

Definition 1.7.5 (Lyapunov’s stability) An equilibrium point is asymptot-
ically stable if it is stable and if

da>0] [z(0) -z <a= lim z(t) ==z,
t—+o00

10



Chapter 2

Well-posedness

In this chapter, we prove the existence and uniqueness of solutions for
(1)-(2) based on the semigroup theory and more precisely the Lumer-
Phillips theorem. For this reason, we start to transform the system (1)-
(2) as a Cauchy problem. Indeed, we introduce the vector function U =
(u,v,0,1,0,w)T, where v = uz,and ¢ = ¢;. Then, the system (1)-(2) can
be rewritten as follows

{Ut+AU:0,t>O, @2.1)
U(Qf,O) = UU (I) = (u07u17(1007§01790aw0)T7 ’
where
—v
b
AU = - , 2.2
Ty, + Z¢p + By,
with A is unbounded operator on ‘H defined by
0 —1 0 0 0 0
_K _b X
p@m (.) 0 pax () 0 z&z (.) 0
A= 0 0 0 —1I 0 0
20, () 0 —50.()+51 0 —m 90, (.)
0 29, (.) 0 my 0 B0, ()
0 0 0 gaac () %6x () _ka_gaac;t () + %
(2.3)

and H is the energy space given by
H=H; (0,1) x L*(0,1) x H!(0,1) x L*(0,1) x L?(0,1) x L*(0,1),

11
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where

H(0,1) = H' (0,1) N L2 (0,1),

1
2O ={eel?0.1): [¢()dr=0p.
0
H?(0,1) ={¥ e H*(0,1) : ¥, (0) = ¥, (1) =0} .
The domain of A is

D(A)={UeH|ue H*(0,1)NH;(0,1); v e Hy(0,1);
p e H2(0,1)NHL(0,1); e HI(0,1); 0 € HL(Q);
we H*(0,1) N Hy (0,1)}.

Clearly, D (\A) is dense in H.

2.1 Energy space

First, we define the energy of our system as follows

Lemma 2.1.1 Let (u,p,0,w) be a solution of (1)-(2). Then, the energy
functional E (t), defined by

1

1
E(t) = 5 / (puj + Joi 4+ pul + 62 + cb? + £0° + aw?
0
+2bpu, ) dz, (2.4)
satisfies
1 1
E' (t) = —ks /w2dx — ko /widm <0. (2.5)
0 0

Proof 2.1.1 Multiplying (1)1, (1)2, (1)3, (1) by w, @y, 6, w respectively,

12



2.1. ENERGY SPACE

integrating by parts over (0,1), we obtain

pfo U dT = ,ufo U U AT + bfo Y urdr
—y fo O usdz, in (0,1) x (0, 4+00),

J [ sottsotdx —0 fo Prpredr — b [ ugpde — € [ pppda

+d fo W dr + mfo Opidx, in (0,1) x (0, +00),

cfol 00,dx =~ fol wf,dxr — m fol pifdxr + ky fol wb,dz,
n (0,1) x (0, +00),

O‘fo wwedr = —ko fo de — k3 fo widz — ky fo 0, wdx

{ —dfo wdz, in (0,1) x (0, +00).

This last system is equivalent to

(

\

Podt TG "ot e = b [} s
— Jy Opupd, in (0,1) x (0, +00),

1 d
th fo pidr = 2dt fo bfo Uy prdT — 62_dt fo o3 dx

+d fo WPdr + mfo Opdx, in (O 1) x (0, +00),

d
Cﬁ fOl Gde =7 fol ut@xd$ —m fol @tedm —+ kfl fol wezdx’
n (0,1) x (0, +o0),

i L e =~y [l wRde — ky [ wde — k[ Gy
—d fo Yrzwdx, in (0,1) x (0,400).

Summing them up, we obtain

5 fo (pui + Jo} + i +6soz+c92+§so + aw? + 2bpu,)
= —kg fO QdZC kg fO X,

and this is give us (2.4) and (2.5).

13
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CHAPTER 2. WELL-POSEDNESS

Remark 2.1.1 The energy E(t) defined by (2.4) is non-negative. In fact,

1 b \? b\
pu + 2bugp + Ep* = [u (ux + ;@) +¢ (90 + Eux)

2
u-F)es(e-2) .
§ It

since pé > b?, we deduce that

1 b? b?
pu? 4 2bugp + Ep* > 3 |:([L— —) u? + ({ — —) 901 .
§ ju

Consequently,

1
1
E(t) > 5/{%?+J90?+u1Ui+5w§+692+£1902+aw2,
0

1 b? 1 b?
#1=§(N—z)>0, §1=§<§—E)>0»

then E(t) is non-negative.

where

For any U = (u,v,¢,,0,w)T € H, U = (4,0, $,1,0,0)" € H, we equip
‘H with the inner product

1

1
<U,(~]>H—p/vf)d:c—i—u/uxaxdx—l—J/wzﬁdx—l—b/(umgé—i-%sﬂ)dl’
0 0

0 0

1 1

1

1 1
+£/g0<,5dx—|—5/@x¢xdm+a/wwd9€—l—c/6’9~dm (2.7)
0 0

0 0

1

To define the space H, we would follow the following steps:

1

p/ufd:z:<oo,
0

14



2.1. ENERGY SPACE

implies that u; € L?(0,1) . Also we

1

u/uidm< 00,
0

and by Poincaré inequality, we deduce that

1

2
/udx<oo.
0

Then, by taking into account the boundary conditions, we conclude that
u € H}(0,1).

1
6/<pid:1: < oo,
0
1

5/@020@ < o0.
0

Then, ¢ € H' (0,1) and thanks to the Neumann boundary conditions, we
have ¢ € H! (0,1). On the other hand

1
J/cpfda;< 00.
0

So ¢y € L?(0,1) and because fol @dx = 0. Therefore, ¢; € L?(0,1). Then,

1

c/@zdx<oo,

0

and because fol Odz = 0. Therefore, § € L2(0,1) . Finally

1

a/w2dx< 00,

0

this last, confirm that w € L?(0,1).

15



CHAPTER 2. WELL-POSEDNESS

2.2 Domain of the operator A
Since D(.A) has a value in H, then, we can confirm that
ve Hy(0,1).
- The second components of A in L? (0,1). Then,
Uge € L2(0,1).

So
u€ H?(0,1)N Hy(0,1).

- The third components of A in H! (0,1). Then
Y€ H(0,1).

- The fourth components of A is in L2 (0,1) . Then,
uw € L2(0,1),

and because L? (0,1) C L?(0,1), then
pae € L?(0,1),

and since ¢, (0) = ¢, (1) = 0, we deduce that
o€ H?(0,1).

- We have 6 € L? (0, 1) because the second components of A is in L?(0,1) .
Therefore

0c H(0,1).

- The last components of A is in L? (0,1) and by Poincaré’s inequality, we
get
Wy, Wee € L7 (0,1).

Then
w € H?(0,1)N Hy (0,1).

Now, we can give and prove the following existence and uniqueness result.

16
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2.3 Existence and uniqueness result

Theorem 2.3.1 Let Uy € H, then there exists a unique solution U &

C (R4, H) of problem (2.1). Moreover, if Uy € D(A), then

Uec C(R,, D(A)NC (R4, H).

Proof 2.3.1 The result follows from Lumer-Phillips theorem provided, we
prove that A is a maximal monotone operator. In what follows, we prove
that A is a mazimal monotone operator. For any U € D (A), by using

(2.7) and the boundary conditions, we obtain

_%umz - _pr ;pyezv v

<AU> U>H = P b . 3 d m ) -
_j(prms + juﬂc + 790 + ij - 70 ¢

Ty, + Zgp 4 B, 0

TR =y v S w

which leads to with integration by parts

(AU, U),,

1

1 1 1
= —/L/umvdx—b/gpwdw%—v/@wdm—,u/umvmda:
0 0 0

0

1 1 1 1
—5/wgpmdx+b/wuxdx+5/wgpdw+d/wwzd1’—mO/Qde

1

—b/gpvz x—b/ibumdx—{/wcpdx— /%%dx

1 1

/wmwdx + kg/w dx + ky /wadx + d/%wdx

0 0

17



CHAPTER 2. WELL-POSEDNESS

1 1 1

+7/vmed:p+m/@/}€dx+k1/wx0dw
0

0

0
1 1 1 1
= /L/umvxdx—i-b/govxdx —fy/evxdx —u/uxvxdx
0 0 0 0
1 1 1 1 1
+5/wzgpxdm+b/¢umdx+§/@/}godx—d/@/}mwdx—m/@/z@dm
0

—b v dr — b/wuxdx — f/wgoda: — 5/¢xg0xdx

o o
—

1 1

+ ko 2d:17+k53/wdm—k‘l/ewxdx+d/¢xwdx

\H

0

0
1
+7 | v.0dx + m/wﬁd:c + k1 /wmed:c.
0

o
—_ o

Finally, we obtain
1 1
(AU, U),, = k;g/widx + kg/Wle‘ >0
0 0

Therefore, the operator A is monotone. Next, we prove that the operator
(I + A) is surjective. For any F = (f1, fa. f3, fu: f5, fo)| € H, we prove
that there exists a unique U € D (A) such that

(I+A)U=F. (2.9)
The problem (2.9), leads to solve the following system

(w—v=f; € H} (0,1),

pv—ﬂuxx_bgpx+’79x:pf2 e L? (071)7

p—1b=fs€ H(0,1), (2.10)
JY — 8up + by + Ep + dw, —mb = Jfy € L2(0,1), ’
cl + yv, +mip + kyw, = cfs € L2(0,1),

Q1w — kowyy + k10, + dib, = afg € L?(0,1), a; = a + f3.

18



2.3. EXISTENCE AND UNIQUENESS RESULT

Inserting v = u — f1, ¥ = ¢ — f3 in (2.10)q, (2.10)4, (2.10)5 and (2.10)s,
we get
PU — flze — by +v0, = hy € L*(0,1),
U3P — 0Pus + bty + dw, —mb = hy € L?(0,1), (2.11)
b + yu, +mp + kyw, = hy € L2 (0,1), '
W — kzwzx + klﬁx + ngz =hy € L? (0, 1) s

where
hi=p(f2+ f1),
h’2 = J(f3+f4)7
hs = cfs + v fie +mfs,
hy = o fs + dfsa,
ps=J+¢&.

To solve (2.11), we consider

B <<u7 P, 0,&)) 5 (ula ©1, 917w1)) = g (uh #15 017(")1) ’ (2'12>

where B : [HY (0,1) x H2(0,1) x L2(0,1) x L2(0,1)]> — R is the bilinear
form defined by
B ((u,p,0,w), (w1, p1,01,w1))

1 1 1 1

=p/uuldxww/umumd:c+u3/90901dx+5/s0x<p1mdx
0

0 0
1 1 1 1

+ 0/991d93 + o /wwld:ﬂ + ko /wxwlxdx + ’y/ (ugbh + ui6,) dx

0 0 0 0
1 1

+ b/ (ugp1 + Quyy) do + d/ (Wep1 + Pawr) dx
0 0

1 1

+ kq / (web +w1b,) dx + m/ (pby — p10) dz,
0 0
and G : [Hy(0,1) x H!(0,1) x L2(0,1) x L*(0,1)] — R s the linear
form given by

1 1 1 1

G (uy, ¢1,61,w) :/hluld:z:+/h2<,01dx+/thlda:+/h4w1da:.

0 0 0 0
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Let V.= H} (0,1) x H! (0,1) x L2(0,1) x L?(0,1) equipped with the norm
(e, 0,6, )15 = llullz + llualls + Nolls + lealls + 1615 + lwlls + llwells

then, we can easily prove that

1

1
|B ((u, p,0,w) , (u,p,8,w))] :p/u2dx+u/uida:+,u3/ de—i—é/goidx

0 0 0
1

1
/62dx—|—a1/w dx+k2/ widw

0
> Mol!(u 0,0,y

where My = min {p, i, 3,0, ¢, a1, ko } . Thus, B is coercive. Moreover, we
can easily see that B and G are bounded. Consequently, by Laz-Milgram
Lemma, system (2.12) has a unique solution (u,p,0,w) € V satisfying
(2.11).

Substituting v and ¢ in (2.10); and (2.10)s, respectively, we obtain

ve Hy(0,1), ¢ e H(0,1).

Moreover, if we take (¢1,61,w;) = (0,0,0) € H} (0,1) x L2 (0,1)x L*(0,1),
then (2.12) reduces to

1 1 1 1

p/uuldx+u/umu1$dx—1—7/u10xdm+b/gpu1$d$ (2.13)
0 0 0 0

1
= /hluld:c, Vul € Hé (O, 1)
0

That is
1 1
,u/u,tuudx = /(h1 — pu — 0, + bp,) urdz, Yu; € Hy (0,1),
0 0

which implies
[gy = —hy + pu — bp, +~0, € L*(0,1).
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2.3. EXISTENCE AND UNIQUENESS RESULT

Consequently, by the regularity theory for the linear elliptic equations, it
follows that
w€ H?(0,1)N Hj(0,1).

If we choose (uy,61,w;) = (0,0,0) € H} (0,1)x L2 (0,1)x L?(0,1) in (2.12),
we have

1

1 1 1
,ug/gpgpld:ﬁ—1—5/901g01xd:1:+b/uxg01d:c+d/wxg01d:c
0 0 0 0

1

1
—m/@gpldx = /hg(ﬂldl', Yo, € H!(0,1).
0

0

Furthermore, (2.13) is also true for any ¥ € C' ([0,1]) C H! (0,1). Hence,
we have

1 1
6/<px\llwdx = /(h2 — buy, — dw, — pzp +m) Wdx, YU € C* ([0,1]).
0 0

(2.14)
Thus, integrating by parts the left side of (2.14) and taking into account
(2.11)o, we get

0. (1)U (1) — ¢, (0) ¥ (0) =0, V¥ € C*([0,1]).

Therefore,
vz (1) = ¢, (0) = 0.

Consequently, we obtain
0 € H2(0,1)NH!(0,1).
Similarly, we obtain
w€ HF(0,1)N Hy(0,1), 0 € HL ().

According to the classical elliptic reqularity, it follows from (2.12) that there
exists a unique U € D (A) satisfying (2.9). Therefore, A is a mazimal
operator. Hence the result of Theorem (1 ) follows from Lumer-Phillips
theorem. (see [17]).
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Chapter 3

Stability

3.1 Exponential stability

In this section, we use the energy method to establish the exponential
stability of the system (1)-(2). To achieve our goal we state and prove the
following lemmas.

Lemma 3.1.1 Let (u,¢,0,w) be a solution of (1)-(2). Then, the func-
tional

1
L(t) = —p/ wpudz, t >0,
0

satisfies, YVt > 0
1 1 2 1 2 1
3 b
It < —p/ ufd:z:—l——u/ uidw—l——/ wzdx+l/ 0*dr.  (3.1)
0 2 Jy K Jo Ko Jo

Proof 3.1.1 Direct computation, we get

1 1
Ii(t) = —p/ ugudr — p/ uldz.
0 0

Using equation (1)1, we have

1

1
0

1 1 1 1
= —,u/ Ugpudr — b/ peudr — 'y/ O, udx — ,0/ uldz.
0 0 0 0
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3.1. EXPONENTIAL STABILITY

Integrating by parts

1 1 1 1
I1(t) = ,u/ u?dx + b/ pudr + 7/ Ou,dr — p/ uldz. (3.2)
0 0 0 0

Using Young’s inequality

1

b/ puzdr < —/ odr + = / uzd, (3.3)
0 7

7/ Ou,dr < /02d + = /uxdx. (3.4)
0 K Jo 4 Jo

Inserting (3.3) and (3.4) in (3.2), we get (3.1).
Lemma 3.1.2 Let (u,,0,w) be a solution of (1)-(2). Then, the func-

tional
1 bp 1 T
L(t) = J/ orpdr — —/ Uy (/ @(y)dy) dx, t >0,
0 H-Jo 0

satisfies, for any e; > 0,

I’()<—§/ @xd:ﬁ—%/gpdaﬁ—i—el/udw—l— <m——) /92
1
6/ 2dx+(4£1M +J)/O idx, 3.5)

where & = E (f — b—2>

Proof 3.1.2 By differentiating I5(t), we obtain

b 1 T
_ 2 Ut (/ ¢ (y) dy> dx.
mJo 0

Using (1)1 and (1)3, we get

1 1
L(t) = / (0pzz — bugy — Ep — dw, +mb) pdx + J/ gpfda:
0 0

b 1 x
_22 (/ wt(y)dy) dz
o Jo 0
b 1 x
K Jo 0
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So

It —5/ gomgodx—b/luxgoda:—g/ 2dx—d/01ww<pdx
+m/ 990dx+J/ das——/ ut(/ dy)da:
—b/u(/ ()dy)der—/ oo ([ otwan) as
+% i GI(/:sO(y)dy)d:ﬁ-

Now, by using integration by parts together with the boundary conditions,
we get

1 1 1 1
L(t) = —5/ ©2dr — b/ ugpdr — & | pidx + d/ wpdr
0 0 0 0

1 1 bp [ ®
+m/ 6g0d:c+J/ go?d:c——/ uy (/ got(y)dy)dx
0 0 HJo 0

1 b2 1
+ b/ Uppdr + — o dw
0 o Jo

by
HmoJo

After simplification, we arrive at

1 b2 1
L(t) = —5/ ©2dx — (5 — —) / > dx + J/ idx
0 2 0 0
1 bp 1 x
+d/ wgpxda:——/ Uy (/ cpt(y)dy) dx
0 H Jo 0
1
+ (m - bl) / Opdz. (3.6)
1% 0

Using Young’s and Cauchy Schwarz inequalities, we get

b [ z 1 ) 2o [ )
- U dy | dz <¢ / widx + / dzx. 3.7
u ), t (/0 et (y) y) 1 . ¢ de J, Py (3.7)

Young’s inequality leads to

1 5 1 d2 1
d/ wpdr < —/ 2dx + —/ widz. (3.8)
0 4 Jo 0 Jo
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Young’s and Poincaré inequalities give us

( __>/ Opdr < = /%dx+ (m——) /92 (3.9)

Inserting (3.7)-(3.9) in (3.6), we obtain (3.5).

Lemma 3.1.3 Let (u,,0,w) be a solution of (1)-(2). Then, the func-
tional

Ju [* Jy ! 5p [*
I3(t) = TM/O cptuxdx—%/o cptedx%—?p/o uppdr, t > 0,

satisfies, for any 9 > 0, the following estimate

1 1 1

u vJ (k1
L(t) < —Z/uidansg/goidquE <?+m) /gofdx
0 0 0
kyJ d? d /
Yk pd? AdY
(ch T Qb)/wxdx
0
252 d 1 2 ;
il Je _< @) 02d
+(4€2b2+2b+u T )/ v
0
1
—i-—( — >/<,0txutdflf- (3-10)
0

Proof 3.1.3 By exploiting the functional I5(t)

Jp 1 Jp ! Jy ! Jy !
L(t) = _,u/ Ypuzdr + —M/ DUy dr — —7/ pulddr — i/ o0y dx
b Jo b Jo b Jo b Jo

) ! ) !
+ _p/ UgPrdx + _p/ U Py dx.
b Jo b Jo
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Using (1)1, (1)2,(1); and integrating by parts, we obtain

1 1
L) = %/ (0pee — buy — Ep — dwy, + mb) updr — % / Orppdx
0 0

1
2 / (5%::1: — bu, — & — dw, + mb) Odx
0

b
J
CZ ( YUtz — TP — klwz> prdx
) y op (!
+—/ (Mg + by — v0,) gpxda:+—/)/ U Py d.
b Jo b Jo
Therefore
1 5 [ 1 d [
L) = —u/ uid:c—%/ gpxumdw—'u—g/ uxgodx—'u—/ Wyl dx
0 0
—l—(’y—i—%)/@ dx+—/ goﬁda:—l—f pldz

1 1
—i—ﬂ/ wzﬁdx—m/ 92d$+—/ gofdx+761 /wzgotdx
¢ Jo
—l——/ umgoxdxjt—/ 2d:l:——/ 0,0 dx
+— (X— l)/ Praupd.
b PC/ Jo

Finally, we obtain

1
]é(t):—,u/ u dm——/ dx—#—bd/ Wl dx
0

1 ’}/d 1
’V+ — / euzdx+ — ohdx + T/ w,0dx
0

ym 2
02y
b /0 oo be /0 i be
1 J 2 1
+ (5/ 2dx + °p X — i / Grpurde. (3.11)
0 b rc/ Jo
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Using Young’s and Poincaré’s inequalities,

1 1 2 1
_%{ uzpdr < %/ uZdr + %/ 2dz, (3.12)
0 0 0
d 1 1 dQ 1
_% Wallydr < %/ uZdz + 'ub—z widz, (3.13)
i o ) 0 1 0 i 1
— Ou,dr < = 2dw + — — 63d 3.14
(v+b)/0ux_4/0uxw+u(v+b)/o . (314)
d ! d [*
e wybdx < e (w2 + 6°) du, (3.15)
b Jo 2b J,
,yg 1 /1 ) ,7/2 2 /1 )
— Odx < d — 0°d 3.16
vk [ vk J /1 2 2
dx < dx. 1
= /0 wWatprds < - i (¢f +w?) dz (3.17)

Substituting (3.12)-(3.17) into (3.11), we get (3.1).

Lemma 3.1.4 Let (u,,¥6,

tional

w) be a solution of (1)-(2).

]4(t):ca/019</0$w(y)dy) dz, t > 0.

satisfies, for any €3 > 0, the following estimate

1
0

+ (kla + ck? +

1
2 2 1
a7 —i—m /dex—dc/ Opdr, t > 0.
483 433 0

0

1 1

2 2

Proof 3.1.4 By differentiating 1,(t), we obtain

1
/ufda:—i—ck:g/wzdqus;;/ ©ldx
0
0 0

Then, the func-

(3.18)

L’l(t):coz/olet (/Oxw(y)dy) dz:—i—coz/ole(/owwt(y)dy) dz,

using (1)s and (1)4, we get
1 T
150 = [ (= mp— ) ( [“w ) ) s
0 0
1 T
+ c/ 0 (/ (kowyy — ksw — k16, — deyy) dy) dx.
0 0
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So

1 x 1 x
Lit) = —047/ Ut (/ w (y) dy> dx—ma/ Pt (/ w (y) dy) dx
0 1 ox 01 0
—kloz/ Wy (/ w(y) dy> dx + ckg/ Ow,dx
0 0 0
1 T 1 1
—kgc/ 0 (/ w(y) dy) dx — klc/ *dx — dc/ Opidx
0 0 0 0

integrating by parts

1 1 1 1
I (t) = —klc/ 0%dx + kla/ widr + ckQ/ O, dr + oz’y/ wwdz
0 0 0 0

—moz/olgot (/Omw(y)dy) dx—dc/olﬁgotdx—kgc/olﬁ(/Oxw(y)dy) dz.

(3.19)

Thanks to, the inequalities of Young and Cauchy Schwarz, we obtain

1 1 cky [
ckQ/ Ow,dx < ckg/ widx + —/ 0*dz. (3.20)

0 0 4 Jo

1 x 1 ki [
—k‘gc/ 0 (/ w(y) dy) dr < ck‘g/ wrdx + —1/ 0*dz. (3.21)
0 0 0 4 Jo
1 1 ay? [l

a’y/ wwdr < 53/ uldx + / widx (3.22)

0 0 ez Jo

1 T 1 m2a2 1
—ma/ o (/ w(y)dy) dméag/ pidr + /w2dx (3.23)
0 0 0 des o

Substituting (3.20)-(3.23) in (3.19), we obtain (3.18).

Lemma 3.1.5 Let (u,¢,0,w) be a solution of (1)-(2). Then, the func-
tional

1 T 1
I;(t) = Joz/got /w(y) dy dx+Jk:1/0gpdx
0 0 0
Jk / Jk /
+u/902d$— 1 /ugoxdx,
2c c
0 0
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satisfies, for any 4 > 0, the following estimate

1 1

i <m_/ m+m/@M+a/¢w+m/%M
2.2 Jk2 252 22 52 2 1
mex 3, «Q o a 2
d
<454 + d +4e4+4€4+2€4)/w !
0

1 1 1
Jk3 TPk} Jk
+ 54/ 2dr + +— /wzdaﬁ 1 /uxgptda:, (3.24)
d 2e4C? c
0 0 0

Proof 3.1.5 Differentiating I5(t), we obtain

1 x

I;(t) = JO‘/Q% /W(?J)dy dl‘JrJOé/lSOt ]Wt(y)dy dx

0 0 0 0
1 1

+Jk1/¢9t<,0d:v+Jk1/930tdx

0 0
1 1 1

+ka1 /SOSOtd»T— ﬂ/ut%dﬂﬁ— ﬂ/“@t:ﬂd%
c c c

0 0 0

Using (1)2, (1)3 and integrating by parts, we arrive at

1 T
B0 =a [ (6o~ b - g0 = dua+md) | [w()dy | do
0 0
1 x
+ J/got /(kgwyy — ksw — k16, — doy,) dy | de + Jky /Ggotdx
0 0

1
k
+ Jkl/ (—zum — mcpt — —1(,%) pdx
c c c
0

1 1
JE Jk
+mc I/SOQOtdl'—%/UtSOz x

0 0 0

ugpt:pdm
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1

1 T 1 T
:—aé/apxwdx—ba/um /w(y)dy d:p—ﬁa/@ /w(y)dy dx
0 0 0 0

0

(3.25)
1 1 @ 1
+da/w2dx+ma/9 /w(y) dy | dx + Jk:g/gptwwdx (3.26)
0 0 0 0
1 T 1 1
L
—ksJ | ¢ w(y)dy | de —dJ | pidx — — wypdx
0 0 0 0
Jk /
+1 . - /uxgotdx. (3.27)

0

Using Young’s and Cauchy Schwarz’s inequalities for any e4 > 0, we obtain
1

1 1
2
sz/sotwgcdx < %/sofdx+ %/widm, (3.28)
0 0

0

1

T 1 1
Jd Jk2
—k‘gJ/gpt /w(y)dy dzx < Z/g@?d:ﬂ—l—Tg’/dex, (3.29)
0 0 0

0

1 1 252
—ad/gpzwdl’ < 54/@idw+ " /dex, (3.30)
0 Yo
1 T 1
—ba/ux /w( dy | doe < g4 / dx+ / w?dz, (3.31)
0 0
1 T 1
1 {2’ 2
—504/@ /w(y dy | dz < —/ 2dx + /w dz, (3.32)
2 284
0 0 0
Jk? / / J2k}
1 €4 2 1 2
- wepdr < i/gp dx + m/wmda}, (3.33)
0 0 0
1 z 1 1
m2a?
ma/9 /w(y) dy | dx < 54/92dx+ " /wzd:z: (3.34)
4
0 0 0 0
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3.1. EXPONENTIAL STABILITY

Inserting (3.28)-(3.34) into (3.27), we obtain (3.24).

Lemma 3.1.6 Let (u,,0,w) be a solution of (1)-(2). Then, the func-

tional
[6(t):g/ Yo + — /goxdx g/ *dx; t >0,
0

satisfies the following estimate

1 1 1 1

d2
I (t) < (51/ dx~|—5 widm—i—m/@gotda:—b/uxgotdx, t>0. (3.35)
1

0 0 0 0

Proof 3.1.6 Differentiating Ig (t) with respect to t, we obtain

1 1

1
0

0 0
Ezploiting (1)2, we get

1 1

I (t) = /sot (0@zz — buy — @ — dw, +mb) dx + 5/soxs0mda:

0 0
—i—{/gotgodx.
0
Integrating by parts
1 1 1
I (t) = —b/uxgotdx — d/wxgptda: + m/Ggptd:E. (3.36)
0 0 0

Young’s inequality leads to

1 1

2
—d/wmgotdx < 51/ 2dx + 4 widz. (3.37)
1

0 0 0

Inserting (3.37) into (3.36), we obtain (3.35).
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CHAPTER 3. STABILITY

Now, we define the Lyapunov functional L(t) by
L(t)=NEy(t) + I (t) + Nz (t) + Na13 (1)

+ N (dﬂch (t) + %b]zl Is (t) + I (t)) . (3.38)

where N, Ny, Ny, N3 are positive constants.

Theorem 3.1.1 Let (u,p,w,0) be a solution of (1). Then, there exist
two positive constants k1 and ko such that the Lyapunov functional (3.38)
satisfies

k1B (1) < L(t) < ko B (1), V>0, (3.39)

and
L(t) <~ E(t). (3.40)

Proof 3.1.7 From (3.38), we have

1 1
L(t) - NE ()| < p / g de + NyJ / P
0 0

sl [ ([ o)

J 1 (')‘ 1
+N2—7/ \gptﬁldx—i—Ng—p/ |urp,| da
b Jo b Jo

1
dx + NQ%/ || dz
0

1 x
+N3@/ 0 (/ w(y)dy) dx
d Jo 0
b 1 x b 1
c
+N32/ O /w(y)dy dx+N3—/|9g0|dx
vk J / Y ]

1 1
b
+N3£/|g02‘dx—l—]\/3b/|gpmu|dx
0 0

1 1 1
J )
+N3§/‘gpf‘dx+N3§/|gpi‘d:p+Ngg/|gp2‘da:.
0 0 0

By using Young’s, Poincaré and Cauchy-Schwarz inequalities, we obtain
|L(t) — NE(t)| < TE (1),
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3.1. EXPONENTIAL STABILITY

which yields
(N—-T)E(@t)<L(t)<(N+71)E(),

by choosing N (depending on Ny, N, N3) sufficiently large we obtain (3.39).
Now, by differentiating L(t), exploiting (3.1), (3.5), (3.10) and setting
1 1

=P 5———1 5———dc g4 =—, 0] = — t
we ge
AN’ 2 Ny’ 3 4mN;’ 4 N’ ! N’ g

3 be 1
! < = H - 2
L'(t) < (4]\72 5 7Jk:1> /0 u,dx

1 2 1

P 2 be b / 2
—— der — | 26,N; — - — d
2/0 e <£1 ' vJky M) 0 7o

€1

Cy, =

Cs =

2 2
_ L k’Q asry m
Cl < 1t e 3 + 483 + 483 ’
(B

Jk2  J%k}
o - (3£3)

d 2e4C?

Now, we select our parameters appropriately as follows:
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CHAPTER 3. STABILITY

First, we choose Ny large enough so that

be b?
261Ny — —— >0,
§1N: Tk
and
N1(5 be
—=1- >0
2 '}/Jk'l

Next, we select Ny large enough so that

7 3 bc
Ny — — — .
RIS S
We select N3 large enough so that
kim 1 b\ A2 be
N3—— — Ni= —— ) —— —=NyCyp— —— >0
3794 15(77”& M) 0 240 ~ Tk )

and

dbc b2p vJ (ki 5
N. — N, | Nj— —N— | = — - )
2k 1( W”) lbc(2+m> 17!

Finally, we choose N large enough (even larger so that (3.39) remains valid)
such that

b
C>0

Nks — 2N, — 0,22 N, — CoN.
3 5 1 1dC 3 2 3’}/Jl€1 )

and
Nky — NQCg — k%%Ng — 0473—21]\73 — %Ng, > 0.

All these choices with the relation (3.41) lead to

1
L'(t) < —ay / (U2 +uf + ¢* + 0%+ 02 + o} +w?) du. (3.42)
0

On the other hand, from Eq. (2.4) and by using Young’s inequality, we
obtain

1

1
E(t) < 5/(pu?+Jso?+(u+|bl>ui+5wi+c92+<§+|b|>¢2+aw2) dx
0
1

<o /(u?+go?+ui+goi+02+go2+w2)dx . 01> 0,
0
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3.2. POLYNOMIAL DECAY

which implies that
1
—/(uf+¢f+ui+g@i+92+g@2+w2) de < —poE (t), 0o > 0. (3.43)
0

The combination of (3.42) and (3.43) gives (3.40).

We are now ready to state and prove the following exponential stability
result.

Lemma 3.1.7 Let (u, p,0,w) be a solution of (1)-(2) and assume that (3)
holds. Then, for any Uy € D (A), there exist two positive constants Ay and
Ao such that

E(t) < ME (0)e™ ¥t > 0. (3.44)

Proof 3.1.8 By using the estimation (3.40), we get
L'(t) < =piE(), t >0,
having in mind the equivalence of E(t) and L(t) we infer that
L'(t) < —\L(t), t >0, (3.45)

where \; = & A simple integration of (3.45) gives
K2

L'(t) < —L(0)e ™ t >0,

which yields the serial result (3.44) and by using the other side of the equiv-
alence relation (3.39) again. The proof is complete.

3.2 Polynomial decay

To state our decay result, we introduce the first and second-order energy
functional.

Lemma 3.2.1 Let (u,p,0,w) be the solution of system (1)-(2). Then, the
second-order energy functional defined by

1
1
By (1) =5 / [pug, + Joj + pud, + b7 + aw} + 692, + £07 + 2bugpy] d,
0

(3.46)
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CHAPTER 3. STABILITY

satisfies

1

1
Ey () = —ko /wfxd:v — ks /wfdx. (3.47)
0 0

Proof 3.2.1 Differentiating (1)1, (1)2, (1)s, (1)s, with respect to t, we
obtain

Pttt = HlUtzr + 0Pt — VOria, in (0,1) x (0, +00),
J st = 0Ptae — Dltgy — £ — dwie +mb;, in (0,1) x (0, +00),
i = — YUy — Moy — k1wyy, in (0,1) x (0,4+00),
awyy = koWize — kawy — k101 — doys, in (0,1) x (0, 400).

Multiplying the resulting equations by uy, ©u, 0y, wy respectively, integrating
by parts over (0,1), we have

(P fol U dx = —p fol Ugg Ut dT — b fol Pty dr
+7 fol Oyuydzx, in (0,1) x (0, 400),

J fol Prupudr = —0 fol ProPriads — bfol Utz PrdT — £f01 rppdr
+d fol WPtz dr + mfol Orpudz, in (0,1) x (0, 4+00),

Cfol Qttﬁtdx = -7 fol utmﬁtdl’ —m fol gott@tdac + ]fl fol wtetmdx,
in (0,1) x (0,400),

o fol wypwrdr = —ko fol wi dx — k3 fol widz — ky fol B, ndic
\ _dfol Orzwidz, in (0,1) x (0, 4+00).
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3.2. POLYNOMIAL DECAY

This last system 18 equivalent to

( 1
Zdt fo - th fO ut:}c bfo @tuttrdx
+ fo etuttxd.flf in (0,1) x (0, +00),
1 d
2dt fo Prde = — 2 M fo pi.dr bfo Ugz PpredT — §ﬁ fo ©2dx

+d fo WP dr + mfo Orpndx, in (0,1) x (0,+00),

d
Cﬁ fol O7de = —v fol Utz Opdx —m fol pubidr + ky fol wibydz,
n (0,1) x (0,400),

2225 f wtzd:z: = —ko fo wmdx — k3 fo wfdx k1 fol Orpwrdx

| —d [ guawrdz, in (0,1) x (0, +00).

Summing up, we obtain

1

2di (putt + J‘Ptt + 092 + awt + Nutx + 59‘%:}: + g@t + ZbSOtUtx) dx
0

1 1

= —/@/wtzxdx — kg/(.«d?dl'.

0 0
Finally, we get (3.46) and (3.47).
Now, we are ready to state and prove the main result of this part.

Theorem 3.2.1 Assume x1 # 0, and let (u, p,0,w) be the solution of sys-
tem (1)-(2). Then there exists a positive constant A such that the energy
functional (2.4) satisfies for all t > 0,

B (t) < % (3.48)

The proof of the result will be established through several lemmas.

Lemma 3.2.2 Let (u, ¢, 0,w) be the solution of system (1)-(2). Then the
functional
1 1

kopJ ckipJ / 9

F7(t) = 4

7 (t) 7 Xl/uxwxd:ﬁ+ 2db x1 [ 6°dx, (3.49)
0 0
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CHAPTER 3. STABILITY

satisfies for any €, > 0, the following estimate

; 1 1 1
Fl(t) < _%Xl /utgotxdx + 28'2/ufdx —i—%/uidm (3.50)
0 0

0
1 1

c
+CO/(92+(’0§+wt2z)da:+€—?/wt2dm
2

0

1
1
+ ¢co (1 + —,) /widx. (3.51)
€
7%
Proof 3.2.2 By differentiating F; (t) and integrating by parts, we obtain
kapJ / kapJ /
F.it) = — 257 X1 /utwmd:v ZZ 1/uxwmdx
0
Cklp‘] / 00,dz. (3.52)
0
From (1), we have
d ks ky
or = - —0,. 3.53
w kat—l—kgot —|—k2w+k2 (3.53)

By substituting (1); and (3.53) in (3.52), and integrating by parts, we obtain

1 1
apJ J
F7, (t) = _%Xl/utwtdﬁ— %Xl/ut%xdﬂc
0 0
kspJ i kipJ i
— 2’; Xl/utwda:— 11/[)9 Xl/utﬁxdx
0 0
1 1
+ db X1 UgpWiyg db utgxdx
0 0
mkypJ / kipJ /
— ~db Xl/gptédaz— ~db Xl/wﬁdw.
0 0
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3.2. POLYNOMIAL DECAY

Using Young’s inequality
7o / /
« Co
_%Xl/utwtdx < 5’2/ufdx+ g—l/wfdx_
0 0 0

Using Young’s and Poincaré’s inequalities:

Using Young’s inequality

1 1 1
kopJ
2P Xl/uxwmdx < %/uidm—i—co/w;dm.
0 0

db

0

o 1 1

_map Xl/&ptdx < co/(02+¢f) dz.
0

~vdb

0

1 1

k2pJ

_ ;gb Xl/&wxdaﬂ < co/ (92 +w§) dx.
0

0
Then, we get
1 1 1

J
F(t) < —p—xl/utgomd:v—i—Qe’Q/ufdx%—%/uidaz

b
0 0 0
1 1

+co/ (0% + ¢} + wp,) do + ? /wfdx
2
0 0

1
1
+co (1 + —,) /widm.
€2
0

Now, we define the following Lyapunov functional as follows:
L(t)=N (B (t)+ Ex(t)) + Fi (t) + N1 F> (t) + No (F5 (t) + Fr (1))
(3.54)

be
vJkq

F5 (t) + Fg (t)> .

m
Ny —F, (¢t
+ 3<dc a(t)+
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CHAPTER 3. STABILITY

Lemma 3.2.3 The Lyapunov functional L defined by (3.54) is equivalent
to (El + EQ) .

Proof 3.2.3 Indeed, by using Young’s, Poincaré’s and Cauchy-Schwarz
iequalities, we obtain

[L(t) = N (Ey (t) + Ea (1) < (B () + B2 (1)),
that is
(N =) (B (t) + B2 (8) < L(t) < (N +¢) (Er () + Ex (1)) -
Now by choosing N sufficiently large, we get
72 (By () + By (1) < L(t) <71 (By (1) + B (1)) . (3.55)

where T, Ty > 0.

We are now ready to prove our main result (Theorem 3.2.1).

Proof 3.2.4 Differentiating (3.54) and using (2.5), (3.47), (3.1), (3.5),
(5.10), (3.18), (3.24), (3.35) and (3.51), we get

1
ﬁl (t) S - |:]€2N - NQCO (2 + —/) — m]\[300
g dc

1
beey 1 Co / 2
— Nsl1+— | ——N. d
")/Jk'l 3 ( + 54) (51 3:| Wa AT
0

|
- {kgzv — o, — O, (1 + —) -
dc €3

1
beey 1 9
N3 |14+ — d
vJky 3( +€4>}/w v
0
1

- [,0 —e1lVi — dchgg?’ - 2N2€'2] /ufd:z:
0
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3.2. POLYNOMIAL DECAY

1

[ bc

Ny — Naey — ’d

_ 1H1 STk 3E4 CO] /‘P Z

_5 1

_éNl — EQNQ Jk1N3€41 /@idﬂ:
0

_HNQ — 3H — be N384 /u dzx

_4 2 ’}/Jkl v

1
[ db 1
¢ Ng—NlcO 1+ — —2CON2—N361 /gofdx
_ZV]ﬁ €1

0

1
_klm 1 be 2
—— N3 — cgN{ — 14+ — ] IV Niey — 0-d
24 3 — ColVy Co( +€2) 9 — ~ Tk 3€4 Co}/ x

i 1
Nks — —NQ] /wzda:
) 0

— [Nk?g — NQCO] /wmdx

0

ON p dep 1

Bysettmgslzisz—sz—sz €4 =01 = —, we

arrive at

2

4]\[17 4]\[27 2 8]\[27 s 4mN3’ N3

N.
ﬁl (t) S - |:]{32N - NQCO (2 + 8—p2) - %NgCO

1

N5 (14 N3) — ¢oN; ] /wgdx
0

|:ng - C[)Nl mCONg (1 —+
dc

beey

’YJkl

4mN3
dcp

1

beeg

— Ny (1+ N)

e (L 3]/“’
0

(3.56)
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CHAPTER 3. STABILITY

|27k, p
kim 4N be
— %Ng—CONl—CO (1"‘5_]\5) 2 ’ka‘l —C0‘| /‘92(113
- N2 1
— | Nks — 8—200] /wfda:
L p
0
1
0

We choose Ny large enough so that

C oN, be
>0, and 2L — 0.
STk O e T

Nipy —

Now, we select Ny large enough such that

%N2 B g B ’yfﬁcl >0,
for any Ny and Ny we take N3 large so that
k;—ZLNg—cONl—CO <1+§—xj> NQ—%—CO > 0,
and
2?]:1 Ns — Nyco <1 n %) — 92Ny — 1> 0.

Finally by choose N large enough (even larger so that (3.55) remains valid)
such that :

e 0T vJ k1

N. b
5 2) m “O Ny (1+ N3) — coNZ >0,

kQN — NQCQ (2 + —
P
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3.2. POLYNOMIAL DECAY

mcy 4mN3 bCCO
ksN —cogN; — —N3 | 1 -
3 CoiV1 3 ( dep ) ~ Tk

de
SN2
Nks — —2¢y > 0,
P

N3 (1+ N3) > 0,

and
ng — N2C0 > 0.

All these choices with the relation (3.57) lead to

1
L) <=M [ (W+ui+*+0+ 02+ ¢ +w’)dr, A\ >0. (3.58)

=]

On the other hand, from (2.4) and using Young’s inequality, we obtain

1

1
Ei(t) < 5/(puf+J¢§+(u+b)u§+c02+5goi+aw2+(£+b)<,02)da;
0

1
< Ag/(u§+u§+¢2+92+go§+got2+w2)d:c, Ay > 0,
0

which implies that
1
—/ (W2 +uj +0* + 0>+ 05 + ¢ +w?) dz < =Xy (t), A3 > 0. (3.59)
0

By combining (3.59) and (3.58), we obtain
L' (t) < —kE (). (3.60)

Integrating (3.60) over (0,t) and using the fact that Ey (t) is positive and
non-increasing, we get

()< [ B (9)ds < (L0) - L) < £

Therefore

Finally, for A = w, we have (3.48). Which is the conclusion of Theorem
K

3.2.1.
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Chapter 4

Numerical approximation

In this chapter, we will solve numerically the system (1) — (2) in the one-
dimension domain. For that, we used the Euler scheme for discretization
of temporal variable and the classic finite difference method for discretiza-
tion of spatial variable. Furthermore, in order to verify the asymptotic
behavior of the solution of discretize problem, we give some examples in
which the numerical experiments show that the discrete energy E™ decays
polinomially for different choices of the system parameters.

4.1 Discretization of the problem

Let us introduce the functions @ = u;, ¢ = ¢, and for any M, N € N, we
introduce the nets

1
Qy = ;i =1th, 1=20,...,N +1 wh h=———>,
N {:1: th, 1 + 1 where N—i—l}

T
FM:{tn:nAt, n:O,...,M+1WhereAt:M+1}.

Taking a backward Euler scheme in time and finite differences in space,
our problem consists to find (u, ¢, 0,w) satisfying the following numerical
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4.1. DISCRETIZATION OF THE PROBLEM

scheme
( P ~n ~n— 2 n n n n n
E,y(ul — U, 1) = 52 (uiH — 2u + Uifl) + o (%’H - 801'71)
_ﬁ (0?—1—1 - 8?—1) )

J Am ~n— n n TL n n 14
Ed(% % 1) =2 (%’H —2p7 + %’-1) o (“i+1 - Uz—1) — &
“on (Wﬁ-l - Wf—l) + moy,

C n n— Y ~n ~n “n k n n
At (92. —0; 1) YA (“z’+1 - ui—l) —my; — % (%‘;1 - Wz’—l) )

« n— n n n n n n
Ed(w? — W 1) = h_z (wi—l-l — 2w + wi—l) — ksw® — ﬁ (9i+1 - 6)z‘—l)

| g7 (8 — ).

A (4.1)
where 90;1 = QO(JTZ,tn), @:L = ¥t (:L'htn)a 7/1? = ¢(xzatn)a ,¢Zn = ¢t (miatn)y

n

w' = w(w;,ty,), foralli = 1,..., N and n = 1,..., M. To simplicity our
numerical calculations in our scheme, we consider the discrete boundary
conditions given by

n __ n _ n __ mn _

Yo = PN+1 = 0 = 9N+1 =0,
n J— n n __ n

Uniq = Uy, U = Uyg, (4.2)
n J— n n __ n

Wyl = Wy, Wy = Wy,

and initial conditions

u = T A, o = o+ At

foralli=1,... Nandn=1,..., M.

Note that to find (u,®,0,w). we need to solve three coupled systems of
algebraic equations. So, to solve the problem (4.1) — (4.3) at each time
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CHAPTER 4. NUMERICAL APPROXIMATION

step, we propose to consider the following fixed-point algorithm
( N At n n n, bAL n,l— n,l—
uiz h,g(”ll1_2ull+ 11)+_< 1—1 ,z1>

2h
)At n, n,l— ~n—1,1—
h (61 ll 1 91 7ll 1) ui 1,1 1’

An,l YAV n,l—1 n,l—1 n,l—1 bAt n,l n,l

Pi = Th2 Yir1 — 29" el 577 \Uip1 — U

CEAE i dAE (wn,l—l _wn,l—l) L t9n+ sn—10-1

J QD'L QhJ i+1 i—1 (101 )
mAt

nd ~n,l ~n,l ~n,l n,l—1 n,l—1 n—1,0—1
ol = 1= - el - +0
i T T o Uiy — Uy p i 2he Wit1 Wi—1 i

ky a ko ko ki ni nl
ﬁwi+1 —+ <_E — k?g — 2h2) w + ﬁw’_ = % <0i+1 - 92'—1)

1+1 i—1

(4.4)
{ up? =it or0 = 0 = o Wl =Wt ot = 4 At

foralle=1,....Nandn=1,....M,and [ =1,2...

At each time step, we solve the scheme (4.4) by an iterative procedure that
was stopped when the difference between two successive iterations becomes
smaller than a given tolerance ¢.

4.2 Energy estimation

To approximate the continuous energy (2.4), we use the trapezoidal quadra-
ture formula to compute the integral [ = fo x)dx

N

INZZaif(%)%L

i=1

h
where the weights {al} _, are given by a; = ay = 5 and for: =2,3,..., N—

1, a; = h. Therefore, the discrete energy formula is given by

B(ta) ~ J"= 3 adp (@) +7 (@1 + u((w)))? +e(0) (45)

0 ()0 + € (1) + a (W) + 2b (u)] (7)),
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with
ult o —ut
ano ; tn N n — i+1 i—1
W= ), ()] = R
R n_ Pit1 — Pin
T gy (), () = DL Pl
2 Pt ('ZU ) (90 )z 2h

4.3 Numerical examples

In the next, we describe some numerical examples.

Example 4.3.1 For this numerical test, we choose the following different
values for the coefficients of the system

p = 15 6=01, n=08, b=0.2, m=0.35

3v/2
— —_—, J = 03, = 7, d — 05, - 3
v Vit § B

c = 4, k1:5, @:0.8, k2:8, k3:45

We run our code for the following discretization parameters: N = 150,
M =300, T =1 and take e = 107°. With the following initial conditions

ug () = 1072 (x?’ — ng) , up (x) = % (22% = 22) , o (z) = % (22% — 2z2) ,

e 2 6, (x) = 0.

| =

01 (x) = 10sin(w(x+1)), wo(x) =

Here are the evolution in time of the solutions u, p,w, 8 and of the discrete
energy

02 : G e . 1

| fi‘;% \' ‘

phifx.t)

El
014 N
027
1 \\\‘
o ' L 300 < e
) " 200 05 " 200
. = L Pt
S 100 S~ 100
00 t x 00 t

o
05 T

Figure 4.1: Figure 4.2:
The function u The function ¢
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15 . 1 i o R 004~

1 . . . R 002 . :
. | .
A “ .
Z ol 2 002 n
H B :
054 -0.04 I .

EEERN / . . -0.06 g —
15 . . _ . .
1 .. 1 \\\\

Figure 4.3: Figure 4.4:
The function 6 The function w

The energy

Figure 4.5:
Evolution in time of the function 6

Example 4.3.2 For this numerical test, we choose the following different
values for the coefficients of the system

p = 25 6§=01, n=08, b=12, m=0.35
v = 005 J=03, £=2, d=105 B=15
1, k1 =05, a =08, ks =0.01, ks = 4.5.

Cc

We run our code for the following discretization parameters: N = 150,
M =390, T =1 and take e = 107°. With the following initial conditions

up (r) = 1072 (:c3— §x2>, u (z) =

5 (2x2 — 2x) ,

1 1

3 (227 = 22) , o (z) = 3
1

01 (x) = 10sin(m(x+1)), wo(x) = gxge’%z

2

R 90 (SL’) =0.

Here are the evolution in time of the solutions u, ,w, @ and of the discrete
enerqy
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4.3. NUMERICAL EXAMPLES
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Figure 4.6:
Evolution in time of the
function u (Exemplel)

Figure 4.7:
Evolution in time of the
function ¢ (Exemplel)
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Figure 4.8: Figure 4.9:

Evolution in time of the
function w (Exemplel)

Evolution in time of the
function 6 (Exemplel)
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Figure 4.10:
Evolution in time of the function 6 (Exemplel)

In each above numerical example, the graphics presented in the Figures
1-4, 6-9 show the evolution in time of the approximations solutions u, ¢,
w and € on the interval [0, 7], for different choices of the system parame-
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CHAPTER 4. NUMERICAL APPROXIMATION

ters and of the initial data. Furthermore, the Figure 5 and Figure 10 show
that the approximate energy (4.5) decays in an exponential manner in the
case where y; = 0 and decays in polynomial manner where x; # 0, which
confirms the main theoretical result obtained.
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Conclusion

In this manuscript, we established a decay rate of the solution of porous
thermoelastic system with microtemperature effects under some assump-
tions on system parameters. We showed that the system is well-posed
using semigroup theory. Also, we proved that the energy of the considered
system decreased in exponential and polynomial manner and this depends
on the obtained rate. Finally, we validate the theoritical results by carrying
out some numerical experiments.
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