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Résumé

L’objectif de ce travail est d’étudier 1'existence et l'unicité de la solution d"un prob-
léme impliquant la dérivée fractionnaire généralisée de Mittag-Leffler, ainsi que d'un
probléme hybride mixte intégrant des dérivées fractionnaires du premier type au sens
de Riemann et de Caputo, dans le cadre de I'opérateur p-Laplacien. La stabilité de
la solution a été analysée selon les concepts de stabilité d’Ulam-Hyers, de stabilité
généralisée d’Ulam-Hyers, de stabilité d’'Ulam-Hyers-Rassias et de stabilité généralisée
d’Ulam-Hyers-Rassias. Les résultats concernant 1’existence et 1'unicité ont été établis
en appliquant des théoremes du point fixe, tels que ceux de Banach, Krasnoselskii et

Schaefer.

Mots-clés: Intégrale fractionnaire généralisée de Mittag-Leffler, dérivée fractionnaire
généralisée de Mittag-Leffler, intégrale fractionnaire, dérivée fractionnaire de Riemann-
Liouville, dérivée fractionnaire de Caputo, équations différentielles fractionnaires hy-
brides mixtes de premier type, opérateur p-Laplacien, existence et unicité de la solution,

théoreme du point fixe, stabilité de la solution, espaces de Banach.
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Abstract

The objective of this work is to study the existence and uniqueness of the solution
to a problem involving the generalized Mittag-Leffler fractional derivative, and to a
mixed hybrid problem that includes first kind fractional derivatives in the senses of
Riemann and Caputo, within the framework of the p-Laplace operator. The stability
of the solution has been examined according to the concept of Ulam-Hyers stabil-
ity, generalized Ulam-Hyers stability, Ulam-Hyers-Rassias stability, and generalized
Ulam-Hyers-Rassias stability. The existence and uniqueness results are established by

applying fixed point theorems such as those of Banach, Krasnoselskii, and Schaefer.

Keywords: Generalized Mittag-Leffler fractional integral, generalized Mittag-Leffler
fractional derivative, fractional integral, The Riemann-Liouville fractional derivative,
the Caputo fractional derivative, mixed hybrid fractional differential equations of type
one, p-Laplacian operator, existence and uniqueness of solution, fixed point theorem,

stability of solution, Banach spaces.
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Introduction

Fractional calculus is a specialized branch of mathematics that extends the classical
notions of differentiation and integration to non-integer (fractional) orders within the
tields of real and complex numbers. This area of study provides theoretical foundations
and analytical tools for examining the existence and behavior of solutions to fractional
differential equations that incorporate fractional derivatives and are commonly referred
to as fractional equations.

These equations are widely applied across numerous scientific and engineering dis-
ciplines, including physics, chemistry, mechanics, electronics, biology, control theory,
signal and image processing, traffic modeling, seismic oscillations, blood flow dynamics,
and more (see sources [19], [20], [22], [23], [29], [40].)

Although fractional calculus has gained popularity as a modern field of application,
its conceptual origins are quite old. Historians trace its beginnings to a letter dated
September 30, 1695, in which Marquis de I'Hopital asked Gottfried Wilhelm Leibniz
about the meaning of a derivative of non-integer order. The question: What would be

the result if the order is % ?, was intellectually provocative for its time.

In 1819, Silvestre Francois Lacroix discussed the idea of fractional derivatives in
his mathematical works. Later, in 1823, Niels Henrik Abel applied fractional calcu-
lus to solve the tautochrone problem, marking the first known physical application.
Throughout the 19" century, mathematicians such as Joseph Liouville, Laurent, and

others expanded the theory through generalized operators.

In the early 20 century, Oliver Heaviside applied fractional derivatives to trans-
mission line theory, while Dumont, in 1963, explored applications in elasticity. In 1974,
Brian Ross organized the first international conference on fractional calculus and its
applications. This momentum culminated in 1993, when Kenneth Arraow and Miller

Ross published the influential book An Introduction to the Fractional Calculus and
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Fractional Differential Equations.

A historical timeline maps the development of fractional calculus from the 17"
century to the 1970s. Since the early 20" century, this field has grown significantly,
thanks to contributions from researchers such as Bernhard Riemann, Michele Caputo,
Edwin Spanier, Mohamed Benchohra, and Anatoly Kilbas. Today, fractional derivatives
have evolved from theoretical curiosities to powerful modeling tools for systems with
memory and hereditary properties, offering capabilities beyond those of classical integer-
order models [8], [21], [28], [30]. The figure is represent timeline of main scientists in the

area fractional calculus.

Gottfried Leibniz, 1646 -1716

“ Isaac Newton, 1643-1727
_,_:_r-a, Guillaume de 'Hépital, 1661- 1704

"

1650

1700

Leonhard Euler, 1707-1783
¥ Joseph-Louis Lagrange, 1736-1813
Joseph Fourier Pierre-Simon Laplace
1768-1830 ®7 1749-1827
1750

Niels Abel. 1802-1829 3
- Joseph Liouville
- 1800 X 1809-1882

&l

Bernhard Riemann
1826-1866

L, Karl Weierstrass

Anton Grinwald 1815-1897

1838-1920

Aleksey Letnikov
1837-1888

Pavel Nekrasov
1853-1924
Marce| Riesz

1886-1969

1850

Oliver Heaumude

135!)—1925 Wl”lam Feller
Magnus Mrl:rag—Lefﬂer 1906-1970
1846-1927

Godfrey Hard'y' 1900 Hermann Wey!
1877-1947 . ﬂ 1885-1955
John Littlewood ~ J
1885-1977 Paul Lévy
I 1886-1971

As fractional calculus becomes increasingly relevant, it has attracted wide academic




interest in recent decades, with numerous books and scholarly articles dedicated to its
development. Once regarded as a purely theoretical branch, it is now recognized for
its ability to model non-local and complex natural behaviors across a wide range of

scientific and engineering domains.[10], [16],[31].

In particular, the existence and uniqueness of solutions to fractional differential
equations remain an active area of research. Techniques used to investigate these
properties include the method of upper and lower solutions, Mawhin’s continuation
theory, and fixed point theorems. Solving such equations whether analytically or
numerically requires careful handling, as computational approximations can introduce
errors. Even small perturbations in the differential equation may lead to significant
deviations in the solution, potentially compromising its accuracy or relevance [13], [14],
[15] .

There are several types of fractional derivatives, each with distinct formulations
suited for specific applications. Among the most widely used are the: Riemann-
Liouville derivative (1847), Caputo derivative (1967), Griinwald-Letnikov derivative

(1867), Atangana—Baleanu—Caputo (Mittag-Leffler) derivative (2016).

The Riemann-Liouville derivative extends classical differentiation using fractional
integrals. The Caputo derivative is particularly useful in solving initial value problems,
as it uses integer-order derivatives of the function. The Griinwald-Letnikov derivative,
based on difference quotients, is especially suitable for numerical methods and time

series modeling.

Other notable types include: Hadamard derivative (1892), Hilfer derivative (2000),
Caputo-Fabrizio derivative (2015).

The ABC derivative uses the Mittag-Leffler function as its kernel rather than a
singular power-law kernel. This gives it a non-local, non-singular structure, allowing
for higher accuracy in modeling real world systems with memory. It has been applied
to model the spread of COVID-19, considering past infection history, and to analyze
heat transfer in materials that retain thermal memory, employs a non-singular, non-
local kernel. Unlike the power-law kernels used in classical formulations, the Mittag-
Leffler kernel offers a more realistic representation of memory effects. This makes
it especially valuable for modeling viscoelastic materials, anomalous diffusion, and

biological systems|[6], [7], [9], [16], [24], [33], [34], [38] .
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Another important class involves mixed Riemann-Liouville and Caputo derivatives,
useful in hybrid models that require both local and non-local behaviors. Recently, mixed
type hybrid fractional differential equations of the first kind have emerged, incorporat-
ing p-Laplace operators that blend the features of both Riemann and Caputo derivatives
for more flexible and accurate modeling [2], [3], [4], [18], [25], [37] .

Due to the difficulty of obtaining exact solutions particularly in nonlinear problems
approximation methods are commonly used. However, only stable approximations
are acceptable, making stability analysis essential. The idea of stability in functional
equations was introduced by Ulam in a 1940 lecture, with the first solution proposed by
Hyers in 1941, leading to the concept of Ulam—Hyers stability. This was later generalized
by Rassias in 1978 to handle mappings with variable dependence. Many studies since
then have explored both Ulam-Hyers and Ulam-Hyers-Rassias stability, especially in
operator theory (see [5], [10], [31], [32] ).

This work has been divided into three chapters as following

In the first Chapter (1) Introduces foundational concepts related to spaces, definitions,
theorems, and properties of fractional calculus. In addition to some fixed point theorems
that I relied on in the following chapters, and some stability concepts according to the
Ulam-Hyers definition.

In the second Chapter (2) We studied the existence, uniqueness, and stability of so-
lution for the evolution problem under the generalized fractional derivative of the

Mittag-Leffler type .

MED &' () = @ (0) x (8) + Q2 (6,x(6), Zx (0)), €A

Where
e A=10,T].

e Zx is the controls function.

. MLDOi’h the generalized Mittag-Leffler fractional derivative of order

0<e<l1.



e € C! (A, Ry) is increasing function, such that ' (t) # 0;
Vt € [0, T] and I’ positive defined on A.

e A, ®: A +— R are bounded linear operator and (3 : AXR xR +— Ris

nonlinear continuous function.
e X €L(A R).

The third Chapter (3) concerns the existence, uniqueness, and stability of solution for

the problem related to first-type hybrid fractional differential equations

(. (9 (RDf. (x () (0 (D5 (x (1))
C%+< Fermy ) S\ O\ T e ) ) e

¢p (RDf, (x(0))) = 9f (0, x(0)),
| tim (177 () =0

Where

e [=10,1]and ¢ € R.
o CDS‘ +is the Caputo fractional derivative of order 0 < a < 1.
o RDg . is the Riemann-Liouville fractional derivative of order 0 < < 1.

e f€C(JxR, R\{0})and g € C (] x R? R) are two nonlinear and continuous

functions.

e ¢p is the p-Laplacian operator.



CHAPTER

preliminaries

This chapter aims to establish the essential theoretical faundations required for a clear
and thorough understanding of the subject matter of this work. It is structured into four
main sections. The first section offers a concise overview of function spaces. The second
section is dedicated to the definitions of fractional derivatives of the Riemann-Liouville,
Caputo and Mittag-Leffler types highlighting their fundamental properties and key
theorems . The third section outlines the principal fixed point theorems employed in
this research as a central mathematical tool to prove the existence and uniqueness of
solutions. Finally, the chapter concludes with a discussion of the Ulam-Hyers and
Ulam-Hyers -Rassias stability theorems, which play a vital role in understanding the

stability behavior of solutions to fractional differential equations.

1.1 Generalities about Functional Spaces

This section, we present some tools and preliminaries notions of analysis used through-

out this memoir.

e Let A= [a, ], (—o0 < a < b < o) be a finite interval of the real axis
R = (—00, +00).

e LetC (A, R) = C(A) be the Banach space of all continuous functions from Ato R

with the norm

[llc(ay = sup [u (£)]-
teA
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e We denote by C™ (A, R) the space of functions f that are m times continuously

differentiable on A, with the norm
u — 2 ”(k) me N
” Hcm(A) =0 H HC(A) ’ '

o Let L, (A, R) = L, (A) for 1 < P < co denote the set of real-valued Lebesgue

measurable functions f on A for which

£l (a) < oo, where

£l a) = (/ab \f(t)|Pdt>;.

And

1o ) = es5SUpLS ()] = inf (M >0, £ ()] < M, a on A}.
S

In particular, for p =1, L1 (A, R) = Ly (A).

e Denoteby AC (A, R) = AC (A), The space of all functions f which are absolutely
continuous on A . It is Known that AC (A) coincides with the space of primitives

of Lebesgue summable functions, i.e.

FeAC(A) — f(x):c+/axgo(t)dt,(p(t)eLl(A).
For n € N, we define AC" (A) by

AC™ (A) = {f:A—>]R, and f ("1 eAC(A)}.

For more details, see [21], [11].

1.2 Generalities about Functional Analysis

Let A = [a, b] be a finit interval of the real axis R. Let (E, || .||) be a Banach space .

Definition 1.1. We say that an operator A : E — E is continuous on E if and only if

v(”ﬂ)n - E/ (ngn}i—ooun = M) — (ngn—ll—ooA (ul’l) =A (H)) .
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Definition 1.2. [39]. We say an operator A : E — E is a contraction on E if there existes

a real number k such that 0 < k < 1 satisfies
Vx, y € E, [|Ax — Ayl| < k[lx—y].

Definition 1.3. [19]. An operator A : E — E is called compact if the image of each
bounded set B C E is relatively compacti.e < A (B) is compact > .

Theorem 1.1. (Arzela-Ascoli theorem) [21] .Let H be a subset of C(A ), equipped with the
Chebyshev norm. Then H is relatively compact in C (A) if and only if , H is equicontinuous

and uniformly bounded.

Definition 1.4. [19]. An operator A : E — E is called completly continuous operator
if it is continuous and compact.

We recall that a family H of continuous functions on A into IR is called

e Uniformly bounded if there exists a constant M > 0 such that
1fllca) = sup f ()] <M, VfeH.
€

e Equicontinuous on A, if, for every e > 0, there exists some > 0 such that for all

f € Hand allty, tp € A, with |t — tp| < 1, we have

[f(h) = f ()] <e

The criteria for compactness for sets in the space of continuous functions C (A) is

the following.

Definition 1.5. (p-Laplacian operator)[26] .The p-Laplacian operator ¢, is defined on

R as
P 2u, u+0,
pp (1) =
0, u=20,

where p > 1.

Some basics properties of the p-Laplacian operator are given in the following lemmas.

Lemma 1.1. [27]. The p-Laplacien operator ¢y, is a homeomorphism from R to R. Moreover,

(¢p) ~is continuous, sends bounded sets to bounded sets, and is defined as follow

(Pﬂ] (Ll), M#O,

71 .
(¢p)  (u) = 0, o,
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such that % + % =1, and g > 0.

Lemma 1.2. [26]. Let ¢, : R — R be a p-Laplacian operator.
(M If1<p<2 xy>0,|x|, |[y| >m>0,then

(b (¥) —p )| < (p—1)m" 2 |x —y].
(i) If p>2, |x|, ly| <M, then

[6p (¥) = p (] < (p - MP 2 |x —y].
Where m and M are two strictly positive constants.

1.3 Fractional calculus

1.3.1 Fractional Integral and derivatives of Riemann-Liouville

Definition 1.6. We define the Riemann-Liouville fractional integral of order « > 0 for a
function f € L! (A) defined by

(12 ) () = 55 [, 6= F @) s, 1>

Such that I (.) is defined as follows

—+00
T (a) = / t“Lexp (—t)dt, a > 0.
0
Which achieves some properties, including
I'a+1)=al(x), a >0.

Definition 1.7. The Riemann — Liouville fractional derivative of order &« > 0 of the

function f € L' (A), defined by

(02 1) 0= riy (7)) [ =™ F s 1

With n = [a] + 1, where [«] is an integer part of «.

In the case where « = n for « € IN, we have

(RO £) (B =™ ),

where f (1) is the ordinary derivative of f of order n.
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Lemma 1.3. [21]. Leta € Ry. If f(t) € LY (A) and fy_o (t) € AC™ (A), then

R n£57Y () ek
(10 D) (=7 (0= L Fie gy (-0
(Rps 12 f) (=1 ().

o In particular, if 0 < a < 1, then

(12 RDAF) () = £ (1) —k(t—a)* .

Where k = flf(‘;()a) with f1_, (x) = (I;Ia ) (x).

1.3.2 Fractional derivatives of Caputo

Definition 1.8. The Caputo fractional derivative of order a« > 0 of the function

f € L' (A) defined by

Cbﬁfﬂo=<%%

n—1 ¢ (k)
f (t)—k_zofk—!(“)(t—a)k]) (1), tea.

Where n = [a] + 1, for a ¢ IN, where [«] is an integer part of order a.

In the case where &« = n for « € IN, we have

(Coz £) (= £ ().

Lemma 1.4. [21]. Leta € Ry. If f € AC" (A) or f € C" (A), then

n—1 ¢ (k)
(. osf) =5 (- L LD —a.

k=0
Where n = [a] +1, fora« ¢ IN, and o« = n for « € N.
e Incase0 < a <land f e AC(A)or f € C(A) then
(12 D% ) () =F ()~ f (a).
e Soitaw > 0,et f € L (A) then

(i 1f ) 0= ).
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Lemma 1.5. [21]. Fora > 0,if f € AC" (A)or f € C" (A), then

o The solution of the fractional differential equation RD*, f (t) = 0 is given by

u(t) =kt Pkt 4kt

o The solution of the fractional differential equation CDZ‘+ f (t) = 0is given by

u(t) =co+cit+ct? + - +cp_1t" 1

Wherek;, c; € R, fori=1, -+, nandj=0,1, -, n—1 t€ A n=[a] +1

1.3.3 Fractional Integral and derivatives of Mittag-Leffler

Definition 1.9. [35], [36]. Lete € (0,1), h € Ty, x € L' (A, R). The generalized
Mittag-Leffler fractional integral of the real-valued defined by

ML 0) = S S O+ S ) (@) =k ) (ay.

Where
e ML (e) is a normalization constant satisfying ML (0) = ML (1) = 1.

e Tj the set of real-valued function and i € C (A, R4) satisfies & is increasing,
W' (0) #0, V8 € Aand I’ (0) is positive defined on (A).
In particular when we choose h (x) = x, for all x € Lt (A,R), we obtain a well
know fractional derivative called Mittag-Leffler fractional integral defined by

MLye y (9) = ](éL_ (E;x(é)

+m/j (O —n)""x(n)dy.

Definition 1.10. [35], [36]. Lete € (0, 1), h € Ty. The generalized Mittag-Leffler

fractional derivative in the caputo sense of the real-valued defined by

D (x(0) = BT [ ) Bt (— s (@ = k) ) .

Where
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e ML (¢) is a normalization constant satisfying ML (0) = ML (1) = 1.

Ty the set of real-valued function and & € C (A, Ry) satisfies h is increasing,

W' (0) #0,V0 € A and I (0) is positive defined on A.

x, x' € L' ([a,b],R).

Such that E¢ g (.) is the two parameter Mittag-Leffler function definded by

Eep(0) =) Tlek+ B)°

k=0

If B =1 this function coincides with the classical Mittag-Leffler function

€ &) _ v e\ (m(0) —h(n)*
Ea (~ g @ -h0)) = (-15) " Par i
where E; ; (0) is positive defined with e € [0, 1] and 6 € R.

In particular when we choose 1 (x) = x, for all x € A, we obtain a well know fractional

derivative called Mittag-Leffler fractional derivative in the caputo sense defined by

D (0) = 5D [1X e (g (0 - ) )

Lemma 1.6. [35]. Let x' € L' (A, R), ¢ € [0, 1], h € Ty. Then the following assertion is
satisfied

ML & (MLDaifhx (9)) = x(0) —x(a).

1.4 Some fixed point theorems

Fixed point theorems serves as fundamental mathematical tools for establishing the
existence of solutions to differential equations. In this work, the main results are estab-
lished through the application of the fixed point method, which involves reformulating
the original problem into a fixed point problem. The fixed points obtained from the
reformulated problem represent the solution to the original problem.

We start with the Krasnoselskii fixed point theorem which only gives the existence

of a fixed point without its uniqueness .
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Theorem 1.2. ( Krasnoselskii fixed point theorem )[12],[1]. Let H be a closed bounded and
convex nonempty subset of a Banach space E. Suppose that A and B map H into E such that
(i) A is continuous and compact;
(ii) B is a contraction mapping;
(iii) x, y € H, implies Ax+ By € H;
Then there exists x € H with x = Ax + Bx.

Banach’s fixed point theorem guarantees the existence and uniqueness of a fixed
point for a contraction mapping in a Banach space. Proven by Stefan Banach in 1922,

the theorem fundamentally relies on the concept of contraction mappings.

Theorem 1.3. ( Banach’s fixed point theorem ) [17]. Let A be a non-empty closed subset of

a Banach space E, then any contraction mapping A of A into itself has a unique fixed point. i.e.,
d'x e E, Ax = x.

The third fixed point theorem that we will state is that Schaefer’s fixed point

theorem that gives the existence of at least one fixed point.

Theorem 1.4. ( Schaefer’s fixed point theorem) [1]. Let E be a Banach space, and A : E —

E a continuous and completly continuous operator. If the set

QO={ucE:u=AA(u), forsomeA € (0, 1)}

is bounded, then A has at least one fixed point in E.

1.5 Type of stability

We adopt the definitions [10], [5], [31]. Ulam-Hyers stability, generalised Ulam-Hyers
stability, Ulam-Hyers -Rassias stability and generalised Ulam-Hyers -Rassias stability
for the following fractional differential equation be

Let H: C(A) — C (A) be an operator satisfying

Hx=x, for xeC(A) . (1.1)
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Definition 1.11. We say that equation (1.1) is Ulam-Hyers stable if there exists a real
number C; > 0 such that for each € > 0 and for each solution x € C (A, R) of the
inequality

|x(6) — Hx (0)| <€, forf €A. (1.2)
There exists a solution ¥ € C (A, R) of equation (1.1) with
| x(6) —x(0)] < Cye, 0 €A (1.3)

Definition 1.12. The equation (1.1) is generalised Ulam-Hyers stable if there exists
¢ € C(R4, Ry), ¢(0) =0, such that for each solution x € C (A, R) of the inequality
(1.2) there exists a solution ¥ € C (A, R) of the equation (1.1)

|x(0) —x(0) <¢(e), OcA. (1.4)
Remark 1.1. The function x € C (A, R) is a solution of the inequality (1.2) if and only
if there exists a function w € C (A, R) ( which depend on ¥ ) such that

(i) |« (0)] < € VOe€A.
(if) Hx(0) = x(0)+a(8), VOeA.

Definition 1.13. The equation (1.1) is Ulam-Hyers -Rassias stable with respect to
¢ € C(A, Ry) if there exists a real number C; > 0 such that for each € > 0 and for

each solution x € C (A, R) of inequality

|x(0) —Hx (0)| < ¢ (0)e, forf e A. (1.5)
There exists a solution ¥ € C (A, R) of equation (1.1) with

| x(0) —x(0)] < Cyp(0)e, VO€A. (1.6)
Definition 1.14. The equation (1.1) is generalised Ulam-Hyers -Rassias stable with

respect to ¢ € C (A, Ry ) if there exists a real number C;4 > 0 such that for each
solution x € C (A, R) of inequality

|x (0) —Hx (0)| < ¢ (0), foro € A. (1.7)
There exists a solution ¥ € C (A, R) of equation (1.1) with

| x(0) —x(0)] < Caepp(0) , VO €A. (1.8)
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Remark 1.2. The function x € C (A, R) is a solution of the inequality (1.2) if and only
if there exists a function « € C (A, R) ( which depend on ¥ ) such that

(i) |« (8)] < ¢(0)e, VO €A.
(ii) Hx(8) = x(0)+a(8), VOeA.



CHAPTER

Existence, uniqueness and stability of some

Mittag-Leffler generalized problems

2.1 Introduction

In recent years, fractional calculus and integration have garnered considerable attention
due to their growing importance and wide range of applications across various scien-
tific and engineering disciplines. As a result, numerous researchers have focused on
exploring their potential, particularly in areas such as physics, mechanics, and optics.
For further details, readers may refer to [30], [40].

Recently, the ABC ( Mittag-Leffler ) derivative has been used in modeling various
real-world phenomena, including several infectious diseases such as the Ebola virus,
smoking dynamics, and Leptospirosis; see references [6],[24].

In the following, we consider a general nonlocal Cauchy problem for an evolution
equation under the influence of a nonsingular and nonlocal fractional derivative of the
Mittag-Leffler type.

Another noteworthy area of research is the study of fractional derivatives of the
Mittag-Leffler type, which were investigated in a specific class of problems in the

reference [34] .
MLDEx (8) =@ (0) x (0) + Q2 (6, x(0), Zx(0)), O € A

_ el
x(0) = xo+ fy TH—A (x () d.
Where
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e A=[0, T].
e Zx is the controls function.
R
Zx (0) = /O T Y (17) dn.

o A, ®: A +r— R are bounded linear operator and (3 : A X R xR +—— Ris

nonlinear continuous function.

By using the the Krasnoselskii’s and Banach fixed point theorem, the researchers
proved the existence and uniqueness of the solution to the preceding problem.

In this chapter, we will present a study on the existence, uniqueness, and stability of
the solution for the evolution problem under the generalized fractional derivative of
the Mittag-Leffler type as follows

MLD & (8) = @ (8) x (8) + Q1 (6, x(8), Zx (), O € A
x(0) = fo TEA (x () .
Where
e A=[0,T].

e Zx is the controls function.

el
Zx (0) = /09 %x (n)dy.

MLDOi’hx the generalized Mittag-Leffler fractional derivative of order

0<e<l.

h € C! (A, R;) is increasing function, such that /' (t) # 0,

Vt € [0, T] and I’ positive defined on A.

A, ® : A — R are bounded linear operator and 2 : A XR xR ~— Ris

nonlinear continuous function.
e X' €L (A, R).

For that, we transform the problem (S) to equivalent integral equation, then we prove
the existence of a unique solution by the help of Banach and krasnoselskii’s fixed point
theorems, in the end we prove the solution is Ulam-Hyres stability, generalized Ulam-
Hyres stability, Ulam-Hyres-Rassias stability and generalized Ulam-Hyres-Rassias
stability.
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2.2 Existence, uniqueness and stability

First of all, we define the solution of the problem (S).

Definition 2.1. We say that the function x from C (A, R) is a solution of the problem

(S) if it satisfies the equation

MLD &t (8) = @ (0) x (0) + Q1 (6, x(8), Zx (), 0 € A, 2.1)
and the condition
. e—1
v = [ A ) 22)

Lemma2.1. Let0 <e<landY: [0,T| — R is a continuous function, then the function

x is a solution of the fractional order differential equation

MLD &hx (0) =Y (0), 0 € A, (2.3)

and satisfies the initial condition (2.2). If and only if x is a solution of the fractional order

integral equation

¥(0) =x0+ =y (o) ¢ [ ) () ) T Y () dn, )
0 ML (e) ML ()T (e) Jo "\ T A=

where

Y () =@ (0)x(0)+Q(8, x(0), Zx (8)), 6 € A. (2.5)

Proof. Let x be a solution of equation (2.1), it satisfies the initial condition (2.2), by
applying the fractional integral M~ Ioih to the equation (2.3) and according to Lemma

(1.6), we get

$(0) =0+ e Y O+ g [ 00 (@) =k ) Y
and since
el
R N L
Then

></ W () ( (8) =1 () [ @ () x () + Q. (1, x (), Zx (17))] dy.
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Let X = C (A, R) be a Banach space with norm define as

| % llw= sup |x (6)], x € X.
feA
We define operator T : X — X as
Tx(0) =Fx(0)+Gx(0), 6 €A,

such that

Px(0) = L1=¢)

ML—(S) [@(0)x(0)+Q (0, x(0), Zx(0))], 0 € A,

and

2.2.1 Existence and uniqueness results

In this subsection we will study the existence and the uniqueness of the solution of the
problem (S) using the Banach’s and Krasnoselskii’s fixed point theorems.
Therfore, we impose the following conditions

A1) There exists constant K, > 0 such that for any x, ¥ € X one has
( y
IA(x) = A (%) < Kp|x—%|.
Aj) There exists constants Cy > 0, M > 0 such that
(
|A (x)| < Cp |x\ N + Mj, Vx € R,

whereg; € (0,1).

A3) There exists constants LY, LZ > 0 such that
o o
06, x,v) —Q (6, %, 0)| < LY |x — x| +L3 |o—73|,

forall (6, x, %, v, 7) € A x R,
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(A4) There exists constants CJ,, CE) >0, Mqn > 0 such that
(8, x, v)| < CH|x|” + CE 0| + Mg,
forall (0, x, v) € AxR?>and g5 € (0,1).

Since @ is bounded linear functional, so their exists constant K¢ > 0,
such that
|D(0)] < Ko, 0 € A.

Let us define a set

E={xeX :|x],<R}.

Where R > 0 is chosen such that

1 1
R > max {4B1; (4B3) 17 ; (4B4) T2 } .

Where
(-9, (h(T) =) T
B = _(ML(8)+ ML (&) T (¢) )Mﬂ+r(e+1)MA’
A
By = _r(e+1)CA]'
_ [((Q=¢)  (h(T)=h(0))" ¢ \%
P = _(Mue)+ MLE)T () )(C%)*Cé(r(m)) )]

It is clear that E is a bounded, closed and convex subset of X.

e We will now demonstrate the existence of the solution of the problem (S) using

the Krasnoselskii’s fixed point theorem.

Theorem 2.1. Assuming that condition (A1), (Az), (As) and (A4) are hold and
if I1€ (0, 1) and B, < }

such that
1= ﬁféi {ch +LL + Lé%} . 2.7)
And
(=g  (h(T)=h(0))
P2 = KML © " MLOT (o ) K‘D} | 28)

Then the problem (S) has at least one solution in E.
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Proof. For this the proof will be done in some steps.
Step 1 We prove that the operator G is continuous.
We consider the sequence (1), converging to u in C (A, R).

Then, for every 6 € A, and according to the conditions (A;) and (A3), we have

G (6) — Gu (6)] =

[0 ) 0r ) )

X [® () u(n)+Q(n, uly), Zu(y))]dy|
T(r—y!

[ 1 G () = A G )

IN

s

0 1
VLT b ¥ O k()
< [ ()] 1t () — 1 ()
H1Q(, wn (), Zun (7)) = Q (1, w (), Zu(n))|] dy.

On the other hand, we have

O (7, wa (17), Zuw (7)) = Q(n,u (), Zu ()| < Lgy |un (7)) — u (1)
+LY | Zun () — Zu ()]

IN

Ly Jun (1) = u (1)

€

A p gy o (1)~ ()

1 2 T€
L Lo —m
( ot “F(e+1))

X Jun () —u ()] -

IN

Through substitution we obtain
re (h(T) =h(0)"

|Guy, (0) — Gu (8)] < mKAWn(W)_”(U)H' ML (e)T ()

€

y [Kq,“g)ﬂgﬁ] 1t () — u ()

T* (h(T)—h(0))° T*
= {r(sﬂ)KA+ ML (&) T () (Kq’“})“%’r(eﬂ)ﬂ

X tn = oo -
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If, ||up — u||, — 0asn —> 4oo then, ||Gu, (6) — Gu (0)||, — 0.
Hence, G is continuous.
Step 2 We prove that the operator G is uniformly bounded in C (A, R).
Let x € C (A, R) then, for all 6 € A, and according to the conditions
(Az) — (A4),and, we have

Gx ()] <

&
i ‘ML (T (&)
[ ) 0000~ ) [ ) )+ Q. x ), 2 ()] |-

On the other hand, we have

Q(6,x(6),Zx (0))] < Cqlx(0)|”+Cq|Zx (0)] + Mq
TE q2
< 1 92 2 92 )
< ChlAI™+CA () 1417 + Mo
Through substitution we obtain
Gx(0)] < e [Co ] 4+ M) + e
= T(e+1) A ML (e)T (e)
0
<[ 00 i) ey
w [KoR 4L ) + 2 ()™ ) + M
® Q O\T (e+1) Q
< et O I+ MAl+ g [0 =1 O)]
S Tt ML ML ()T ()
2
« [K¢R+cg) ||x||42+c5( > ||x||f/2+MQ
< Can [|x]|" + MLq,a
<1
Therefore
Gl <1
Where
I (h(T)=h(0) [ 1 | ~ " \%
Con = e T Mt [T e ) |
I (h(T) = h(0))°
MLaoa = mMA-l- ML (@) T (e) [KoR + Mq)] .

g3 = min{q1,q2}.
I = CQ,AHXH%—FMLQ,A.
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The operator G is uniformly bounded set in C (A, R).
Step 3 We prove that The operator G is equicontinuous set in C (A, R) .
Further let 01,0, € A such that 6; > 6,, and according to the condition (Ay).

Then we have

Gx (61) = G (@) = | Jif l—A (e () dn + g

xAimmmwa—mmf*
< (@ () 2 (17) + Q (1, x (), Zx (17))] dy

)
(T—p)"' e
—A SRy AT e
< [ ) (r (82) = ()
x[@(n)x(n)+Q(n, x (17) ())]dnl

sz (L o me) -y
0>

- lumwwg—mmflw'

0
x| () x (1) +Q(n, x(n), Zx(17))]
[(h(61) =1 (0))* = (h(62) — 1 (0))°]

ML (¢) T (¢)

X {K@R + CH ||x)|%2 + C3, <

IN

IN

TE q2 ]
2

[KoR+Ch ¢ + B (%) %1% + M
ML (e)T (¢)

x [(h(61) =k (0))" = (1 (62) — R (0))] .

IN

On the other hand, we have

Through substitution we obtain

[KoR+Ch [1x]1 + 3 (1) ™ 1] + Mo
ML (&) T (¢)
xg' (c) (61— 6,),

|Gx (61) — Gx (67)]

when 0; — 6, the right-hand side of the last ineguality tends to zero.

IGx (01) — Gx (62) ||, < €.

oo
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Hence G is equicontinuous set in C (A, R).

Consequently, according to three steps and to the Ascoli-Arzela theorem, G is

completely continuous.

Step 4 We prove that Fx (6) + Gx (6) € E for any x € C (A, R).

Then, for all 6 € A, and according to the conditions (A;) — (A4) we have

|Fx (0) +Gx (0)] =

IN

IN

IN

IN

<

1&2&3 [@(0) x(0) +Q (6, x(60), Zx (6))]
T(T—n)"" £
+/ (o AE)dn+ g

< [ W () (R(®) =R (n) S @ () x () +Q(n, x (), Zx (n))]dy

(1—¢) [1®(8)] |x (8)] +]Q2(0, x (), Zx (0))]]

)
_ e-1
T(T—n) \A(x(ﬂ))‘d77+m

W () (1 (8) =1 (1)) 1D ()| |x ()| + 12 (5, x (), Zx ()] by

€ 1 0 , T¢ q2

r(L;) [Ca llx]|™ + Ma] + (hASIYL)(—)%;

T€

~~
—_
~

X
|o\o
oY

Hw%+M4

)
e)

))|MW+M4

TS
I'(e +1)

/\8\/

+

[Kq;R + CL || x| 4 C3 (

(1—¢)  (h(T)—h(0)
[MH@+ <><@]M
(1—¢)  (h(T)—h(0)
+{MU)+ ue]

) )
L

+K( Q W eh

Kﬁi2+((iﬁ

I'(e

+
+ My

=7 Ca x|

o) ()

(0)) Te ]

) e 1)
(0)
Fs
)E
© )Mot e
(
T
(

| Gaze + Mewr@ ) %] 7+ [

) (D) B (O
) )
(e S ) (b (rrn) )]
R.

Thus, Fx (8) + Gx (6) € E.

Step 5 We prove that the operator F is contraction in C (A, R).
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Letx,%¥ € C(A, R), and for all § € A, and according to the condition (A3) we have

|Fx(0) — Fx(0)] = ](ég(g (@ (6)x () +Q2(6, x(6), Zx (6))]

_g\}IL_(i; [@(0)x(0)+Q (0, x(0), Zx (0))]

(1—¢) _
vt (| ®©11x @) —2(6)

+1Q(0, x(0), Zx(0)) — Q2 (0, x(0), Zx(0))|) .

IN

On the other hand, we have

12x(0) = 2x(0)] = [Iox (6) — L% (6)]

IN
)1
—~
™M
_|_
—_
~—
3
—~
>
~—
=
—~
)
=

(6, x(6), Zx(0)) —Q (6, x(0), Zx (6))] < Lg |x(6) —x(6)]
+12 |Zx (0) — Zx (0)|
< L |x(0) —x(8)]

€

b k(O -5 0).

Through substitution we obtain

Fr@ = Fs @) < 4o [Kelr(@) =)+ Lhlx(6) = 7(0)

€

e O 0]

1—¢) _ _
< i [Kollx = sl + Lh x5l
TS
—i—L —|lx— X
e Il
( €

Vi Ko+ tho+ By | I3l

ITlx =%l ,

IANIA

thus
|[Fx — Fx||, < IT|lx — X|o -

Then the operator F is a contraction.
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e According to the krasnoselskii’s fixed point theorems the problem (S) admits at

least one solution x € E .

e We will now demonstrate the uniqueness of the solution of the problem (S) using

the Banah fixed point theorem.

Theorem 2.2. Assume that the assumptions (A ) through (As) are satisfied, and that there

exists a constant X such that 0 < ¥ < 1, and a constant satisfying

Where
_ T* (h(T) —h(0))* . Te
P T AT ML T (o) (K®+L0+Lé m)] (2.10)

Then T has unique solution in C (A, R).

Proof. Tt is clear that the fixed point of T is a solution of the problem (S). We will
now demonstrate the uniqueness of a fixed point for T through the proof that T is a

contraction.

Letx, ¥ € C(A, R), then forall 6 € A, we have

ITx () — Tx (8)| < |Fx () — Fx (0)] + |Gx (0) — Gz (8)].
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On the other hand, we have

_ el
cxio el = /oT(Tr(z; A (x (1)) dry
"ML (;)F(s) ogh’ () (h (8) = h (1))
X [@ (1) x () + Q (1, x (), Zx (1)) dy
T AT
_/o (Tr(g A (% (17)) dy
€ 0

[\
o\

b\]

—~~

)ﬂ
=)
QS

S— | —

o

N

>
—~
=
—~
=
SN—
N—
|
>
—
=i
—~
=
N—
-
[
=

x (1@ ()] x (1) =% ()]

+1Q(y, x(n), Zx (7)) —Q(y, x(n), Zx (17))]]
T¢ i} (h(T) —h(0)) .
< gl = sl + SRS TR Ko lx =l
+Lh = Tl + T s I = 7l
Te (1 (T) — 1 (0))° Te
= r(e+1)KAJr ML ()T (¢) <K©+L}’+L%’F(s+1))]
X [|x — %[
S Z‘||x_3z||oo'

Therfore
|G (x) =G (%)[|o S Zlx — %] -

Through substitution we obtain

ITx (6) — Tx (6)|

IN

< I lx — 2| + 2 []x — %|o
< (IT+2)[|x — 2[| -
Therfore
[Tx = Tx|| < (IT+Z) [|x — %] -

The operator T is a contraction, and according to Banah fixed point theorem, the

problem (S) admits a unique solution in C (A, R). O
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2.2.2 Stability results

In this section, we study a type of stability for problem (S), known as Ulam-Hyres sta-
bility, generalized Ulam-Hyres stability, Ulam-Hyres-Rassias stability and generalized
Ulam-Hyres-Rassias stability.

Lemma 2.2. If x is a solution of the following fractional differntial inequality, for e > 0
MLD & (x () — @ (8) x (6) — Q1 (8, x(0), Zx (0))| < e, 0 € A. (2.10)
Then x is also a solution satisfies the following inequality
[x () — Tx (8)| < Ve, 0 € A. (2.11)
Where

(1- (1= (h(T) ~h(0))¢)

V= ML ()

Proof. Letx € C (A, R) be asolution of the inequality (2.10), for € > 0, using the lemma
(2.1) and Remark (1.1) related to the continuous function « where |a (0)| < ¢, for all

6 € A. Then we have

el _e
v@ = [ TEB Ao+ G @©x0)+ 00 x(0), Zx(0) +(0)

€

0 / e—1
+W/o W (1) (1 (8) = 1 (1) " [@ (i) x (1)

+Q(n, x(17), Zx (7)) + o (17)] dn,

e—1
re@) = [ UG o)+ S @O (0)+ 0. x(6), Zx ()

s

TMLET (e) /09 B () (ke (8) =k (1)) " [@ () x () + Q (1, x (), Zx ()] dy.
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According to Remark (1.1) we obtain

_ e—1 _e
v -1x0)] = | [ US B Ao G
x [@(60) x () +Q (6, x(6), Zx (6)) + (9)]
T o) @ )
X (@ () x (1) + 2, x (), Zx (7)) +a(17)] dy
(Tt (1-¢)
—A A ) s
x [P (9)x(9)+?(9 ,x(0),Zx (0))]
“MLTE M 0@ k)
X [@ () x () + 2 (,x (), Zx (17))] dyy
(1—¢) € o, e—
L O ST b ¥ 0 O —h ) e ) dy
[(1—¢)  e(h(T)—h(0))
S |ML(e) T ML ()eT (o) 1“(9)
[(1—¢)  e(h(T)—h(0))
= ML (¢) ML (e) 1“(9)
- u—u—wn—uwwﬂe
- ML (¢)
< @e.
And this satisfies the inequality (2.11) O

Theorem 2.3. Suppose that conditions (A1) — (As) and (2.9) satisfied, then the problem (S)
is Ulam-Hyers stable and also generalized Ulam-Hyers stable.

Proof. Under conditions (A1) — (A3) and (2.9), the problem (S) has a unique solution
in C(A,R), and Let x € C(A, R) be a solution of the inequality (2.10). Letx €
C (A, R) the unique solution of the inequality (2.3).

Then for all 6 € A, we have

[x(0) —x(0)] < zlellA?!x(f?)—Tx(9)|+21€1}A>|Tx(9)—f(9)l
< Ve+ (Z+T0) [Jx — |
. v

I-E+10))°
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Then
\V4
_ 5 P —
=%l € e
Setting
\V4
Ch=—"———,
T (A-[Z+10)
we obtain

v~ 5l < Cye.

Consequently, the problem (S) is Ulam-Hyers stable. If we take ¢ (¢) = Cy ¢, ¢ (0) =
0, then we get the generalized Ulam-Hyers stablility of the problem (S). O

Lemma 2.3. If x is a solution of the following fractional differential inequality, for e > 0
MLD & (x () — @ (0) x (8) — Q1 (8, x(8), Zx (9))( <¢(B)e 0 €A (2.12)

Then x is also a solution to the following inequality

(1-(1- (};4(528; 1 (0))%) 5)] o (0)e, 0 €A. (2.13)

x(6) = Tx (0)] <

Where

o [a=a-m -n))e
ML (¢) '
Proof. Letx € C (A, R) be a solution of the inequality (2.12), for e > 0, using the lemma
(2.1) and Remark (1.2) related to the continuous function « where |a (0)| < ¢ (0) €, for
all6 € A.

According to Remark (1.2) and conditions (A1) and (A3), we obtain

x(6)—~Tx(6)] = %%i%aw>+ LT 0 ) ) )y
< Ly E?Ei’i S]“
o
) <1—<1—[§4L( o s)lqb
< V¢ (9)e.
And this satisfies the inequality (2.13). 0

Theorem 2.4. Suppose that conditions (A1) — (As) and (2.9) are satisfied, then the problem (S) is

Ulam-Hyers-Rassias stable and also generalized Ulam-Hyers-Rassias stable.



2.3 Example 31

Proof. Let x € C (A, R) be a solution of the inequality (2.12).
Let ¥ € C (A, R) the unique solution of the inequality (2.3) .
Then for all 8 € A, we have

(x(0) —x(0)] < |x(0)—Tx(0)[+ |Tx(0) —x(0)
< Ve@)e+ (Z+ID) |lx — 1],
v

S a-prm? e

Setting
v

oA ETy

we obtain

lx = xl[ee < Cq 9 (6) €.

Hence problem (S) is Ulam-Hyers-Rassias stable. If we take C;, y = C, €, then we get
the generalised Ulam-Hyers-Rassias stable of the problem (S). O

2.3 Example

corresponding to the proposed problem, we provide the following example that demon-

strate consistence to the main theorems.

MLD3, £y 0) = eXp(;Ofgx(e) + =560= [sin (]x|%> cos (]Zx|%>] +46% 49,

+ )
1. K
x(0) = fol (1;(175) : |fo‘_é dr.
Where 1
0(0—-n)>
x(0) = X d

o) = 2P0

107t
1
x?
Ax) = |10‘0.
Q(0, x(0), Zx () = 5&)” fsin (Jx|?) +cos (|2xF)] +46 +9.

h continuous and increasing in [0, 1]
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Letx,x € X and 0 € A we have

1
@ (6)] < 75—
00, x(6), Zx (6))] < g 11 +122l] + 15
A ()] < = |x]?
100
A () = AD)] < = [x— ]
100

2 (6, x(0), Zx(08)) — Q2 (6, x(0), Zx (0)) |x — X| + |Zx — ZX|].

= 5007t [
Thus () and A satisfy all conditions (A1), (A2), (A3), and (A4) for

1 1 2
KA - CA—W/MA—O/MQ—LO’/%—E/qz—§/
1 1 1
1 _ 2 _ 71 _ 12 _ - =
Co = Ca=la=lo= gy Ke =g €= 5
e 0.5 (v +1)
L =1- = .
ML (¢) €+F(e) N
1

B, ~4.3312x 1072 < T

IT ~ 0.0647971124 < 1.

By theoreme (2.1) the probleme (K) has one solution at least further.
2.~ 0.0843995034 < 1.

As
IT4+ X ~0.1491906274 < 1.

Hence by theoreme (2.2) the considered problem possess unique solution.

V ~1.2786173882 > 0.

C, >~ 1.5028247565 > 0.

Therefore, according to the theorem (2.3), and theorem (2.4) the problem (K) is
stable in the sense of Ulam-Hyres stability, generalized Ulam-Hyres stability, Ulam-
Hyres-Rassias stability and generalized Ulam-Hyres-Rassias stability.
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By = 17.689.
1.1284 x 1072,

&
2

B; ~ 1.8051x 1073.

1 1
R > max {481; (4B3) 171 ; (4B4) 1% } .
R > max {70.756,- 2.0373 x 1073; 3.7643 x 10—7} .
R > 70.756.

The problem (K) has at least one solution x satisfying ||x|., < R

where R > 70.756.



CHAPTER

Existence, uniqueness and stability of first type
hybrid fractional differential equations involv-

ing the p-Laplace operator

3.1 Introduction

In this chapter, we will present the study of the existence, uniqueness, and stability of
the solution for the problem related to first-type hybrid fractional differential equations

involving the p-Laplace operator as follows
(
¢ (*Df (x(1)) ¢ (DG (x(1))
CDS+ (%) =& (t/ x (), CDng (P(f(t+(t)))>> , te],
¢p (RDE. (x(0))) = of (0, ¥ (0)) ,
limy—o (#17Px ()) =0 .

(P)

\
Where

e J=10, 1] and ¢ € R.

CDE’)‘+ is the Caputo fractional derivative of order 0 < a < 1.

RD5+ is the Riemann-Liouville fractional derivative of order 0 < g < 1.

feC(J xR, R\{0})and g € C(J x R? R) are two nonlinear and continuous

functions.

¢p is the p — Laplacian operator.
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For that, we transform the problem (P) to equivalent integral equation, then we prove
the existence of a unique solution by the help of Banach and Schaefer’s fixed point
theorems, in the end we prove the solution is Ulam-Hyres and Ulam-Hyres-Rassias

stable.

3.2 Existence, uniqueness and stability results

First of all, we define the solution of the problem (P).

Definition 3.1. We say that the function x (¢) from C (J, R) is a solution of the problem

(P) if it satisfies the equation

RpP (4 RpB (4
cm;(%([“((”0)=g(nﬂgxb@<@%l%“ m»)),teﬁ

f(t, x(t)) f(t, x(t))
(3.1)
and the conditions
lim, (tlfﬁx (t)) =0, (3.2)
and
¢p (*Df, (x(0))) = 9f (0, (0)). (3:3)

Lemma3.1. If0 < a, B < 1land h:] — Risa continuous function, then the function
x is a solution to the first-order hybrid fractional differential equation in the presence of the

p-Laplace operator.

¢p (RDf, (x (1))
CD8‘+< P(f(t,ox(t)) >) —h(t), te]J, (3.4)

and satisfies the two initial conditons (3.2), (3.3).

If and only if x is a solution of the fractional order integral equation

x(t) = — t(t—s)_ Pq s, x(s S5, 28)) S(s—r)“_ h(r)dr)|ds, te],
O =g [ =9 o (o s x 0+ 52D s thnar)
(3.5)
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Proof. For x to be a solution to equation (3.1), by applying the fractional integral of

order « : I}, to the equation (3.4) and according to Lemma (1.4) and Lemma (1.5), we

get
gp (RDD. (x (1))
¢p (RD5, (x (1)) .
Fxmy O = k)
gp (RDf, (x (1))
P<f<t,0x<t>> ) ot Iy (1)
and hence
¢p (RDF. (x (1)) t
P(f(tfox(t)) ) =t -9
from condition (3.3)
 ¢r (*Df. (x(0)))
N T T () R
cob = @,
substituting cq gives
¢r (DY, (x (1))

1 t -
IO T AP

hence

e (00 (1) = of (5 (1) + L =9 M noyas,

by applying ¢, ! to both sides of the previous equation and according to Lemma (1.1) we

obtain

ot or ("0 ) = o Jor (o) + LD [ thsy i
“Df r(0) = gy or 3 (0) + HEED [ m s hsy o]

by applying the fractional integral of order f ( I§+ ) and according to Lemma (1.3) and
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Lemma (1.5), we get

B foh wen] = o (orre)+ L Mamogtneas)),
vkt = gytf for v+ L e g thsas),
x(t) = ktF 4, {1@ of (t x (1) + I, (f(¥(9;§t))/Ot(t—s)“—lh(s)ds)],

x(t) = kP ¢y {i Ot(f—5>’3‘1f(s,x(s>)ds+

R Y LR
T b ¢

, s a—1
wh) = kt“+i/ot<ts>ﬁ14>q{“”f(s”“(s))+ o (6=) ]ds

from condition (3.2) we get

k = lim £~ Px (t) =0,

t—0
thus
1 t _ f(s, x(s)) (3 o
x(t) = TIB)/() (t—s)P ' g {gof(s, x(s))+ T (@) /0 (s—r) 1h(r)dr} ds,
such that

¢p (RDp. (x (1))
h(t)—g(t,x(t),CD8‘+( Pg(t,"x(t)) >)) tey.

It is clear that the problem with the first-order hybrid mixed fractional differential
equations in the presence of the p-Laplace operator (3.4), (3.3), (3.2) satisfies the
integral equation (3.5) . O

Where X = C (], R) be a Banach space with norm define as

|x]| o = sup |x (t)|, for x (t) € X.
te]

We define operator G: C (], R) — C(J, R) by

Gx (t) = L/Ot(t—s)ﬁ_lgbq {gof(s, x(s))+f(sr'(zgs)) /OS (s —r)* Log (r)dr|ds, te].

R
axmg(t,m, (@’( <"<”>>)), -
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3.2.1 Existence and uniqueness results

In this subsection, we will use the Schaefer’s fixed point theorem and Banach fixed
point theorem to study the existence and the uniqueness of the solution for problem
(P) under certain conditions imposed on the function g and f.

Therfore, we impose the following conditions

1 ere exists a constant € such that
Hi) Th i Mg € R* such th
g(t, x, y)| < Mg, V(t x,y) €] xR?,
(H2) There exists a constant M¢ € R, such that
If(t x)] <My, V(t x) €] xR,
(H3) There existe a constant k3 € (0, 1) and k1 , k» € R such that

F& ) =If(t R) <k Jx—x], V(L x 2) €] xR,

gt %, y) =gt % )| <ka|x =% +ksly—7], V(t, x, %, y, §) €] xRY,

Let r > 0 and define the ball
By ={xeC(], R):|lx[l, <r}.
It is clear that B, is a bounded, closed and convexe subset of C (], R).

e We will now demonstrate the existence of the solution of the problem (P) using

the Schaefer’s fixed point theorem.

Theorem 3.1. Let 1 < p < 2 then q > 2. Assuming that condition (Hy), (Hz) and (H3) are
satisfied. Then the problem (P) has at least one solution in B,.

Proof. For this proof will be done in some steps.
Step1 We prove that the operator G is continuous. We consider the sequence

(tn),, converging to uin C (], R).
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Then every t € ], and according to the conditions (Hi), (Hz) and (H3) we have

Gia (0= Gu (0] = |5 /(f(t—s)ﬁ‘l [qms, i (9) 4+ Lt (5D

/(S_r ]xds
i = o s (e + L)
<= oy ar) as

< ﬁ/ot(f—s)ﬁ—l Pq [(Pf (s, un (s))+%/j (s =) o, (r) dr

o for e uen + A [ty ya

ds,

from conditions (Hj) and (Hj), we find that

|f (s, un (s))]
< lollf (s, un (s))I+W

s a—1
></0 (s =) ow, (r)|dr

lp| M +ﬂ/s(s—r)“1Mdr
f T (a) Jo 8

< oM, M
PIMr+ oy =M

Flsun(s) [* o et
of (5, n (5)) + g™ [ (5= Lo, () ar

According to the lemma (1.2), we have

90 [9f (5, 100 (5)) + L [ (s =) T, (1) r| = gy [f (5, 1 (5)) + L)
< J3 (5= oy
of (s un (5)) + L) [Pyt (r)ar

e
—of 5w ) = LG [0t [0t )],

< (g-1)MI?

Through substitution we obtain

_ =2 ot s
G ()= Gu(0)] < TS [ =97 of (5 ) + LS 6= hen, (0

dr — ¢f (s, u(s)) — % /OS (s—r)* Loy, (r)dr

. 2
< %/O (=P 9 (f (5 un (5)) — £ (5, (5)))
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IN

IN

From condition (H3), we find that

+

+

f (s, un(s))

F()

F(oc )/

/(t—s)ﬁ gl If (5, 1 (5)) = £ (5, 1 (5))

I'(B)
‘f (s, un (

(g—1) M2

S Ll

L (r)dr —

(s, u( |/

S =9 ol o (5) ) |

L' (B)

k |un (s) —u(s) |

(q—l)Mq 2

[ (a)

‘ /

FERO) (o e,

/(s—r)“‘l () ar —

f(s M(S)) /()S(S_r)zx—lo,u(r)dr ds

I(a)

Yoy, (1) dr

3 (1) —au<>|dr} ;

° a—1
| 6= o, (] dr

+I—'AEI0{) /OS (s — r)"‘*l oy, (r) — oy (1)] d?’} ds.

|7, (7)

By substitution, we find

|G (1)

If ||up —u ||, —> 0asn — +oo then ||Guy, (t)

ous.

— Gu (1)

<

IN

IN

—0u (r)]

IANIN A

k2 ]un (1’)

1§ (1) n (1), ou, (r))
—u(r)| +kslow, (r) = ou (r)]

Togy () =

k

—g(

rou(r), ou(r))]

5 e k
Jy =0 gyl ()=

I'(a+1)(1 -

ksz

(1—k3)r(0¢+1)} ity — v | -

- —2
A= [ =9 e ol 5) = (s) |
S ICCROIRS
B -2 ot
%/{) (b= )P ky Jl fun — u ||
ki M Mk,
+r(zx+g1 lttn =t oo (0 1) (1= )
(q—1) M72 M
T (B) {kl‘ |+F(1v¢+g1)
x/ot(t—s A1 4s
(0 —1) M2 o M
T(p+1 {kl o
= Gu (1)l

—— 0. Hence, G is continu-

u(r)|dr
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Step 2 We prove that the operator G uniformly bounded in C (J, R). Let x €
C(J, R) then, forall t € ], and according to conditions (Hj)-(Hz), we have

Gx )] = |ggg [ =9 o or s x )+ LD sty as
< g =90y [lol1 (6 wen)+ EEEE [ st o ) as
< g = ol Mgk s [t ]
< ¢ {| | M+ MfMg]
= TR+ M T T

IA

According to definition (1.5), we have

o MMy
ol

Through substitution we obtain

|G ()]

IN

IN

Therfore
G (x ()l <1
Where
o M
CT(B+1)

The operator G is uniformly bounded setin C (], R).

Step 3 We prove that the operator G is equicontinuous setin C (], R).
Further let ¢, t, € ] such that 1 > t;, and according to conditions (Hy)-(Hj) .
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Then we have
? s, x(s)) 4 L0626
ORI S e
0 - X
1 ty . of (s, x(s)) + (s, 9;(5)) %
_W/o 2%) 1%{ Jo (s—r)“_laxr((r))dr &
1o e |¢Hf<s,x<s>>1+Wx S
< |e@h 0 %[ o=t |
Ly gy | OIS x(S))I-I-WX-
T(ﬁ)/O 2= [ (5= 1) ox (r)| dr &
1o [ elIfGox(s))+ Ll ]
+TIB)/O (tp —s) o _ f()s (s — 1) 1|0x (rr)|dr ds
| el (s )]+ T
b | e |
L h . |¢|!f<sx<>>r+'fsfx<s>>'><
< e h @ 1%[ R emiar |
I PR |fP||f(S/x(S))|+|f r’(a()))‘x .
T(ﬁ)/ =) 47q|: Jo (s =" How ()] dr ?
1o e | lelIF (s x ()] R
+ l"(,B)/ (t1 —s) (Pq{ fos (s—r)"‘*l 03 (1) dr ds
1 b, | 1911F (s, x (9))] + i
_Tﬁ)/o (tp —s) o { f()s (s—r)"‘_l o4 (rr)|dr ds
Lot ey, | el (s e ]
< ey %[ - o ldr |
b [ [0 9 - sM
X g {’4" |f (s, x(s)) |f 5 X |/ oy (r \clr} ds
(t ) fM
< TG {'4" <+§J
t—t+(t2—t) MM
4 13(“1) g, {|<P|Mf+r(a+81')H

B B
tl — t2 MfMg :|

< Fgr oM TR
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B B
tl_

< et (o r i) W)

A0

Whene t; — t; the right-hand side of the last inequality tends to zero

1Gx (1) — Gx (b)]|, < €.

oo

Hence G is equicontinuous setin C (], R).
Consequently, according to three steps and according to the Ascoli-Arzela theorem, G
is completely continuous.
Step4 We prove that the set () isbounded, where ) = {x € C(j, R), x = AG (x), VA € ]0, 1[}.
Let x € Q). Then, for all t € ], and according to conditions (Hj)-(Hz) we have

x(H) = AG(x(b)

I'(B)
1 My M,
AL {'9"|Mf+r(a+1)}
1
< r<ﬁ+1>"’q{<'“”'+r< fl))Mf}
< M
- I'(p+1)
< R.
Where )
Mi-
R=rprn ="

So ()is a bounded set.
e Thus, according to Schaefer’s fixed point theorem, we conclude that the problem

(P) has at least one solution . O

e We will now demonstrate the uniqueness of the solution of the problem (P) using

the Banach fixed point theorem.

Theorem 3.2. Let 1 < p < 2 then q > 2. We assume that the conditions (Hy) and (Hp) and
(Hz) are hold and if 0 < 1 < 1, such that

) (q—l) ) M Msz
W_qu 2 |k ’¢’+r(a+g1)+l"(zx+1)(1—k3)

<1, (3.6)
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where
M = |g| My + —tMs
= loIMr Ty
and
1+1:1_
P 9

Then the problem (P) admits a unique solution in C (], R).

Proof. It is clear that the fixed point of G is a solution of problem (P). We will now
demonstrate the uniqueness of a fixed point for G through the proof that G is a contrac-
tion.

Letx, y € C(J, R), then forall t € ], we have

IGx (t) — Gy (t)| = ‘%)/()t(t_s)ﬁl% [q)f(s, x(s))+f(sr’ x(s))/os(s_r),xlax .

(B

_L/Ot (t—S)ﬁ—lqbq {q)f(s’y(s))_,’__%/os (S_r)a—lay )
[qof (5 () +w/05 (s — 7)oy (r) dr}

I'(B)
< m/0 (t—5)f

—¢q {(Pf (s, y(s)) + f—(ij gxgs)) /OS (s — 7’)“_1 oy (7) d”]

From condition (Hp) and (H;), we find that

F(s, %) [°, e
fpf(s,x(S)HW/o (s — )" Lo (1) dr

Mf a—1
< ‘qD’Mf—Fm/ (S—I”) Mgdr
< |o| Ms+ MMs
= P T Ty T

According to the lemma (1.2), we have

90 [of (50 % (5)) + 2R f5 (s = )" o () ar] = gy [of (5, y () + 2 [ (s

< (g-1)MT

of (s x(9) + T [ =t ordr-
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Through substitution we obtain

_ -2 ot s
Gx () =Gy ] < TR [ =9 or s w60+ L [T -0 o )
~o (s y(6) LD s et (] as
- -2
< U= [ =9 o v 6D = s w ()
—l—f(sr' (9;55))/05 (s —r)* Loy (r) dr—f(sr' (]icgs))/os (s —r)* Loy (r) dr
+f—(€i“’(]¢/x§S))/os (s—r)* oy (r)dr—f(;’(igs))/os (s—r)" 10y (r)dr|ds
< %/ (=) lgl1f (5 % () = £ (5 ¥ (5))
I E) —F oy [yt
+SF(—Zc)|/o s ]er—ayr|dr}ds
_ -2 ot
< %/{) (=" ks gl 1 (5) ~ v (5)|
kl |x |/ |c7x )| dr
M s
+F(0J:)/o (s —r)*" ‘ax r)—oy(r |dr] ds.
From condition (Hs), we find that
o () =0y (] < [g(r x(r), ox () =g (r, y(r), oy (r))]
< kalx (1) =y ()] +kalox () — 0 ()]
< Tl
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By substitution, we find
(q—1) MI~2
r'(p)

k1M Mf § a—
Py O YO gl [0 gy I () —y () dr ds

Gx (1)~ Gy (1)] < [ =95k lgl1x () =y ()

—_ -2
= %/o (t =)k [ol lx =¥ lleo
kl M Msz
e Y et F T Hw] s
(q— 1) M2 k1 M Msz
= ) [kl |(P|+F(oc+gl)+r(a+1)(1_kg)] I =¥ lles
X/ot(f—S)ﬁ ' ds,
(q—1) M2 ki M ko My
= TT(E+1) {kl ‘g"Hr(Hi) i (1—k3)r(a+1)] I =¥l
< 7y =Yy lle-

Therfore
Gx)=GW)| <nlx—yle-
The operator G is a contraction, and according to Banach fixed point theorem, the

problem (P) admits a unique solution in C (], R). O

3.2.2 Stability results

In this section, we study a type of stability for problem (P) , known as Ulam-Hyres sta-
bility, generalized Ulam-Hyres stability, Ulam-Hyres-Rassias stability and generalized
Ulam-Hyres-Rassias stability.

Lemma 3.2. Let 1 < p < 2 then q > 2. Suppose that condition (Hy) is satisfied. If y is a
solution of the fractional differential inequality given, for € > 0

¢p (RDf, (v (1)) ¢r (XD} (v (1))
Cryu Ca
DO*( Foym 8\ Ty ) sete)
(3.7)
Then y is also a solution satisfies the following inequality
— 1) M7 2M
(6 -Gy ) < T e e 65
Where
My (Mg +1)

M=ol My + — 037
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Proof. Lety € C (], R) be a solution of the inequality (3.7), for € > 0, using the Lemma
(3.1), Remark (1.1) and Lemma (1.2) related to the continuous function & where
la (t)] <€, forallt e ].

Then we have

VO = i ) 6 ler o)
S 6t (g (w0, 0 () + () s,
GO = g [ =9 tylof (5 ¥ ()
f

506D [
BN gy 0), 0y ) ] s,

According to Remark (1.1),, Lemma (1.2) and condition (H; ), we obtain
1

WO-CuOI = | [ -9 pilef (5 v()

LB I s gy ), 0y ) () | s

g = 0l (5 5 6)
LA g”/o (s 1g<r,y<r>,ay<r>>dr} s
< g =T MR g (s v )
4L g /0 =1 (1 w0, oy (1) + (1) dr
~of (s, () = LEED [ =g 0y ), oy ()
as, )
< ﬁ/ga—sw[”‘??ﬁi -

x/()s(s—r)“l\ ()|dr1ds

(q;(li)zxﬁq sz/ f—s)P 1(/0 (s — )" 1€dr)d
(g—1) M7~ 2Mf

Fa+1)T (ﬁ—l—l)

IN

IN

Where
My (Mg +1)
I'(a+1) °
And this satisfies the inequality (3.8) . O

M = ’q)‘Mf—l-
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Theorem 3.3. Let 1 < p < 2 then q > 2. Assuming that conditions (Hy) — (Hs) are satisfied,
then the problem (P) is Ulam-Hyers stable and also generalized Ulam-Hyers stable.

Proof. Under conditions (H;) — (H3) and (3.6), the problem (P) has a unique solution
inC (J, R).Lety € C(J, R) be a solution of the inequality (3.7). Let x € C (J, R) the
unique solution of the inequality (3.4).

Then for all t € |, we have

() —x(t)] = ly(t)—G(y(t)+ Gy (t) —x(t)]
< Jy@®) -Gy @) +|Gy(t) —x(t)
(g —1) MI2M;
S r(“+1)r(‘3+1)€+;7|‘y_x”oo
Therefore
— 1) M1 2M
=l < pid i ey ly—x
— 1) M1 2M
R L
(q—1) MI2M;
I=mlly—xlo < F(oc+1)1"(ﬁ—|—1)€
(g —1) MI2M;
ly =% < (1—77)T(oc+1)F([3+1)€'
Setting
C o— (q—l)Mq_sz
T A-T(a+1)T(B+1)
we obtain

[y —xlle = Cqe

Consequently, the problem (P) is Ulam-Hyers stable. If we take ¢ (¢) = C; €, ¢ (0) =
0, then we get the generalized Ulam-Hyers stability of the problem (P). O

Lemma 3.3. Let 1 < p < 2 then q > 2. Suppose that condition (Hy) is satisfied. If y is a

solution of the fractional differential inequality given, for € > 0.

RpB RpB
Con, (¢p( Dj. <y<t>>)) . (t, )0, <D, (¢p( D5, (y (t))))>

<¢(t)e te].

fty () Sty ()
(3.9)
Then y is also a solution to the following inequality
(9 1) MI-2M;
y (1) =Gy (1] < ¢(t)e te]. (3.10)

I'(ae+1)
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Where

My (Mg +1)
M= loIM =y
Proof. Lety € C (], R) be a solution of the inequality (3.9), for € > 0, using the Lemma
(3.1) and Remark (1.2) related to the continuous function « where |a (t)| < ¢ (¢) €, for

all t € [.Then we have

V) = i [ =9 wlef (5 v )

+f—(si,' (yags)) /OS (s —r)* 1 (g(r,y(r), oy(r)) +a(r)) dr} ds,

W) = g [ =9 wulef (5 ¥ ()

HLEIED g 1y, 0 0) ] s

According to Remark (1.2), Lemma (1.2) and condition (H;), we obtain

yO-CuO = g5 [ =9 0lof s vis)

+f(€i“, ({35)) /05 (s _r)a—l (g(r, y(r), oy (r) +a(r)) dr] ds

< Fp ) 9T @M lef Gy ()
+f(€i: (]z/chS)) /S (s—7r) """ (g(r,y(r), oy (r)) +a(r))dr
of (s 16 =L 6= gy 1), 0y )
)ds
1 J B—1 (q—l)Mq_sz
< F@h ) [ ey

X /OS (s =) 1 a(r)] dr} ds,

— q—2 ;
: r (102)]? (ﬁ)Mf /ot (t=o) (/0 (s=n)""o () edr) ds,

(- 1) MI-2,
Tt DT B+1)? ) e

IN

IN
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Where
M=ol My + =1y

]

Theorem 3.4. Let 1 < p < 2 then q > 2. Assuming that conditions (Hy) — (Hs) and
(3.6) , are satisfied, then the problem (P) is Ulam-Hyers-Rassias stable and also generalized

Ulam-Hyers-Rassias stable.

Proof. Lety € C (], R) be a solution of the inequality (3.9). Let x € C (], R) the unique
solution of the inequality (3.4).
Then for all t € |, we have

ly(t) —x ()] = |y (t) =Gy (t) + Gy (t) —x(t)]
< Jy(t) =Gy (t)| + |Gy () — x (¢)]
(7 —1) MM
< F((X—Fl)r(ﬁ—i—l)(l)(t) €+17||y_x||oo'
Therefore
— 1) M172M
=l £ it () ety
_ q-2
=xlo=nly=xl < fEhC e ¢
— 1) MI2M
W-ply=xle € fr e ¢
(q—l)Mq_sz
||y_x||oo < (1—;7)F(a+1)F(ﬁ+1)¢(t) €.
Setting
c (g —1) MI~2M;
T =) T(a+1)T(B+1)
we obtain

[y =xlle = Cqo () e

Consequently, the problem (P) is Ulam-Hyers-Rassias stable. If we take
Cy, ¢ = Cy €, then we get the generalized Ulam-Hyers-Rassias stable of the problem
(P). O
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3.3 Example

Corresponding to the proposed problem, we provide the following example demon-

strate consistency to the main theorems.

( cp? ¢P<RD07+X(” 1 1
tcos (x (t))+ ¢
o+ 1+21—5e_t2 cos(x(t)) (x(®) ¢p (RD%+x(t))
0

1
2
5+|“Dg

il

1+%56—t2 cos(x(t)) (L)

¢r (RDJ, ((0))) = 9f (0, <>>,

lim—o (H17Px (t)) =

\

Taking(p:a:ﬁ:%,q:&

Where f and g two continuous functions definded for all ¢ € | as follows

F(t x(t ))—1+%e ®cos(x (1), te].

i Cpe ¢p <RD§+ (x (f))> VN 1
g(f/ (t), Do+( oI = gtcos (x (b)) + 1 ¢P<RD% (t))

Let’s put

ft,u) = 1+ —e ' cos (u), (t, u) € ] xR,
¢(t,u,v) = —Ztcos(u)+-——

Forallu, v, 1, € Randt € | we have

1
_ N < |y —1
ftu) = f(t D] < 5 lu—a],
1 1
_ 7 5 < Zly—ql4—lo—5
8w 0)~g(t, 7, 0) < glu—il+slo—a],
26
< =
fwl < 2
lg(t, u, v)| < 2
g s Yy = 5/
so, all conditions (H;y), (Hz) and (Hs3) are satisfied, for
1 1 26 2
1 k3 25/ k2 5/ f 25/ g 5

q):a::BZEIq:




Fxistence, uniqueness and stability of first type hybrid fractional differential equations
involving the p-Laplace operator

M ~0.98491 > 0.

By theorem (3.1) the problem (L) has one solution at least further.
n ~ 0.63086 < 1

Hence by theorem (3.2) the considred problem possess unique solution .

(q — 1) Mq_sz

V=T T wr)

~ 23221 > 0.

Therefore, according to the theorem (3.3), and theorem (3.4), the problem (L) is sta-
ble in the sense Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-

Rassias stability and generalized Ulam-Hyers-Rassias stability.



Conclusion

The subject of fractional order differential equations is vast, and research in this field
is extensive and requires a great deal of patience. This memorandum is merely a
drop in the ocean, in which I have seriously endeavored to achieve the intended goal:
studying the existence and uniqueness of solutions, as well as Ulam-Hyers stability,
generalized Ulam-Hyers stability, Ulam-Hyers-Rassias stability, and generalized Ulam-
Hyers-Rassias stability for fractional differential equations involving the generalized
Mittag-Leffler derivative.
In the final chapter, I also studied the existence and uniqueness of solutions, along with
Ulam-Hyers, generalized Ulam-Hyers, Ulam-Hyers-Rassias, and generalized Ulam-
Hyers-Rassias stability for some hybrid mixed problems involving first-kind fractional
derivatives of Riemann and Caputo types, in the presence of the p-Laplace operator.
This work relied on fixed point theorems by Banach, Krasnoselskii, and Schafer. These
problems were studied within Banach spaces, and a clarifying example was provided at
the end of each chapter.
I hope that I have contributed, even in a small way, to clarifying how to study such
problems. I also hope that research in this field will continue through the following
topics:

Studying these problems for other types of fractional derivatives and in infinite
domains, as well as investigating the Mittag-Leffler fractional derivative in various
problems, studying them in Banach spaces, and using numerical methods to solve some

of these problems as examples.
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